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, Abstract 

' Let X be a smooth polarized algebraic surface over the compex number field. We discuss the invariants 

obtained from the moduli stacks of semistable sheaves of arbitrary ranks on X. For that purpose, we 
construct the virtual fundamental classes of some moduli stacks, and we show the transition formula of the 
t***» , integrals over the moduli stacks of the 5-stable Bradlow pairs for the variation of the parameter S. 

Then, we study the relation among the invariants. In the case p g = dim H 2 (X, Ox) > 0, we show that 

Othe invariants are independent of the choice of a polarization of X. We also show that the invariants can 
be reduced to the invariants obtained from the moduli of abelian pairs and the Hilbert schemes. In the 
■ case p g = 0, we obtain the weak wall crossing formula and the weak intersection rounding formula, which 
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1 Introduction 

1.1 Problems 

1.1.1 Construction of the invariants 

Let X be a smooth projective surface with an ample line bundle Ox(l) over the complex number field C. We 
assume that X is simply connected in Introduction, for simplicity. Let y be an element of the cohomology group 
H*(X,Q), which is the Chern character of a torsion- free coherent sheaf E on X. Let a be the first Chcrn 
class determined by y. We take a line bundle C a on X such that c\{C a ) = a. An oriented torsion-free sheaf 
on X of type y is defined to be a coherent torsion-free sheaf E such that ch(_E) = y with an isomorphism 
p : det(-E) ~ £ a . Let M ss (y) (resp. M s {y)) denote the moduli stack of the semistable (resp. stable) oriented 
torsion-free sheaves of type y. One of our main problems is the following. 

Problem 1.1 Construct an invariant from the moduli stack M ss (y). I 
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Let E u denote the universal sheaf over A4 ss (y) x X. Let $ = P(E U ) be a polynomial of the slant products 
chi(E u )/b for elements b e H*{X) and ieZ> . Naively speaking, we would like to obtain the number: 

$(y) := / $ = dcg($n[M ss (y)]) (1) 

JM°°(y) 

Namely, we would like to obtain the 0-cycle by taking the cap product of <J> and the fundamental class [M (y)] , 
and we would like to obtain the number by taking the degree of the 0-cycle. 
There are two main problems to make (1) well-defined. 

(A) The moduli stack M ss (y) is not smooth, and hence it does not have the natural fundamental class, in 
general. 

(B) Even if M. 8S (y) is smooth, the moduli stack A4 SS (y) is not Dcligne-Mumford, in general. In such a situation, 
there are no known satisfactory definition of the degree of 0-cycles, or in other words, the push forward 
of cycles. 

Remark 1.2 We do not give detail in Introduction about how we consider the cohomology and the evaluation 
on the Deligne-Mumford stacks. See the subsection 7.1. I 

Remark 1.3 The construction of such invariants was also discussed in [36] for real ^-dimensional manifolds 
from the differential geometric view point. 1 

1.1.2 Virtual fundamental classes 

The problem like (A) was well discussed and established in the course of their study of Gromov-Witten invariants 
([5], [39], [16]). In this paper, we follow the method of Behrend and Fantechi ([5]). Namely, we will show that 
some interested moduli stacks are naturally provided with the perfect obstruction theories in the sense of [5]. 
(We will review the obstruction theory in the subsubsection 2.4.1.) And, we will obtain the virtual fundamental 
classes. Such an obstruction theory may be well known, perhaps. For example, it is a standard fact that the 
first cohomology group H 1 (X,End(E)) gives the space of the infinitesimal deformations, and that the second 
cohomology group H 2 (X, End{E)) gives the space of the obstruction, for any vector bundle E on X. However, 
the author does not know an appropriate reference to deal with the obstruction theory in the sense of [5] for the 
moduli stacks of reduced oriented L-Bradlow pairs and the master spaces, which is available for our arguments 
using the localization. Thus, we give a detailed argument in the section 5. 

Remark 1.4 Recently, the theory of "derived stacks" has been developed, which seems to provide us a general 
and powerful tool to construct obstruction theories for some stacks. ( See [56] for an overview of the theory.) For 
example, the results in [57] implies the construction of the obstruction theory of the moduli stack of semistable 
sheaves. It is not clear to the author, at the present moment, whether we can directly apply their results to 
the moduli stacks of semistable oriented reduced L-Bradlow pairs and the master spaces. But, it would be quite 
hopeful to construct the obstruction theory of such stacks and to redo the argument in this paper, from that point 
of view. The author would like to come back to this problem in future. 

However, the author also expects that we will obtain the same "invariants", even if we adopt the other way 
of the construction of the obstruction theories. (See the subsubsection 1.7.1.) I 

1.1.3 A naive idea for the construction of the invariants 

To discuss the problem (B), we recall L-Bradlow pair and reduced L-Bradlow pair. Let L be a line bundle on 
X. Let U be a scheme, and let E be a torsion-free sheaf on X, which is flat over U . A morphism <j> : p* x L — ► E 
is called an L-section. Such a pair (E, <p) is called an L-Bradlow pair. 

Let M be a line bundle on U, and let [<fi] be a morphism p* x L®pyM — ► E such that [<^]|{ u } x x f° r an Y 
u E U. Such a pair (M, [</>]) is called a reduced L-section, and a pair (L, (M, [<j)})) is called a reduced L-Bradlow 
pair. We will often omit to denote M, for simplicity. 

Let V hr denote the set of polynomials 8 such that deg(J) < 1 and 5(t) > for any sufficiently large t. Let 
S be any element of V. Recall that the <5-semist ability and ^-stability conditions are defined for L-Bradlow 
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pairs and reduced L-Bradlow pairs. (See the subsubsection 3.3.1.) We use the notation A4 ss (y, L, 8) (resp. 
M s (y, L, 8)) to denote the moduli stack of the semistable (resp. stable) i-Bradlow pairs of type y. We also use 
the notation M ss (y, [L},8) (resp. M s (y, [L],S)) to denote the moduli stack of the 5-semistable (resp. 5-stable) 
oriented reduced L-Bradlow pairs of type y. 

We say that 8 is critical, if M ss (y, [L],S) = M s (y, [L},8) does not hold. It can be shown that there are only 
finitely many critical parameters. For a non-critical parameter 8, the moduli stack M ss (y, [L],S) is Deligne- 
Mumford. Moreover, it is naturally provided with the perfect obstruction theory. Therefore, we have the 
integrals of cohomology classes on Ai ss (y, [L],S). 

Let us consider the case L = 0(—m). If 8 is sufficiently small, it is non-critical, and we have the naturally 
defined morphism it : M ss (y, [0(—m)},8) — > A4 ss (y). It is easy to observe that the morphism tt is smooth, 
if m is sufficiently large. The relative tangent bundle is denoted by T le \. We put H y (m) := J x Td(X) ■ y ■ 
ch(0(m)), which is same as dim H°(X,E(m)) for any (E,p) G M ss (y). We regard M ss (y, [0(—m)],S) as a 
good approximation of M ss {y), and we would like to put as follows: 



Needless to say, we should ask the following: 

(C) Is (2) independent of the choice of ml 

In the case M ss {y) — M s (y), the morphism n is P- ff «( m ^ 1 -bundle. Hence (2) is independent of the choice 
of m, and it is compatible with the ordinary definition. We will obtain the affirmative answer of (C), in general. 

1.1.4 Motivation of the study 

The Donaldson invariants for smooth projective surfaces can be obtained from the moduli spaces of semistable 
sheaves of rank 2. It is natural to ask what invariants are obtained from the moduli stacks of semistable sheaves 
of higher ranks. That is one of our motivations for the study. 

Donaldson invariant has been studied intensively since the 1980s, motivated by the application to the 
topology of real four dimensional manifolds. Nowadays, it is believed that the topological information contained 
in Donaldson invariant can be obtained from only Seiberg-Witten invariant, essentially. Similarly, even if we 
obtain the invariants from the moduli stacks of the objects with higher ranks, it is not so reasonable to expect 
a new exciting application to topology. 

However, it seems interesting to investigate the relation among the invariants. For example, we can ask the 
following two problems, which are related with the Kotschick-Morgan conjecture and the Witten conjecture of 
Donaldson invariant. 

Problem 1.5 Clarify the dependence of <fr(y) on the polarization Ox{l)- I 

Problem 1.6 Reduce $(y) to the sum of the integrals over the products of the moduli spaces of the objects with 
rank one. I 

As for Problem 1.5, we will show that <&(?/) is independent of the choice of 0x(l) in the case p g > 0, and we 
will obtain the weak wall crossing formula in the case p g — 0. As for Problem 1.6, we will give such a formula 
in the case p g > 0. 

In principle, we can show the existence of the relations of the invariants as above, which are universal in some 
sense. Moreover, we expect that they can be described in terms of good functions such as modular forms. The 
author hopes that this work would, at least tentatively, provide a part of the foundation for such an interesting 
study. 

We will explain our main results in the next subsections. 




(2) 
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1.2 Transition Formulas in the Simple Cases 
1.2.1 The case where the 2-stability condition is satisfied 

Let Ai(y, [L]) denote the moduli stack of the oriented reduced L-Bradlow pairs of type y. We have the relative 
tautological line bundle O re i(l) on M{y, [L]). (See the subsubsection 3.1.5 for the definition.) The restriction 
to M ss (y, [L],S) is also denoted by C rc i(l). Let u denote the first Chern class of Te \(l). We consider the 
cohomology classes which is described as a sum of cohomology classes of the following form: 

$ = P{E U ) -u k . 

If 5 is a non-critical parameter, i.e. M ss (y, [L],S) — M s (y, [L],5), we put as follows: 

$(y,[L},5) := [ $ 

JMHy,[L],S) 

Let 5 be critical. We take parameters 5- < S < 5 + such that \S K — S\ arc sufficiently small. We would like to 
describe the transition [L], 5 + ) — $(y, [L], <5_) as the sum of the integrals over the products of the moduli 
stacks of the objects with lower ranks. Such a description is called the transition formula. 
If the following condition is satisfied, the problem is rather simple. 

(2-stability condition) We say that the 2-stability condition holds for (y,L,6), if the automorphism group 
of (E,<f>) GM ss (y,L,S) is {1} or G m . 

To state the theorem, we need some preparation. Let Type denote the set of cohomology classes of X 
obtained as the Chern character of some torsion- free sheaves on X. For any y 6 Type, the if (X)-part is 
denoted by rank(y). We have the Hilbert polynomial H y {t) of y which satisfies the following for any integer m: 

if „ (to) := / Td{X)-y-ch(0{m)). 
Jx 

The reduced Hilbert polynomial H y j rank(y) is denoted by P y . When a parameter 5 is given, we put P y := 
(H y + 6)/ rank(y). We put as follows: 

S(y, S) := {( yi ,y 2 ) £ Type 2 \ yi +y 2 =y, P S y = P S yi = P y2 } 

For a given (2/1,2/2) € Type 2 , we put rt = ranky^. We put as follows: 

M( yi ,y 2 ,L,S) :=M ss ( yi ,L,6)xM ss (y2) 

On M(yi, 7/2, L, 5) x X, we have the sheaf E" which is obtained from the universal sheaf on M ss (yi, L, S) x X 
via the natural projection. We also have the sheaf E% which is obtained from the universal sheaf on M ss {y2) x X 
via the natural projection. 

Let G m denote the one dimensional torus. Let e w ' 1 denote the trivial line bundle with the G m -action of weight 
w. We have the following element of the ff-group of the G m -equivariant coherent sheaves on A4(yi,y2, L, 5): 

%>(.Vi,V2) = -Rpx*(jZHom(E^e- t , % . e ^(*-"i)/^)) - R Px , (nUam{El ■ e r ^~^ I r \ ^-e"*)) 

+ Rpx*(Hom(L-e- t , E%-e ri{t -^ )/r ^ (3) 

Here, we put w 1 := d{Or{E^))/ri, and e w ' UJl denotes Or(E^) w / ri formally. 
As a special case of Theorem 7.12, we obtain the following theorem. 

Theorem 1.7 Assume that the 2-stability condition holds for (y,L,5). Then, we have the following equality: 
In the case p g > and rank(yi) > 1, the contributions from (2/1,2/2) are 0. I 
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The following condition is called the i-vanishing condition for (y, L, 5): 

(i- vanishing condition) We have H^X, L~ x ® E) = for any j > i and for any (E, <f>) € M ss (y, L, S). 

The problem of the transition is comparatively simple as in the following proposition. 

Proposition 1.8 Assume that the 2-stability condition and the 2-vanishing condition are satisfied for (y,L,5). 
Then, the transition at 6 is trivial in the case p g > 0, i.e., the equality <&(y, S + ) = $(y, <5_) holds. I 

If the 1-vanishing condition holds for (y, L, S), we have the smooth morphism of A4 ss (y, [L], S) to the moduli 
stack M(y) of the oriented torsion-free sheaves of type y. The relative tangent bundle is denoted by T re i. We 
put Nl(v) := J x Td(X) ■ y ■ ch(L _1 ), which is same as rankT re ] + 1. We will be interested in the following 
integral: 

<W):= / *i, *i:=P(B»)-^f 

JM"(v,[l],<>) Nl W) 

For (2/1,2/2) G S(y,S), we put as follows: 

M(yi,y 2 ,[L],S) :=M ss (y 1 ,[L],5)xM ss (m). 

On A4 (2/1, 2/2, [L], S), we have the sheaf E" which is the pull back of the universal sheaf on A4 ss (yi, [L], 5) x X 
via the natural projection. Similarly, we have the sheaf E 2 which is the pull back of the universal sheaf on 
M. ss (y2) x X via the natural projection. Let e w ' s denote the trivial line bundle with the G m -action of weight 
w. Let e w ' s denote the trivial line bundle on Ai(yi,y 2 , [i] , 5) with the G m -action of weight w. We have the 
following clement of the X-group of the G m -equivariant coherent sheaves on A4(yi,y 2 , [L],5): 

-R Px *(llHom(E^e~ s / ri , %-e s / r2 )) - R Px ,(jZHom(E^ -e s / r2 , £ 1 u - e - s / ri )) 

Let Q{Ei ■ e~ s / ri , E 2 ■ e s / r2 ) denote the equivariant Euler class. As a special case of Theorem 7.15, we obtain 
the following. 

Theorem 1.9 Assume that the 2-stability condition and the 1-vanishing condition hold for (y, L, S). In the case 
p g > 0, we have $(2?, [L], 5+) = $(2?, [L], <5_). In the case p g — 0, we have the following equality: 

$(y,[L],S + )-$(y,{L},S_) = ]T / 

The cohomology classes ^(2/1,2/2) are given as follows: 

P(E?-e-»^®E2-e»/ r *) \ _ Eu(?y cl ) 
Q(E?-e~ s / r i, E%-e s / r *) J N L ( yi ) 

Here, Xi, ro i denote the relative tangent bundle of the smooth morphism M S8 (yi, [L],5) — ► M(yi). a 
1.2.2 Reduced i-Bradlow pair 

Let L = (L\,L 2 ) be a pair of line bundles on X. Let U be a scheme, and let E be a [/-torsion- free sheaf on 
U x X which is flat over U. Let [</>] be a pair ([0i], [<p 2 ]) of reduced Li-sections [4n] of E such that [0i]|{„} x x 
for any u E U. Such a pair (E, [</>]) is called a reduced [L]-Bradlow pair. Let S = (Si, S 2 ) be an element of V hr 2 . 
We naturally have the notion of 5-semistability and ^-stability for reduced L-Bradlow pairs. Let A4 ss (y, [L], S) 
(resp. M s (y, [L],S)) denote the moduli stack of 5-semistable (resp. 5-stable) i-Bradlow pairs of type y. When 
Si are sufficiently small, we have the morphism M ss (y, [L],S) — ► M 8S (y). 

Let us move Si by fixing S 2 . We say that Si is critical, if Ai ss (y, [L],8) 7^ M. s {y, [L},5) holds. As in the 
subsubsection 1.2.1, we have the notion of 2-stability condition for (y,L,S) (Definition 3.58). When <5, are 
sufficiently small, it can be shown that the 2-stability condition is always satisfied even if Si is critical, and we 
have a good transition formula. 
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Assume that 5i is critical. We take elements 6-, € "P br such that 5- < S\ < S + and that \8 K —6\\ (k = ±) 
are sufficiently small. We put <5 K = (5 K ,5 2 ) for k = ±. Let denote the relative tangent bundle of the 
smooth morphism of M ss (y, [L],S K ) to the moduli stack M(y, [L 2 ]) of reduced L 2 -Bradlow pairs. We consider 
the following cohomology class: 

Here, uj^ denote the first Chcrn class of the line bundle which is the pull back of the relative tautological line 
bundle of M(y, [L 2 ]). We put as follows, for k = ±: 



*(y,[L],6 K ) := f $ 

JM"(y,[L},s„.) 



We would like to discuss the transition formula for [L], 5+) — [L],5-). We put as follows: 

S{y,S) := {(2/1,2/2) G 3~2/pe 2 | P ai = P y2 , 5i/rank(yi) = <5 2 / rank(y 2 )} 

For any (yi, y 2 ) <E S(y, S), we put as follows: 

M($i,y2,[L],6) ~ M^im^L^Si) x M ss (y 2 ,[L 2 },6 2 ) 

Let Ei denote the sheaf on M. (t?i , y 2 , [L] , S) which is the pull back of the universal sheaf over M ss (yi,[L i ],5 i )xX. 
Let 0i, re i(l) denote the pull back of the relative tautological line bundles on M ss (yi, [Li], Si). We put u>i := 
ci(Oi,rei(l))- Let Ti jPe i denote the bundle on M(yi,y 2 , [L],S) induced by the relative tangent bundle of the 
smooth morphism M ss (jji 1 [Li],5i) — ► M(yi). 

Let e w ' s denote the trivial line bundle with the G m -action of weight w as above. We have the following 
element of the if-group K Gm (Ai(yi, y 2 , [L],S)) of G m -equivariant coherent sheaves on M(yi,y 2 , [L],S): 

-Rpx*(nHom{E^-e- s ' r \ %-e s / r2 )) - R P x*{nUom{E^-e s ' r \ E\ -e^ 1 )) 
The equivariant Euler class is denoted by Q(E™ ■ e s ^ Tl ,E 2 ■ e s ^ T2 ). We also have the following element of 

Rp x *Hom(L 2 ,E?) ■ e -'l^-'l^2 

The equivariant Euler class is denoted by R(L 2 ■ e ~^ 2+s / r2 7 • e~ s / ri ). We obtain the following proposition 
as the special case of Proposition 7.16 and Proposition 7.17. 

Proposition 1.10 In the case p g > 0, we have the equality $(y, = &(y, [L],6-). In the case p g = 0, 
the following equality holds: 

$(&[£],«+) -$(£,[£],«_)= YI I (6) 

(yi,V2)eS(y,S) JM ^^ L ^ 

Here, ^(yi,y 2 ) are given as follows: 

9 , y_ N Ll (yi) Rc J P(E^e- s ^(BE^e s / r2 )-(uj 2 -s/r 2 ) k \ Eu(T 1|ro i) 

ll " 2j ' N Ll (y) s=o \Q{E^-e- s / r ^E^-e s / r2 )-R{L 2 -e-^+ s / r2 ,E^-e- s /^)J N Ll {y x ) 

I 

As a special case, let us consider the integral of the following cohomology class, assuming that the 1-vanishing 
condition holds for (y,L 2 ): 

a = gggff) .Mrffl) g 
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Lemma 1.11 Assume that the 1-vanishing condition holds for (y, L2). Let $ be as in (8). Then, the cohomology 
class ^(yi,y 2 ) in (6) is given as follows: 

Res / ngT -e^ /ri ®E%-e.*l r *) \ _ Eu(?\, rcl ) _ Eu(r 2 , rel ) 

I 

1.2.3 Well-definedness of (2) 

In the case p g > 0, we can show the well-defincdness of (2) by using Proposition 1.10. Assume that L^ 1 is ample, 
and that the 1-vanishing condition holds for (y,L 2 ). If we take a sufficiently large integer m, the 1-vanishing 
condition holds for (y, L^). Wc put := {L™,L 2 ). Let denote the relative tangent bundle of the 

smooth map M ss (y, [L^], S) — ► M(y, [L2]). We use the notation in a similar meaning. We consider the 
following number: 

g{L l ,L 2 ,di,d2) — / ryk, ) ■ — — — — -— 

J M"(v,[L {m) ],8) N L™(y) N L2 {y) 

We assume that both of 5j are sufficiently small. When Si is sufficiently smaller than S 2 , we have the following: 



When 82 is sufficiently smaller than Si, we have the following: 



g(LT,L 2 ,Si,S 2 )= f <&■ 

JM°°(v,\L,],5- x ) 



g(L?,L 2 ,S u S 2 ) = f $. 



Eu(T r W) 



When we move <Ji, the transitions are trivial, due to Proposition 1.10. Therefore, we obtain the following: 



g Eu(T r ( c V) _ f $ .Eu(T^) 



_M ss (g,[L™],5i) N L™(y) J M<x>(y,[L 2 ],5 2 ) N L 2 {y) 

In particular, we obtain that (2) is independent of the choice of m. Moreover, we can show the following equality, 
assuming the 2-vanishing condition for (y, L) d := J x Td(X) ■ y ■ ch(L _1 ) — 1 > 0: 

= / $ • (9) 

JM"(y,[L],5) 

In the case p g = 0, the problem is more subtle. We can derive it from Proposition 1.10 and Lemma 1.11 
that (2) is independent of the choice of m in this case, too. However, we need some more additional argument. 

Remark 1.12 Although we do not discuss the parabolic structure in this section, we will consider the invariants 
obtained from the moduli stacks of the oriented parabolic torsion-free sheaves and the oriented parabolic reduced 
L-Bradlow pairs. And, it is not clear whether (2) is independent of the choice of m, in general. Instead, we can 
show the existence of the following limit, for a line bundle L such that L' 1 is ample: 



( $.5^1 (10) 

JM"(v,\l™\.u,,5) N Lm (y) 



lim 

m^oo ./M"(w,[L'"],a., 1 5) 



Here, y denotes a type of parabolic sheaves, and a* denotes a system of weight. Moreover, the limit is indepen- 
dent of the choice of L. Hence, we may adopt (10) as the definition 0/ $(y, a*). 1 
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1.3 Rank 2 Case 



1.3.1 Dependence on the polarizations 

In the case rank(y) = 2, the 2-stability condition is always satisfied. Hence, Theorem 1.7 provides us a tool to 
discuss the problems 1.5 and 1.6. We explain our result for Problem 1.5 in this subsubsection. 

To distinguish the dependence on the polarization H , we use the notation Mh(v) to denote the moduli stack 
of torsion-free sheaves of type y which are semistable with respect to H . We also assume a 2 — An < £ 2 < 0. We 
put := {c e NS(X) ®R | (c, £) = 0}, which is called the wall determined by £. It is well known that the 
ample cone is divided into the chambers by such walls, and the moduli Mn{y) depends only on the chambers 
to which H belongs. We put as follows: 

JM H (v) 

We would like to discuss how $h{v) changes when the polarizations vary across the wall W^. 
Let a and n be the first and second Chern classes of y. We put as follows: 

S (y, := {(ao, ai) e NS(X) 2 \ a - ai = m ■ £ (m > 0)} 

For any (ao,a\) G So(y, £), we put as follows: 

X(a ,ai):= ]J I W xI w 

no+ni— n— ao-ai 

On Xl n °l x Xl" 1 ! x X, we have the sheaf I", which is the pull back of the universal ideal sheaf over x X 

via the natural projection. Let e ai denote the holomorphic line bundle on X whose first Chern class is ai. It 
is uniquely determined up to isomorphism, since we have assumed that X is simply connected in Introduction. 
Let Q(Iq e O0_s ,X"e ai+s ) be the equivariant Eulcr class of the following element of the if-group of the G m - 
equivariant coherent sheaves on X^ n °^ x X^ n ^\ 

-Rpx* (nHom(lZ ■ e a °- s , 1\ • e ai+s )) - Rp x * (KHom(l^ • e ai+s , • e a «- s )) 

Theorem 1.13 Let C+ and C_ be chambers which are divided by the wall W*. Let H + and H- be ample line 
bundles contained in C+ and C_ , respectively. We assume , £) < < {H+ , £) . 

• In the case p g > 0, we have $H + {y) = $H-(y)- Namely, the invariant does not depend on the choice of 
generic polarizations. 

• In the case p g = 0, we have the following equality: 

*hAv) -*h (y)= T / Res ®^ e ) (ii) 

(ao, ai )eS (y,S) JX( > a °< a ^ \ ^V X e > X 1 ) J 

We call (11) the weak wall crossing formula. 1 

Remark 1.14 Under the assumption that the wall is good, the weak wall crossing formula was proved for 
the Donaldson invariant in [10] and [15], which was refined in [21]. I 

Remark 1.15 Remarkably, L. Gottsche-H. Nakajima-K. Yoshioka established the way to derive the wall cross- 
ing formula from the weak wall crossing formula. (See [21].) I 

Remark 1.16 K. Yamada proved the independence of the invariants from the polarizations in some cases. I 
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1.3.2 Reduction to the integrals over Hilbert schemes 

Let us discuss the problem 1.6 in the case rank(y) = 2. Let a and n denote the first and second Chern classes of 
y. We also assume p g > 0. For any element ai of the Neron-Severi group NS 1 (X), we put a 2 := a — a\. Let e ai 
denote the holomorphic line bundle whose first Chern class is dj. Let X" denote the universal ideal sheaves over 
Xl n i\ xX . Let Zi denote the universal 0-scheme over X^xX. Let denote px*(0 Zl ®e a ^). We use the same 
notation to denote the pull back of them via appropriate morphisms. In the case (ci((9(l)), a\) < {c\{0{1)), a 2 ) , 
we put as follows: 

f Res (P&-e-° eH-e- ) Eu( Sl )-Eu( S2 . e2 ^ 



rii+n2— n— ai-a,2 



In the case (ci((9(l)), ai) = (ci(0(l)), 02), we put as follows: 

>(2y . e «i-«©^. e oa+ ») Eu(Si) -Eu(S 2 • e 2s )^ 



•4(ai,2/) '= Y Re S 

n 1 +n 2 =n-a 1 -a 2 ^ X xXl "' 
n 1 >n 2 



Recall that an abelian pair is defined to be a pair of a holomorphic line bundle £ and a section (f> : O — ► C. 
Let M(c) denote the moduli of abelian pairs (£, <j>) such that c\{C) = c. We can show the following proposition. 

Proposition 1.17 (Proposition 6.29) Assume H 1 ^, O x ) = and p g = dim H 2 (X, O x ) > 0. Moreover, 
we assume that the virtual fundamental class of M(c) is not 0. Then, the expected dimension of M(c) is 0. 
FFe can regard the virtual fundamental class [M(c)] as the number, and then it is same as the following: 

SWfc) •= nfij^-Pg) 
lj ' d(c)! 

_ffere we jrai d(c) := dim M(c) — dim_ff°(X, e c ) — 1. 1 

Then, we put as follows: 

SW(X,y) := {01 £ NS(X) | SW(ai) 7^ 0, (a l5 Cl (0 x (l))) < (a, Cl (0 x (l)))/2} 

Theorem 1.18 (Theorem 7.28) Assume p g > and H 1 ^, O) = 0. Assume P y > P K and \{y) - 1 > 0, 
where K denotes the canonical line bundle of X, and we put x(y) = /Td(X) • y /or the Todd class Td(X). 
Then, we have the following equality: 



1, 



P(E U ) + SW(o 1 ).2 1 -^^(a 1 ,i/) = 0. 



ai esw(x, v ) 



M(y) 

1.4 Higher Rank Case 
1.4.1 The case p g > 

li p g > is satisfied, the results in the rank 2 case can be rather easily generalized in the higher rank case. 
Actually we have the formally same formula as (4). 



Theorem 1.19 (Theorem 7.37) Assume p g > 0. Then the following equality hold, 



s: 



*(y,L,«y + )-*(y,L,J_)= £ / Res ^ (12) 



(yi,y2)6S'i(i/,(5) 



7dere 7 we pwt Si(y,8) := {(1/1,2/2) £ <S)| rank(yi) = l}. We ttse the notation M. (yi , yi , L) instead of 
■M(yi,y2,L,5), because S-semistability condition is trivial in the case rank(yi) = 1. I 
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As for Problem 1.5, we can show the independence of the invariant from the polarization, by using the 
formula (12). Let $>h(v) be as in the subsubsection 1.3.1. 

Theorem 1.20 (Theorem 7.39) The invariant ^n(y) is independent of the choice of a generic polarization 
in the case p g > 0. 3 

As for Problem 1.6, we obtain an immediate generalization of Theorem 1.18. We do not reproduce it here. 
See the subsubsection 7.5.2 for detail. 

1.4.2 Transition formula in the case p g = 

The transition formula is comparatively complicated in the case p g = 0. We restrict ourselves to the case where 
the 1-vanishing condition holds for (y, L, S), and we discuss the integral of the cohomology class of the following 
form: 

$ = P(E») ■ Eu(rrcl) 
1 ] N L (y) 

We put as follows: 



$(6) := / 

JM°°(y,[L],S) 

For each positive integer k we put as follows: 

S k (y,S) := {Y = ( Vl , ...,y k )€ Type k \ P Vi = P 5 y ) 
For each element Y = (y\, . . . , y k ) € S k (y, 5), we put \Y\ — J2i=i Vi- We also put as follows: 

W[Y) := n El ^ r ai fe) 

We put as follows: 

S(y,8) :=]JS k (y,S), S k (y,S) := {(y ,Y) e Type x S k (y,S) \ y + \Y\ = y) 
k 

For any (y ,Y) G S(y,5), we put as follows: 

k 

M(y ,Y,[L}) := M ss (y AL],S-) *I[ MSS ^ 

i=l 

Let Eq denote the sheaf over M(yo, Y, [L]) x X which is obtained as the pull back of the universal sheaf over 
M(yo, [L], (5_) x X via the natural projection. We use the notation Ef in a similar meaning. 
When (y , Y) G S(y, S) is given, we put as follows: 

f^ J2o<h< 3 -rank(y fc ) ' * ^ Eo<ft<j rank (^) rank(y;) 

Here, t\,...,t k are the variables. Let G denote the /c-dimensional torus Spec fc[n, r-f 1 , . . . , Tfc,-?-^ 1 ]. Let e w ' ti 
denote the trivial line bundle with G-action which is induced by the action of Spec k[ri, t^ 1 } of weight w. We 
have the following clement of the i-C-group of the G-equivariant coherent sheaves over A4(yo, Y , [L]): 

-Rp x *HHom(Ei ■ e T % Ej ■ e T ->) - Rp x *WHom{Ej ■ e T \ % ■ e Tl ) 
The equivariant Euler class is denoted by Q\Ei ■ e Ti 7 Ej ■ e Tj ). We put as follows: 

Q(E • e To ,£i -e T \...,E k - e Tfc ) := JjQ(Bi • e Tt ,Ej ■ e T >) 

i<j 
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Let To re i denote the vector bundle over A4(yo, Y, [L]) obtained from the relative tangent bundle of the smooth 
map M(yo, [L],S) — > M(yo, [L]). Then, we put as follows: 



«i=o t k =o \Q(E -e T °,...,E k -e T ») ) N L (y ) 
In a sense, much part of this paper is devoted to the proof of the following theorem. 
Theorem 1.21 We have the following formula: 

( V M M Nl{v) JMVorM) 



I 



1.4.3 Weak Intersection rounding formula 

As for the problem 1.5, we easily obtain a generalization of the weak wall crossing formula by using (13). (See 
Theorem 7.47.) We do not reproduce it here. The formula itself is not so easy to deal with, partially because 
it contains the integrals over the moduli stacks of semistable sheaves with higher ranks. To derive a more 
accessible quantity from our invariants, we consider the "intersection rounding formula". The general case will 
be discussed in the subsection 7.8. In this subsubsection, we reproduce the result in the rank 3 case. See the 
subsubsection 7.7.4 for more detail. 

We take an element | = {£i,£, 2 ) G NS 1 (X) 2 such that £1 and £ 2 are linearly independent, and we put 
:= W^ 1 n A connected component T of \ lJw^w«i W ^ s called a tile. For each tile T, there exist 
four chambers C ++ , C + _, C and C |_ with the following properties: 

• The closure of C KliK2 contains T. 

• Take an ample line bundle H KltK2 6 C KltK2 . Then the signature of the pairing {H KltK2 ,£i) is m 
Now, we put as follows: 

V\$(y) := $ H++ (y) - *H + _(y) - $H_+(y) + *jr__(S). 

We would like to express X>T$(y) as the sum of the integrals over the products of Hilbert schemes. 
Let 5(2, 1) be the set of a = (a , a\, 02) S NS 1 (X) 3 with the following property: 

• a + a\ — 2a 2 = A\ ■ £1 and a — a\ = A 2 ■ £2 for some Ai > 0. 

Let 5(1, 2) be the set of a = (a , a\, a 2 ) G NS 1 (X) 3 with the following property: 

• 2ao — (&i + a 2 ) = Ai ■ £1 and a\ — a 2 = A 2 ■ £2 for some Ai > 0. 
For each a, we put as follows: 

n +ni+n2=N(y,a) i=0 

Here, a and n denote the first Chern class and the second Chern class of y, respectively. 
Proposition 1.22 

• T>J(fr(y) is independent of the choice of a tile T. Therefore, we can omit to denote T. 
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The following equality holds: 



aeS(l,2) JX ( V > a) 



tT'tTl Q(2#e a o-ti, X« e ai+ti/2-t 2) I« e a 2 +ti/2+t 2 ^ 



E 



oeS(2,i) 



X(y,a) * 2 * 



p(-£ii e ao-ti/2 — t2 mJ« e iil-*l/2+tj m 27" e" 2 ^* 1 1 

Res Res I — - - - - I (14) 

1 Q(l^e a o-^/ 2 '^, i«e ai -* 1 / 2 +* 2 , l%e a2+t ^ ' 



The formula (14) is called the weak intersection rounding formula in the rank 3 case. See Theorem 7.52 for the 
general case. I 

Remark 1.23 The author expects that can be described more beautifully like the wall crossing formula 

in the rank 2 case ([20], [21]). It may be interesting to see the equality obtained by exchanging the roles o/£i 
and £2, I 

1.5 Master Space 

1.5.1 The master space of Thaddeus 

In this subsubsection, we recall the picture of the master space given by M. Thaddeus, which is one of the most 
important tools in this study. Let G be a linear reductive group. Let U be a projective variety with a G-action. 
Let Li (i = 1,2) be G-polarizations of U. Then, we have the open subset U S8 (Ci) of semistable points of U 
with respect to Li. It is interesting to compare the stacks Mi :— U ss (Li)/G (i — 1, 2). 

For that purpose, Thaddeus introduced the idea of the master space. Let us consider the G-variety TH = 
P(£:f 1 (BL^ 1 ) on U. We have the canonical polarization Op(l) on TH. We have the canonically defined G-action 
on TH, and Op(l) gives the G-polarization. The set of the semistable points is denoted by TH SS . Then we 
obtain the stack M = TR SS /G. 

We have the G m -action on TH given by p(t)([x : y]) = [t ■ x : y], where [x : y] denotes the homogeneous 
coordinate of TH along the fiber direction. The action p commutes with the action of G. Thus we have the 
G m -action on M, which we denote by p. 

We have the natural inclusion TH; = P(£,^ 1 ) — > TH. Due to Op(l)| THi = Li, it is easy to observe 
TH'l s = U(Li) ss . Thus we have the inclusion Mi — ► M. Since THi is a component of the fixed point set with 
respect to the action p, the stacks Mi are the components of the fixed point set of the action p. 

We may have the fixed points of the action ~p~, which arc not contained in Mi U M2- Let 1 be a point 
of TH SS , which is not a fixed point of the action p. Assume G m ■ x C G • x. Then the point -k(x) of M is a 
fixed point of the action p, where it denotes the natural projection TH SS — > M. The component of such fixed 
points is called the exceptional fixed point set. In a sense, the information on the difference of the quotient 
stacks Mi (i — 1, 2) are concentrated at the exceptional fixed point set. We will later explain how to derive the 
information by using G m -localization in our case. 

Remark 1.24 When we consider the categorical quotients M t := U ss (L l )//G and Y := TH ss (£ l )//(G x G m ), 
we obtain the morphisms Mi — > Y < — M 2 . The diagram is called Thaddeus Flip. It also provides us a 
significant tool to compare the spaces Mi . In particular, if Mi are smooth and each morphism Mi — > Y is the 
blow up along the smooth center, the flip is quite useful. S 



1.5.2 A construction of the master space when the 2-stability condition is satisfied 

We explain the way of the construction of the master space for our moduli stacks, when the 2-stability condition 
is satisfied (the subsubsection 1.2.1). To begin with, we give a remark. It is known that the coarse moduli 
scheme of semistable torsion-free sheaves is obtained as the categorical quotient of the set of the semistable 
points of some projective variety provided with a reductive group action. But, we will discuss the moduli 
stacks of semistable parabolic sheaves or semistable parabolic i-Bradlow pairs, although we omit to mention 
parabolic structure in this Introduction. For such parabolic objects, the author does not know the reference to 
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deal with the problem whether the moduli spaces have such descriptions. Hence, we need a modification of the 
construction of the master space. 

Let y be an element of Type. We put y(m) := ch(C(m)). Let H y be the Hilbert polynomial associated to 
y. Let V m be an iJ y (77j)-dimensional vector space. We put V m .x '■= V m ® Ox- The projectivization of V m is 
denoted by P m . Let Q(m,y) denote the quot scheme. It is the moduli scheme of the quotient sheaves of V m ,x 
whose Chern character is y(m). It is easy to construct the moduli scheme Q(m,y) of the quotient sheaves of 
V mt x with orientations whose Chern character is y{m). We fix an inclusion l : 0{—m) — ► L. Let S be an 
element of 'P br . Then, we obtain the subscheme Q ss (m, y, [L] 7 S) of Q°(m, y) x P m , which is the moduli scheme 
of the quotient sheaves (q : V m ,x — * £) with non-trivial reduced [L]-sections <f> : L — ► £{—m) with the following 
property: 

• The Chern character off is y(m), and the pair (£ (— m), <f>) is (5-semistable. 

We put Q ss (m,y, [L},6) := Q ss (m,y, [L],S) x Q{m , y) Q{m,y). 

On the other hand, let det (3/(771)) denote the 7? 2 (X)-part of y(m). We take a line bundle £ a such that 
ci(£ ) = y{m). We may assume H l (X,£ a ) = (i > 0). We denote by Z m the projectivization of H°(X,£ a ), 
which is called the Gieseker space. We put A m := Z m x P m 

When a parameter 5 € V hr is given, the ample Q-line bundle £ is given on A m as follows: 

C := Oz m (Py(m)) ® Pm (5{m)) 

We have the naturally defined SL(V r m )-action on A m , and C gives the SL(Kn)-polarization. Let A m {£) denote 
the open subset of the semistable points with respect to C. It is rather standard to show the following proposition. 

Proposition 1.25 (Proposition 4.2) We have the SL(V m ) -equivariant closed immersion Q ss (m, y, [L],S) — ► 

A%(£). I 

We take a large integer k such that £® fe is actually a line bundle. We take a rational number 7 whose 
absolute value is sufficiently small. We put £ 7 := C® k <S> Ov m {l)- Let A^(Cj) denote the open subset of the 
semistable points with respect to L 1 . On the other hand, we take 6- < S < S + sufficiently closely. It is not 
difficult to observe the following by using Proposition 1.25: 

Lemma 1.26 In the case 7 < 7 we have the closed immersion Q ss (m, y, [L\, <5_) — ► A ss (£<y). In the case 
7 > 0, we have the closed immersion Q ss (m,y, [L],8+) — ► yl s;s (£ 7 ). I 

We take rational numbers 72 < < 71 such that |— y» | are sufficiently small. We take a large number k' such 
that kl ■ (71 - 72) = 1. Let tt : A m — > Pm denote the projection. We put B := P(7r*O Pm (0) Op m (l)), which 
is P^bundle over A. The tautological line bundle is denoted by O r (l). We put C> B (1) := O r (l) ® £® fe '. It 
gives the SL(^„)-polarization of B. Let B ss denote the open subset of the semistable points of B with respect 
toO B (l)- 

We have the natural inclusion B Y := P(7r*C Pm (0)) cBandft := P(7r*C Prri (1)) C B. We remark B {l)\ Bi = 
£® fc . Let Bf s denote the semistable points of Bi with respect to 0^(1). Then, we put as follows: 

--SS - — ^ss 

TH :=Q"(m,y,[L],5)x A B", TH, := Q ss (m,y, [L],5) x A B- s . 

We put M := TH / GL(V^), which is the master space in this case. We also put M l := TH / GL(V m ). Due 
to Lemma 1.26, we have Mi ~ M s {y, [L],6+) and M 2 ^ M s {y, [L],5-). 

When the 2-stability condition is satisfied, it can be easily shown that M is Delignc-Mumford and proper. 
We have the naturally defined G m -action on M, as explained in the subsubsection 1.5.1. The fixed point set is 
as follows: 

M1UM2U Jj M Gm (yi,y2) 

(yi,y2)eS(y,6) 

Here, M Gm is isomorphic to the moduli stack of the objects (£1, <f>, E 2 ; p) with the following properties: 

• {E\,4>) is (5-stable L-Bradlow pair. 
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• E 2 is scmistable torsion-free sheaf. 



• p is an orientation of E\ © E 2 . 
It is easy to observe that M Gm is isomorphic to M ss (yi,L, 5) x M ss (y 2 ) up to etale finite morphisms. 

1.5.3 The G m -localization method in the case where the 2-stability condition is satisfied 

We explain how to use the master space M to obtain the transition formula (Theorem 1.7), when the 2-stability 
condition is satisfied for (y, L, S). We use the notation in the subsubsection 1.2.1. Let ip : M — > M(y, [L]) be 
the naturally defined morphism. Let T(l) denote the trivial line bundle on Ai(y, [L]) with the G m -action of 
weight 1. We have the naturally defined G m -action on (p*E u , ip*O le \(l) and ip*T(l). Therefore, we obtain the 
following G m -equi variant cohomology classes on M: 

$ t :=P(y*E u ) . Cl (^aei(l)) fc , $t :=* t -Ci(^T(l)) 

The master space is naturally provided with the perfect obstruction theory, and hence we have the virtual 
fundamental class. Therefore, we can consider the polynomial f^^t & Q[i]. Since ip*T(l) is the trivial line 
bundle, the specialization at t = is trivial. We use the localization theory of the virtual fundamental classes 
due to Graber-Pandharipandc ([24]). We have the following equality in Q[i, t -1 ]: 



Jm £?Jm, ■ EufWM,-)) , ^rfc n Ji 



m Eu(9l(Mi)) (wiiW ^ (l , i , ) ^ «.(wi,» 2 )Eu(«rt(MGn.(y 1 , W! ))) 

Here, Ol(Mj) and 9l(M G "* (y\, y 2 )) denote the virtual normal bundles. Therefore, we obtain the following 
equality: 



Yl Res ( %^-)+ y ( Res( ]=0. (15) 

^ 'm, I Eu(gi(M,)); (will ^fe > «)' /3?0m ^'») t= ° lEu^M^fe,^))); 



i=l,2 

It is easy to observe that the first term of the left hand side of (15) can be rewritten as follows: 



L* + L * = -*(w,[i],«+) + *(y,[i],«-) 

Jm, J m 2 



Note that M Gm (yi, y 2 ) is isomorphic to M ss (yi,y 2 , L, S) up to etale finite morphisms. By a formal calculation, 
it can be shown that the second term is same as the right hand side of (4). Thus we obtain the transition 
formula in the case where the 2-stability condition is satisfied for (y, L, 5). 

In the case p g > 0, the transition problem is rather easy, because of the following proposition. 

Proposition 1.27 (Proposition 6.24 and Proposition 6.25) 

• In the case rank(y) > 1 and p g > 0, the virtual fundamental class of M ss (y,L,S) is trivial. (We remark 
that the virtual fundamental class of M ss (y, [L],5) is not necessarily trivial.) 

• Even in the case rank(y) = 1 and p g > 0, we have the vanishing [M ss (y, L, 5)] = 0, if the 2-vanishing 
condition is satisfied for (y,L,S). 



On the other hand, we have k* ({M ss (y, L, 6)]) = [M ss {y 1 [L], 6)], where n denotes the naturally defined 
etale finite morphism A4 ss (y, [L], S) — ► A4 ss (y, L, S) in the case p g = 0. I 

Due to Proposition 1.27, we obtain the vanishing of the contributions in (15) from (yi,y 2 ) such that 
rank(yi) > 1, when p g > 0. Even in the case rank(yi) = 1, the contributions vanish if L is sufficiently 
"negative" . 
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1.5.4 The enhanced master space 

When the 2-stability condition is not satisfied, M in the subsubsection 1.5.2 is not Deligne-Mumford. So we 
need some modification, which we explain in this subsubsection. We use the notation in the subsubsection 1.5.2. 
We put as follows: 

B:=BxFlag(V m ,N), Bi := Bi x Flag(V m ,N). 
Here, F\a,g(V m , N_) denotes the full flag variety of V m : 

Flag (V m , TV) = {.Fi c T 2 C • • • C T N d^TijTi-x = l} 

Let Giiy m ) denote the Grassmannian variety of the ^-dimensional subspaces of V m . We have the canonical 
polarization Og,(1)- We have the morphism pi : F\a,g(V m ,K) — ► Gi(V m ) given by pi{F*) = T{. Take small 
positive numbers Hi (i — 1,2, ... , N), then we obtain the SL(V r m )-polarization of B: 

N 

Og(l) :=O B (l)®(g)pf0G,(v ra )(ni) 
i=i 

Let B ss and Bf s denote the set of semistable points with respect to Og(l). In this case, we put as follows: 
Tlf :=Q ss (m,y,[L],6) x A B ss , TH," := Q ss (m,y,[L],S) x A Bf. 

ss 

We use the notation M to denote TH / GL(V m ), and we call it the enhanced master space. We also put 
Mi := TH^ / GL(V m ). Due to Lemma 1.26, it can be shown that Mi is the full flag bundle over Ai s (y, [L], 5+) 
associated to the vector bundle px s ,E u (m). Similarly, M 2 is the full flag bundle over M s (y, [L],5-). 
We can show the following. 

Proposition 1.28 (Proposition 4.21 and Proposition 4.40) M is Deligne-Mumford and proper. i 

We have the naturally defined G m -action on M, as explained in the subsubsection 1.5.1. To describe the 
fixed point set, we need some preparation. 

Definition 1.29 A decomposition type is defined to be a datum 3 := (yi, y 2 , ii, h) as follows: 

• V = yi + V2 in Type such that Py ± — Py . 

• N_ — I\ U I 2 such that \Ii\ = H yi (m), here H yi denote the Hilbert polynomials associated to yi. 

The set of the decomposition types is denoted by Dec(m, y, (5). For 3 = (2/1,2/2,^1,-^2) G Dec(m, y, S), we put 
t(3) := min(7 2 ) - 1. I 

We introduce the notion of (S, £)-semistability. 

Definition 1.30 Let (E, [(/>]) be a reduced L-Bradlow pair on X, and let J 7 be a full flag ofH°(X, E(m)) . Let 
I be any positive integer. We say that (E, [</>], J 7 ) is (5, €}- semistable, if the following conditions are satisfied: 

• (E, is S -semistable. 

• Take any Jordan-Holder filtration of (E 1 *, [(/>]) with respect to 8-semistability: 

E {i) c E {2) c . . . c E (i-i) c (£;W 7 0) c . . . c (E (k \(j)) 

Then we have T t fl H° (X, E^'V (m)) = {0} and Ts> (£ H° (X, E^i) (m)) for j < k. 

We denote by A4 ss (y, [L], (5,£)), the moduli stack of such tuples (E, [</>], J 7 ). In the oriented case, we use the 
notation M ss (y, [L],a», (8,£)) as usual. 

Similarly, we have the notion of (5,l)-semistability for a L-Bradlow pairs (E,(ft>) with a full flag T of 
H°(X, E(m)) such that 4>^0. The moduli stack is denoted by M ss (y,L, (5,£)). I 
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Then, the fixed point set is as follows: 

MiUM 2 U ]jj M Gm (3) 

aeDoc(m,y,(5) 

Here, M Gm (3) is isomorphic to the moduli stack of the objects (E\, 4>, E 2 , p, T^) with the following 
properties: 

• (Ei,<fi) is a (5-semistable L-Bradlow pair. 

• J^ 1 ) is a full flag of H°(X, £i(m)) such that (E u <}>, T^>) is (S, 6(3))-semistable. 

• E 2 is a semistable torsion-free sheaf. 

• is a full flag of H°(X, E 2 {m)) such that (E 2 , ^- n{l2) ) 

is e-semistable reduced 0{— m)-Bradlow pair, 

where e denotes any sufficiently small positive number. 

• p is an orientation of E\ © E 2 . 

Therefore, M Gm (3) is isomorphic to A4 SS (yi, L, (S, 6(3))) x Al s;s (y2,+) up to etale finite morphisms, where 
M 8S (y2,+) denotes oriented semistable sheaf (E 2 ,p 2 ) with a full flag as in the condition above. 

1.5.5 The G m -localization method 

We explain how to use the enhanced master space M to obtain the transition formulas. The argument is 
essentially same as that in the subsubsection 1.5.3. Let A4(m, y, [L]) denote the open subset of A4(y, [L]) 
determined by the condition O m . (See the subsubsection 3.1.2.) We have the vector bundle px *E u (m) on 
A4(m,y, [L]). The associated full flag bundle is denoted by A4(m,y, [L]). Let T re i denote the relative tangent 
bundle of the smooth morphism M(m, y, [L]) — > A4(m, y, [L]). We have the naturally defined morphism 
ip : M — ► A4(m, y, [L]). Let T(l) denote the trivial line bundle on M(m, y, [L]) with the G m -action of weight 
1. We have the naturally defined G m -action on tp*E u , ip*0 Te i(l), <p*T rc i and ip*T(l). We consider the following 
cohomology classes on M: 



$ t := P{<p*E») ■ Cl (^a cl (l)) fe • *t := *t • cifc*T(l)) 

My (my 



By the argument in the subsubsection 1.5.3, we obtain the following equality: 

V/ Rc S (—X^-)+ V / Resf 5? ^ = 0. (16) 

Here OT(Mj) and 9T(M Gm (3)) denote the virtual normal bundles. Since Mj are the full flag bundles over 
M ss (y, [L],S K ) (k = ±), it is easy to observe that the first term of the left hand side of (15) can be rewritten 
as follows: 

- L* + L $ = -<f(y,[i],5+) + $(y,[L], ( 5_) 

J Mi J M 2 

Let us see the second term in the case p g > 0. Recall that M Gm (3) is isomorphic to A4 SS (j/i, L, (J, 6(3))) x 
M ss (y 2 ,+) up to etale finite morphisms. Due to the vanishing similar to Proposition 1.27, we obtain the 
vanishing of the contributions in (16) from 3 = (yi,y 2 ,Ii,I 2 ) such that rank(yi) > 1. In the case rank(yi) = 
1, the (<5, 6(3))-semistability condition is trivial. Therefore, M ss (t/i, L, (S, 6(3))) is the full flag bundle over 
Ai(yi, L) associated to the vector bundle px *E^(m). On the other hand, M as {y 2 , +) is the flag variety bundle 
over M ss {y 2 , [0(— m)],e) for any sufficiently small positive number e. (See the subsubsection 4.6.1 for more 
detail.) Therefore, we can easily observe that the second term of the left hand side of (16) is same as the right 
hand side of (12). Thus, we obtain the transition formula in the case p g > 0. 
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On the other hand, we need some more additional argument in the case p g = 0. Due to the equality (16), 
we obtain the expression <!>(?/, [L], 5+) — [L], 6-) as the summation of the terms of the following form: 

/ *(2/i,2/2) 

J M"(v u [L],8,t)xM-">(y2) 

Then, we take the enhanced master space connecting A4 ss (yi, [L], (5,£)) and A4 ss (yi, [£],£_). Such a space 
can be constructed by the method in the subsubsection 1.5.4. We have only to choose appropriate numbers rij 
(i = 1, . . . ,N). Let S(l) denote the set of decomposition types 3^ = (y^\ l[ 2 \ ) with the following 
property: 

(2) i (2) 

• y\ +y 2 =2/i- 



l[ 2 > u4 2 > = {l,...,H Vl (m)} and \l\ 2) \ = H m (m). 



. {i,...J}cl[ 2 \ 

Then, applying the localization method again, we obtain the following: 



L 



M«(ti,[I],S,<)xM»(5i) JA4-(gi,[L],«5_)xA1-(g 2 ) 3{^S(i) J M ° m (3,<2)) 

(2) 

We can apply this procedure inductively. Note rank(y} ) < rank(yi) < rank(j/). Hence, the inductive process 
will stop. Thus, we can obtain the general transition formula, in principle, by using a rather easy combinatorial 
argument. However, the general formula would be comparatively complicated, and it is less interesting for the 
author at this moment. Hence, we restrict ourselves to the transition formula in the special case, as in Theorem 
1.21. 

1.6 Outline of the Paper 
1.6.1 Section 2 

In the subsection 2.1, we prepare some notation. In the subsection 2.2, we review basic results from the geometric 
invariant theory. In particular, we recall a sufficient condition for a quotient stack to be Deligne-Mumford and 
proper. We also recall the numerical criterion and calculate some easy examples. The results will be used in 
the section 4. 

In the subsection 2.3, we review the basis of cotangent complex. Then, we recall how to calculate some 
cotangent complexes of quotient stacks in the subsubsection 2.3.2, which will be used in the section 5 in many 
times. We also recall some more examples in the subsubsection 2.3.3, which will be used in the subsections 6.3 
and 6.6. 

In the subsection 2.4, we review the obstruction theory of Bchrcnd-Fantcchi [5]. Then, we explain a naive 
strategy to construct the obstruction theory in the subsubsection 2.4.2. We recall the obstruction theory of the 
locally free subsheaves in the subsubsection 2.4.3. It gives the obstruction theory of the moduli of torsion-free 
quotient sheaves over a smooth projective surface. The result will be used in the subsection 5.6. We also obtain 
the smoothness of the moduli of quotient torsion-sheaves over a smooth projective curve, although we do not 
use it later. In the subsubsection 2.4.4, we recall the obstruction theory of the filtration of a vector bundle on 
a smooth projective curve. It will be used to see the obstruction theory of the parabolic structure. 

In the subsection 2.5, we recall some easy results for equivariant complexes on Deligne-Mumford stacks with 
GIT construction, which will be used in the subsection 5.9. In the subsection 2.6, we give some elementary 
remarks on extreme sets, which are used in the subsections 4.3-4.4. In the subsection 2.7, we give easy remarks 
on the twist of line bundles. 
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1.6.2 Section 3 



In the subsection 3.1, we review the basic notion. In the subsubsections 3.1.1-3.1.3, we recall the definition 
of some structure on torsion-free sheaves such as orientation, parabolic structure, L-section, and reduced L- 
section. In the subsubsection 3.1.4, we prepare the notion of type and the notation of some moduli stacks. 
In the subsubsection 3.1.5, we recall the notion of the relative tautological line bundle of the moduli stacks of 
oriented reduced L-Bradlow pair. We also see the relation of the moduli stack of oriented reduced L-Bradlow 
pair and the moduli stack of unoriented unreduced L-Bradlow pair. 

In the subsection 3.2, we recall the Hilbcrt polynomials. Then, we have the naturally defined scmistability 
conditions, which is discussed in the subsection 3.3. We recall the notion of Harder-Narasimhan filtration and 
partial Jordan-Holder filtration in the subsubsection 3.3.2. Then, we introduce the notion of (5, £)-semistability 
in the subsubsection 3.3.3, which is useful to control the transition. 

In the subsection 3.4, we review boundedness of some families. We recall foundational theorems in the 
subsubsection 3.4.1, Then, we recall the boundedness of semistable L-Bradlow pairs when the parameter is 
varied in the subsubsection 3.4.2. The important observation is due to M. Thaddeus. In the subsubsection 
3.4.3, we sec boundedness of Yokogawa family which will be used to show properness of some morphisms in the 
section 4. 

In the subsection 3.5, we recall the 1-stability and 2-stability conditions. In the subsection 3.6, we recall 
some moduli schemes of quotient sheaves with some structure. 

1.6.3 Section 4 

In the subsection 4.1, we review a basic result of the geometric invariant theory for the construction of the 
moduli stack of (5-semistable parabolic L-Bradlow pairs. In the subsection 4.2, we consider the perturbation of 
(5-semistability condition. Namely, we multiply the full flag bundle to the quot schemes, and we discuss what is 
obtained for small perturbation of the semistability conditions. 

The results in the subsections 4.3-4.4 are the core of this paper, which are significant to discuss the transition 
formula. In the subsection 4.3, we construct the enhanced master space, and we show that it is Deligne-Mumford 
and proper. In the subsection 4.4, we see the fixed point set with respect to the torus action. 

In the subsection 4.5, we construct the enhanced master space in the oriented case, and we give a description 
of the stack theoretic fixed point set with respect to the natural torus action. They are essentially reformulation 
of the results in the previous subsections. We give a more convenient description of the fixed point set in the 
subsection 4.6, i.e., we observe that they are isomorphic to the moduli stacks of objects with the lower ranks, 
up to etale finite morphisms. 

In some cases, the problem is much simpler. The statements for such cases are given in the subsection 4.7. 

1.6.4 Section 5 

In the subsection 5.1, we discuss the deformation theory associated to torsion- free sheaf E on U x X, where 
X is a smooth projective surface. We put q{V.) := Hom(V., V^) v [— 1] and Ob(V^) := Rpx *(q(V.) ® ujx) for a 
resolution V. of E. In the subsubsection 5.1.1, we explain how we obtain the morphism g(V.) — ► L[j x x/x, 
and hence Ob(V.) — ► Ljj . In the subsubsection 5.1.2, we see that g(V.) is decomposed into the trace-free part 
and the diagonal part, and that the diagonal part is related to the determinant bundle. In the subsubsection 
5.1.3, we give some factorization which will be useful in the construction of the obstruction theory of the master 
space. In the subsubsection 5.1.4, we give the obstruction theory of some open subset of the moduli stack 
of torsion-free sheaves, by directly applying the construction in the subsubsection 5.1.1. In the subsubsection 
5.1.5, we discuss the case of the moduli of line bundles, which will be used in the construction of the relative 
obstruction theory for orientation in the subsection 5.2. 

In the subsection 5.3, we discuss the relative obstruction theory for L-section. In the subsubsections 5.3.1- 
5.3.2, we give the construction and show the relative obstruction property. In the subsubsection 5.3.3, we give 
some factorization which will be useful to discuss the obstruction theory of the master space. In the subsection 
5.4, we discuss the relative obstruction theory for reduced L-section. We need to make some modification to 
the construction in the subsection 5.3. In the subsection 5.5, we discuss the relative obstruction theory for 
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parabolic structure. By pulling them together, we can easily construct the obstruction theory of the moduli 
stacks of parabolic i-Bradlow pairs and some related objects, which is explained in the subsection 5.6. 

Then, we discuss the obstruction theory of the master space in the subsection 5.7. Once we have the 
factorizations as in the subsubsections 5.1.3, 5.3.3 and 5.4.3, the construction is easy. We also obtain the 
obstruction theories for some related stacks. In the subsubsections 5.7.6-5.7.7, we give only the statements in 
some easy cases for explanation. 

In the subsection 5.8, we discuss the obstruction theory of the fixed point set. In the subsection 5.9, we 
discuss the equivariant obstruction theory of the master space and the induced obstruction theory of the fixed 
point set. We give the statements for the simple cases in the subsubsections 5.8.7-5.8.8 and 5.9.7-5.9.8. 

1.6.5 Section 6 

By showing the perfectness of the obstruction theories, we obtain the virtual fundamental classes for some 
stacks, which is discussed in the subsection 6.1. We compare the virtual fundamental classes of the moduli 
stack of the 5-stable oriented reduced L-Bradlow pairs and the moduli stack of <5-stable L-Bradlow pairs in 
the subsection 6.2. Although the moduli stacks are isomorphic up to etale finite morphisms, the obstruction 
theories are not same in general, and we obtain the vanishing of the virtual fundamental class of the moduli of 
5-stable L-Bradlow pairs in the case p g > 0. 

In the subsection 6.3, we discuss the virtual fundamental classes of the moduli stack of the objects with 
rank one. In the subsubsection 6.3.1, we see the moduli of i-abelian pairs. In particular, we give a detailed 
description of the virtual fundamental class in the case where H 2 (X, O) ^ and O) = are satisfied. In 

the subsubsection 6.3.2, we discuss the obstruction theory of the parabolic Hilbert schemes. In the rest of the 
subsection, we show the splitting given in Proposition 6.34. 

In the subsections 6.4-6.6, we discuss the relations of the obstruction theories of some moduli stacks. 

1.6.6 Section 7 

In the subsection 7.1, we explain how we think the cohomology and the evaluation for our theory. In the sub- 
section 7.2, we show the transition formulas in the simple cases. They are sufficiently useful for the construction 
of the invariants, which is discussed in the subsection 7.3. They also provide the sufficient tool to discuss the 
transition problem in the rank 2 case, which is done in the subsection 7.4. 

In the subsection 7.5, we discuss the transition formula for the case p g > 0. It is rather easy to show, and 
the formula is formally same as that in the simple case. 

Then, we discuss the transition formula for the case p g = 0, in the subsection 7.6. By using it, we obtain the 
weak wall crossing formula in the subsection 7.7. We write down the weak wall crossing formula and the weak 
intersection rounding formula for the rank 3 case in the subsubsection 7.7.3-7.7.4. We also give a transition 
formula for a critical parabolic weight in the subsubsection 7.7.5. 

In the subsection 7.8, we derive the weak intersection rounding formula from the weak wall crossing formula. 

1.7 Some Remarks 
1.7.1 Further study 

This note is tentative, partially because of the recent intensive development of the theory of stacks. We use 
only the rather old results in this paper. The author believes that it should be one of the main themes of the 
study of the stacks to make it easy to deal with the subject and the formalism in this work. Hence, he hopes 
that our arguments would be replaced with the new ways. 

For example, as already mentioned in Remark 1.4, the powerful theory of "derived stack" has been developed 
(see [56] for overview). It seems to be applicable to a wide range of similar problems, contrast to our method 
in this paper. The author thinks that our method is more elementary. But the theory of "derived stack" will 
surely be standard in algebraic geometry in very near future (or, perhaps already?), and hence he hopes that 
our construction and argument would be refreshed from that point of view. 

Then, it would be desired to compare the obstruction theories. It is not clear for the author whether such 
comparison is easy or not. However, he expects that the comparison of the invariants would be easily done, 
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at least in the case H 1 (X, O) = 0, if the new construction would be done appropriately. We should have the 
transition formulas as given in the section 7, due to which it can be reduced to the comparison of the invariants 
obtained from the moduli stacks of the objects of rank one. We should have the splitting as in Proposition 
6.34, and hence it can be reduced to the comparison of the invariants obtained from the abelian pairs. (See the 
subsubsection 7.5.2 for such a reduction in the case H 2 {X 1 O) ^ 0. We may also obtain such a reduction in the 
case H 2 (X, O) = 0, although the formula would be more complicated.) In the case H 1 (X, O) = 0, the moduli 
of abelian pairs is smooth, and the obstruction theory is given by the obstruction bundle which should be as in 
the subsubsection 6.3.1. Thus, the comparison of the invariants could be done. The author hopes to clarify the 
points somewhere. 

One of the important missing for our theory is the blow up formula, i.e., comparison of the invariants for X 
and a blow up of X. Originally, the author intended to develop the theory "without blow up". But it seems to 
contain an interesting problem for such a comparison, and the author would like to come back to this problem, 
if possible. 

1.7.2 Difference from the previous version 

In this second version, we obtained the comparatively satisfactory transition formula in the higher rank case, 
which made us to obtain the weak wall crossing formula. For that purpose, we introduced the notion of 
(5, f)-semistability. The other essential ideas are not changed. The author also hopes that the readability is 
improved. 
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2 Preliminary 

2.1 Notation 

2.1.1 Vector bundles 

Let Y be a variety. Let g : T — ► U be a morphism of stacks. Then the naturally induced morphism 
T x Y — ► U x Y is denoted by gy or simply by g. 

Let V be a vector bundle on Y. The sheaf of local sections of V is also denoted by the same notation V, if 
there are no risk of confusion. But, we use some particular notation in the following case: Let V\, V2 be vector 
bundles. We have the sheaf TLom{V\, V2) of the morphisms from V\ to V2. The corresponding vector bundle is 
denoted by N(V 1 ,V 2 ). 

Let F be a vector bundle on Y. The complement of the image of the 0-section in F is denoted by F* , i.e., 
F* := F — Y, and the dual bundle of F is denoted by F v . The projectivization of F is denoted by P(F V ) or 
¥ F . 

2.1.2 Coherent sheaves on a product 

Let A be a scheme over k, and let U be a stack over k. We denote by px the projection forgetting the 
A-component: 

px :U x A — >U. 
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Similarly, pij denotes the projection U x X — ► X. We often denote {u} x X by X u for any point u G U. 

A coherent sheaf E over U x X is called a {/-coherent sheaf, if it is flat over U. A {/-coherent sheaf E is 
called {/-torsion free sheaf, if E^ u } xX is torsion-free for each u <G U. We will often omit to denote "{/-", if there 
are no risk of confusion. 

For any coherent sheaf E on Ux A, we use the notation E(m) to denote E^p^Ox(m) for a given polarization 
O x (l)oiX. 

2.1.3 Signature 

We follow the signature convention in [31]. We recall some of them for later use in our situation. 

Let X be an algebraic stack. For two Ox-complexes C and D , let Hom(C' , D ) denote the complex whose 
i-th term is © fe _ J=i Hom^C^ , D k ) and whose differentials are given as follows: 

Hom(C\D k ) — > Horn (C\D k+1 ) ®Hom (C j - 1 ,D k ), ai — ► (d D o a, (-l) H+1 ao(i c ). 

Let us see some examples. For a complex C , we denote the dual complex Hom(C,Ox) by C' v . The 
differential is as follows: 

Hom(C n ,O x ) — > Hom(C n -\O x ), ai — > (-1)" +1 • a o d x 

For two term complexes C' = (C _1 — > C°) and D = (Z? _1 — > £>°), the complex Hom(C ,D') is given as 
follows: 

Wom^-D" 1 ) — > Hom(C a ,D°) © Wora(C _1 , .D -1 ), 01 — ► ° a, a o d c ) 

Hom(C°,D°) © Hom^-^D- 1 ) — ► Hom(C-\D°), (h,b 2 ) i— > -&i od c + d D ob 2 
We will often use the dual Hom(C , D'Y , which is given as follows: 

Hom(D°, C- 1 ) — ► Hom(D°, C°) © Wom(Z)- 1 , C*- 1 ), a i — ► (-do ° a, a o rf D ) 
Hom(D°, C°) © Wom(£>-\ C" 1 ) — ► Hom{D~ x , C°), (b u b 2 ) i — ► -61 od D -d c ob 2 

2.1.4 Compatible diagrams 

Let Ajj (i = 1, 2) (j = 1, 2, 3, 4) be objects in some category. Assume that we are given morphisms ^ : Aij — ► 
A 2j . We also assume that we are given commutative diagrams {CD)i\ 

^,3 ! — > Ma 

We say that (CD)i and (CD) 2 are compatible with respect to the morphisms ipj (j = 1, 2, 3, 4), if every face of 
the naturally obtained cube is commutative. It is equivalent to the commutativity of the following diagrams: 

A h i ► A h2 A hl > A h3 A h2 > A 1A A h3 > A 1A 



A 2 ,i > A 2 , 2 A 2j i > A 2 ,3 A 2 , 2 ► A 2A A 2 ,3 ► A 2A 

2.1.5 Filtrations and complexes on a curve 

Let V be a smooth projective curve over a stack S. Let E a (a = 1,2) be coherent Op-modules which are 
flat over S. Assume that we are given a decreasing filtration F{E a ) = (Fi(E a ) \ i = 1, . . . , I) of E a such that 
Cok,(£ a ) = E a /F l+1 {E a ) are flat over S. 
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Let V a , = -> V^o) be a locally free resolution of E a . We put V a (1) := V afi , Y a (i+1) = and V a (i) := 

Ker(K,o ^— Cok,(£ a )) (i = 2,...,/). Let h : Y^ +1) — > V# } , U : v£> — > v£> and s t : V^ +1) — > V® 
denote the inclusions. 

Let us consider the complex Ci(V*, V 2 ) given as follows: 

Wornfv/V^) ®[ + = \no m (V^\v^) - ®UHom(V± i+1 \v^) 

Here the first term stands in the degree —1, The differentials rfj are given as follows: 

d _1 (a) = ( Si oaoti\i=l,...,l + l), (17) 

d°(h, ...,&,) = (-/l o 6i + b 2 o A, -/ 2 o b 2 + b 3 o / 2 , . . . , -/, o b t + b l+1 o /,) (18) 
We have the naturally defined morphism: 

lf =(^):C 1 (V 1 *,V 2 *)^Hom(V 1 ,,V 2 ,) (19) 

The morphism ipi is given by <£>i(cij) = s i+1 o • tj. The morphism <p is the projection by the identification 
Vq = and V-i = Y( i+1 ) . The morphism <p 2 is the identity. It can be directly checked that <p is the morphism 
of complexes. We put C 2 (V{ , V 2 ) := Cone(y)[— 1]. The following lemma is easy to check. 

Lemma 2.1 The complexes d(V{,V 2 ) and the morphism ip : Ci(V* ,V 2 ) — ► Hom(V.,V.) depend only on 
(Ei,F) and (E 2 ,F) in the derived category D(T>). S 

Notation 2.2 We denote Ci(Vf, V 2 *) by HHom\{E Xif , E 2 *). I 

When E a and E a j Fj(E a ) are locally free sheaves, then we have T-C l {7iom' l (Ei,E 2 ) s j = (i ^ 0), and 
H°(Hom' 1 (E-i,E 2 )} is isomorphic to the sheaf of homomorphisms of E\ to E 2 which preserve the nitrations. 



2.2 Geometric Invariant Theory 
2.2.1 GIT quotient and algebraic stacks 

Let k be an algebraically closed field with characteristic 0. Let G be a linear reductive group over k. Let Y be 
a projective variety over k, provided with a G-action p. Let L be an ample line bundle on Y, such that p can 
be lifted to the action on L. 

We recall some basic definitions. A point y <E Y is a semistable point with respect to L, if there exists a 
G-invariant section s of L® n for some n > such that s(y) ^ 0. A point y G Y is defined to be a stable point 
with respect to L, if there exists a G-invariant section of L® n for some n > such that s(y) ^ and that any 
orbits of G contained in Y — s _1 (0) are closed. Let Y S (L) (rcsp. Y SS (L)) denote the set of the stable (resp. 
semistable) points with respect to L. The foundational theorem of D. Mumford is the following. 

Proposition 2.3 ([48]) There exists the uniform categorical quotient n : Y — ► Y ss //G. Moreover the 
following holds: 

• The map it is affine and universally submersive. 

• Y ss //G is a projective variety. 

• There exists the open subset Y s //G ofY ss //G, such that Tr" 1 (Y s //G) = Y s and that tt : Y s — > Y s //G is 
the universally geometric quotient of Y s . 

Proof See Proposition 1.9, Theorem 1.10 and the page 40 in [48]. I 

We combine it with some results of A. Vistoli in [58]. Let Y s ? denote the set of stable points of Y whose 
stabilizers are finite. In this situation, we obtain the quotient stack Y s ^/G, which is Deligne-Mumford. See the 
sections 2 and 7 of the paper of Vistoli [58] for more detail about such a quotient stack. We recall one of his 
results here. 
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Proposition 2.4 ([58]) The naturally induced morphism Y sf /G — ► Y sf //G is proper. 

Proof The map Y s f — ► Y s f //G is universally geometric quotient. In particular, it is universally submersive, 
and the geometric fibers are precisely the orbits of the geometric points of X. Therefore, Y s t jjG is a quotient 
of Y si by G in the sense of Vistoli (see the page 630 of [58]). Applying Proposition 2.11 of [58], we can conclude 
that the map Y s f /G — > Y s f //G is proper. I 

Corollary 2.5 Let Z be a variety over k with a G-action. Let $ : Z — ► Y be a G-equivariant immersion with 
the following property: 

• The stabilizer group of any point of Z is finite. 

• The image $>(Z) is contained in Y S (L). 

• $ : Z — ► Y SS (L) is proper. 

Then the quotient stack Z/G is proper and Deligne-Mumford. 

Proof We have the closed substack Z/G of Y si /G. We also have the closed subschemc Z//G — ► Y s $ jjG C 
Y ss //G. Since Y ss jjG is projective, Z//G is also projective. From the previous lemma, we obtain the properness 
of the morphism Z/G — ► Z//G. Therefore, we obtain the properness of Z/G. I 

2.2.2 Mumford-Hilbert criterion and some elementary examples 

Let Y and G be as above. Let A : G m — ► G be a one-parameter subgroup. We put P(X) := lim t _,o X(t) ■ P. 
Then A-acts on the fiber Lipr\y The weight is denoted by /i\(P,L). The criterion says that the point P is 
semistable (resp. stable) with respect to L, if and only if /j,\(P,L) > (fi\(P,L) > 0) for any one-parameter 
subgroup A. 

Remark 2.6 We use the convention to identify a vector bundle and the sheaf of its sections. Hence the above 
definition of \i is same as that given in [48] . I 

For later use, we recall some elementary examples. Let V be a vector space over an algebraically closed field 
k, with a base Ui, . . . , Un- Let A be the one-parameter subgroup of SL(V) given by X(t) ■ Ui = t Wi ■ Ui, where 

Wi = and Wi < tUj+i. Let denote the subspace generated by ui,...,U{. Let V = © V w denote the 
weight decomposition of A, i.e., A preserves the decomposition, and the action on V w is the multiplication of t w . 
We put (J, : ©,... , r, r . 

We denote a point of P(V V ) by [v] by using a representative v G V — {0}. Let us consider the right 
SL(y)-action on P(V W ), given by g ■ [v] := [g^ 1 ^)], which can be lifted to the action on P (yv)(l). 

Lemma 2.7 ([48]) ([«], Cp(y v ) (1)) is same as min{z | Vi € Qi} . It can be reworded as follows: 

MA (M, 0(1)) = J2 m ' ( dim ^ W n (v) - dimV^-V n (v» =5^j- (dimOj n (v) -dim^.i n («)). 

* i 

Here (v) denotes the subspace generated by v. 

Proof According to the weight decomposition V = © Vi, we have the decomposition v = v i- ^ n ^(V v ), we 
have the following: 

X(t)[v}=[X(t)- 1 v] = [j2t- i -v- . 

We put i := max{i | Vi ^ 0} = minji | v G Qi). Then it is easy to see lim^o = [ v i ]- The weight of A 

on Op(yv)(l)|[ v ] is io- Thus the first claim is obtained. The second claim follows from the first one. I 

Let Gi(V) denote the Grassmann variety of the ^-dimensional subspaces of V: 

Gi(V) := {l : W C V \ dimW = l}. 

We have the Pliicker embedding Gi(V) — > P(A' V v ) given by W * — > f\ l W C f\ l V. It gives the polarization 
Cgi(V)(1) °f Gi(V). The SL(V) has the right action on Gi(V) given by i i — > g^ 1 o l, which can be lifted to 
the action on Og,(v)(^)- 
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Lemma 2.8 For any point W of Gi(V), we have the following: 



H\(W,0 Gl(y) (i)) = J2 ( rank WHY® - rank W n V< <_1 > ) • Wi = ^ j ■ dim 



2=1 jez 

Proof For any J — (ji < J2 < • •• < ji), we put uj := A • • • Auj t , and wj := Yl\=i w ji ■ Collection of such uj 
gives the base of f\ l V. We have the naturally induced SL(V)-action on f\ l V. Let A denote the one-parameter 
subgroup of SL(A'V) induced by A. We have X(t)(uj) = t Wj ■ uj. 

Let us take a base v±, of W such that Vh = Ui h + X^<i h dh,j 1 u j- Then z := Vi A • • • A vi is 
expressed as the sum ^ aj ■ uj, where aj = 1 if J = I = (i\ < • • • < i{) and aj — if wj > w/. We have 
H\(W, Oqi (1)) = ^a( z i Cp(/\ ! yv)(l)) = ioj due to Lemma 2.7. Then, it is easy to derive the claim of the 
lemma. I 

We also have the Grassmann variety G\ of quotients of /-dimensions: 

G\ := {q : V — ► Q \ dim Q = l}. 

We have the Plucker embedding G[ — ► P(/\ JV ^' V") given by q > — ► /\ N ~ q : /\ N ~ V — > A^" Q- ^ gives the 
polarization 

Lemma 2.9 ([48], [41]) Lei q : V — ► Q be a point of G\. We put W := Kcr(q). Then we have the following: 

N N 



Ma (q, O g[ (1)) = Y, w i ■ ( dim n W - dim n - 1) = ^ j • ( dim Jf n gj - dim ' " 



3 



i=i 



Proof Weput^« := ft nT^/ft_! n W. Since we have the natural isomorphism Gi/Gi~i - we regard 

as the subspace of Vi. It is easy to see that the limit lim t ^ A(i) -q is given by the quotient q : V — ► Vi/W^ l \ 

The weight of A on G j(l)|^ is — i ■ dim(Vi/W^) . Then it is easy to derive the claim. I 

Remark 2.10 We have the obvious isomorphism Gi(V) ~ G' N _ l (V). It does not preserve the semistability 
conditions on the varieties induced by the Plucker embeddings. 1 

2.3 Cotangent Complex 
2.3.1 Basis 

Recall some fundamental properties of the cotangent complexes from [29], [37] and [50]. Let X and y be 
Deligne-Mumford stacks with the etale site. For any morphism / : X — ► y of Dclingc-Mumford stacks, the 
cotangent complex was constructed by L. Illusie [29] as a complex of O^-modules, which is denoted by L x /y or 
Lf. Recall that the cotangent complex controls the deformation theory (Section 3 [29]) in the following sense. 
Let T be a scheme over y, and let h : T — > A" be a ^-morphism. Let T be a ^-scheme such that T is a closed 
^-subscheme of T and the corresponding ideal J is square zero, i.e., J 2 = {/ • g | /, g e J} = 0. 

Proposition 2.11 (Illusie, [29]) We have the obstruction class o(h) in Ext x (h* Lx/y, J) with the following 
property: 

• The morphism h can be extended over T, if and only if o(h) vanishes. 
When o(h) — Q, the set of the extension classes is the torsor over the group Ext '(/i* L x /y, J) ■ I 

The cotangent complex has a nice functorial property. For example, if g : y — > Z be a morphism, then we 
have the distinguished triangle, f*Ly/ z — ► L X /z — * L x /y — > f*Ly/ z [l] in the derived category D{X). 

As for general Artin stacks with the lisse-etale site, the cotangent complex with some good functorial property 
was obtained by G. Laumon, L. Morct-Bailly and M. Olsson (Section 17 of [37] and Section 8 of [50]). For any 
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Artin stack X, Olsson introduced the category D' h (X) of the projective systems K = (• • • — > Jf>_ n _i — > 
K>- n —>■■■—» if> ) in Z) + (A') such that the morphisms K>- n — ► T>- n K>_ n and T>_„if>_„_i — ► 
t> - n K> _ n are isomorphisms. Here t> _„ denotes the canonical n-th truncation functor. See [50] for the 
functorial property of D' h (X). Let / : X — ► y be a quasi-compact and quasi-separated morphism of Artin 
stacks. Then, we can associate L x /y = Lf = (• • • — > L x jy 1 — ► L%/y L x ^y) € £'q CO h('^') to / with the 

following property (Theorem 8.1 [50]): 

• If X and y are algebraic spaces, L x 7y is isomorphic to t> - n L x jy in -C^j~ coh (.Y). Here the latter L x /y 
denotes the usual cotangent complex defined by Illusie. 

• When we are given a 2-commutative diagram of Artin stacks, 

X' — X 



y —2— y 

we have the functorial morphism Lj*L X /y — ► Lx>/y>- If the diagram is 2-Cartesian, and if one of g or 
h is flat, then the morphism Lf*L x /y — ► Lx'/y is isomorphic. 

• Let / : X — ► y be a morphism of Artin stacks. Let g : y — ► Z be another morphism. Then we have 
the distinguished triangle Lf*L y/z — ► L x /z — > Lx/y — > Lf*L y / z [l] in D^ coh (AT). 

The following properties can be derived directly from the construction. (See Section 8 of [50] for the construction 
of L x/y-) 

• Each L x Jy is an object in D^™£~\x). 

• If / is smooth and representable, then L x iy is quasi isomorphic to the 0-th cohomology sheaf, which is 
isomorphic to the locally free sheaves of Kahler differentials £l X /y- In general, if / is smooth, any L x Jy 
is of perfect amplitude contained in [0, 1]. In particular, they are isomorphic to L x ®y. 

Remark 2.12 M. Aoki ([2]) generalized the deformation theory of Illusie. He showed that a generalization of 
Proposition 2.11 holds for the Artin stacks. I 

2.3.2 Quotient stacks 

Let G be a smooth group S'-scheme. Let Y be a smooth ^-scheme with a G-action. The quotient stack is 
denoted by Yq. Let / : Y — ► Yq be a morphism. We have the corresponding G-torsor P(f) over Y. Since 
/ is smooth and representable, the cotangent complex Lf is isomorphic to the sheaf ft/ of the relative Kahler 
differentials. 

Lemma 2.13 ft/ is isomorphic to the sheaf of the G-invariant sections o/ftp(/)/y. 

Proof Let 7r : Y — ► Yq denote the morphism corresponding to the trivial torsor. We have the following 
diagram: 

P(f)XyP(f) P(f) — Y 

h \h 1/ (20) 



Y x Yg Y Y Y G 

Then the sheaf ft/ is the descent of ft/ x by the cocycle condition p*^lf 1 — ft/ 2 — ^2^/21 where the isomorphisms 
are given by the naturally defined differentials. We have P(f) Xy P(f) — P{f) x G for which p\ and P2 
correspond to the natural projection and the G-action respectively. Then the claim is obvious. S 
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Let Z be an Artin stack over S with a morphism F : Z — ► Yq- We have the corresponding G-torsor P(F) 
over Z and the G-equivariant map F : P(F) — ► Y. 

P(F) F ) Y 



Z Y G 

Let us describe the pull back of the cotangent complex F*L Yg /s on Z. We have the map a : F*ft Y /s — ► 
f2p(F)/z on P(F), which is the composite of the differential F*fty/s — > &p(f)/s an d the natural projection 

Qp(F)/S * Qp(F)/Z- 

Proposition 2.14 F*L Yg /s * s represented by the decent o/Cone(— a)[— 1] with respect to the natural G-action. 

m+l 

Proof We recall the construction of L Ya /s in this case. We put Y [m > := Y Xy G • • • Xy G Y. We have the 
natural morphisms Y"(" 1 ) — > Yq — > 5. We have the complexes :— (p. Y (m)/s — * fiy(m) /y G ) on y( m ) 7 

where fiy( m ) /g stands in the degree 0. We have the strictly simplicial structure given by the naturally defined 
quasi isomorphisms 7Tj : 7r*G( m_1 ) — ► (7( m ) (j — 0,1,..., m). Then L Yg / s £ D' h (Yc) is obtained as the 
gluing of | m = 0, 1, . . .) simplicially. 

m+l 

, * , 

We put P(F)( m ) := P(F) x z • • • x z P(F). We have the naturally defined morphisms F (m ) : P(F) ( - m ^ — > 
y(m) xhen F*L Yg / S is obtained as the gluing of ^F^*C^ | m = 0, 1, . . .). We have the following commu- 
tative diagram: 

F^*n Yim)/s ► F^*Q Y(m)/YG 

F^*n Y(m)/s ► n P(F){m)/z 

Here the bottom morphism is same as the composite F^ *f2y( m ) ig — ► Qp^um) ig — * Qp^p^( m ) /z, where the 
first one is the differential and the second one is the natural projection. 

Let qi : Y x G m — ► Y (i = 0, 1, . . . , to) be a morphism given by q^y, g u . . . , g m ) = y ■ g 1 g, t . 

They induce the isomorphism Y x G rn — ► y( m ). Under the identification, q^ is the projection onto the i- 
th component. Similarly, we have the identification P(F) x G m ~ P(F)( m \ under which F^ is given by 
F^ m \y,gx, ■ ■ ■ ,g m ) — (F(y),g 1 , . . . ,g m ). Let p m denote the projection of P(F) x G m onto G m . We have the 
subcomplex (p^Gm — > ^fic™) of F*C^ m \ It is compatible with the simplicial structure. The quotients 
are denoted by C'( m \ and then the gluing of (C^ | m = 0, 1, . . .) also gives F*L Ya / s in D(Z). Then, it follows 
that F*L Yg / s is given as the descent of G^ = (F*Q Y /g — * Qp(F)/z) with respect to the natural G-action. I 

Let H denote the composite of F and the canonical map Yq — ► So- Let P{H) denote the G-torsor over 
Z corresponding to h. Since we have the natural isomorphism P(H) ~ P{F), we do not distinguish them. Let 
H : P(F) — > S be the lift of H. Let it denote the projection P(F) — ► Z. We have the canonical isomorphism 
it*H*L Sg / s [1] ~ H*fl S /g G ~ il P (py z . We also have the canonical isomorphism -k*F*L Yg / Sg ~ F*Cl Y /s- We 
obtain the following corollary. 

Corollary 2.15 The morphism F*L Yg / Sg — > H*Lg /g[l\ on Z is obtained as the descent of a : F*Q Y / S — ► 

Qp(F)/Z- 

Proof We have the distinguished triangle H*Lg G /s — ► F*L Ya /g — > F*L Ya /g G — ► H*Lg G /g[l]. Due to 
Proposition 2.14, we know the morphism H*L Sg / S — > F*L Yg / s . Then, we know the morphism F*L Yg / s — > 
H*L Sg/s [1). I 
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Example 2.16 Let E be a vector bundle on a variety X of rank R, and let f : X — ► fcGL(ij) be the corresponding 
map. Then we have f*L kcL(R) / k ~ End(E)[— 1]. I 

Remark 2.17 The expression in Proposition 2.14 is natural, in the following sense. Let Yi {i = 1,2) be S- 
schemes with G-actions, and let g : Y\ — ► Yi be a G-equivariant morphism. Let gc : Y\ q — > Y2G denote 
the induced morphism. Let hi : Z — ► Y\q be a morphism. The composite go ° hi is denoted by hi- We 

have the corresponding torsor P over Z and the G-equivariant morphisms hi : P ► Y{. We have the natural 

commutative diagram of G-equivariant sheaves on P: 

^2^V 2 /s ~ — > Qp/z 



h*^Y 1 /S ' — * Qp/Z 

Then the morphism h^L Y ^ G j S — * h\L YlG /s is the descent of the induced morphism Cone(— a 2 )[— 1] ► 

Conc(— a.2)[— 1]. I 

Remark 2.18 Let Gi be a smooth group scheme over S. Assume that Y is provided with the Gi-action, which 
commutes with the G-action. It induces the Gi-action on Yq. Moreover, assume that Z is also provided with 
the Gi-action such that F is G\-equivariant. Then, we have the naturally induced Gi-actions on the complex 
Cone(— a)[— 1], which commutes with the G-action. It induces the Gi-action on the descent of Cone(— a)[— 1] 
on Z. In particular, we obtain the G\-equivariant representative of F*L Ya /s- % 

Let 7r : Y — ► Yq denote the canonical projection. Due to Proposition 2.14, L Yg /s on Yq is the descent of 
{p, Y /s — » ^V/Yg) given on Y with the natural G-action, where 0, Y /s stands in the degree 0. For simplicity, we 
consider the case S = Spcc(fc). Due to Lemma 2.13, we have £V/y g — V ® Oy, where q denotes the tangent 
space of G at the unit element, or equivalently the vector space of the right invariant vector fields, and fl v 
denotes the dual. Let S Y / S denote the relative tangent sheaf of Y/S. The G-action on Y induces the map 
A : g <g> O y — ► e Y/s . 

Lemma 2.19 The map a : Sly/S — > V ® Oy is given by the dual of —A. Namely, we have tt*L Yg / s ~ 
Cone(A)[-l]. 

Proof Let pi : Yx Ya Y — ► Y denote the projection on the i-th component. We have the following factorization 
of p\a: 

Pl^Y/S > ^Yx Yq Y/S ► —Pl^Y/Yct 

Each morphisms are induced by the natural differential. Let us take the identification Y x Ya Y ~ Y x G, for 
which pi and p 2 correspond to the natural projection onto Y and the G-action, respectively. 

Let y be any closed point of Y, and let e be the identity element of G. We have pi(y, e) = P2(y,e) = y. 
We denote the differential of pi at (y,e) by T( y _ e )Pi. Let us consider the specialization of the dual of pi a at 
(y,e). Then it is the composite of the inclusion of Ker(Tr y e )P2) C T( y ^(Y x G) and the natural projection 
T(y, e )Y x G — ► T y Y. Since we have Ker(T(j / e )p 2 ) — {(~Av, v) | v e ~ g, the map is same as —A. Since a 
can be recovered from p\a, we are done. I 

Remark 2.20 Since f*L Ya / s is obtained as the decent of f* Cone(A)[— 1] for a morphism f : Z — ► Yq, 
Lemma 2.19 can be used in the calculation. I 

Example 2.21 Let W, (i — —1,0) be Ri- dimensional vector spaces over k. Let N(W-i, Wo) denote the vector 
space of linear maps from W-\ to Wo. We have the right GL(W-i) x GL(Wo) -action on N(W—i, Wo) given by 
{9-i,9o) ■ f = 9o l f ° 9-1- Hence we obtain the quotient space Y(W.) := N(W-i, Wo)gl(W- 1 )xG'L(w ) ■ 

Let X and U be stacks over k. Let Vi (i = —1,0) be vector bundles on U x X whose ranks are Ri. Let 
f : V-i — ► Vo be a morphism of Ojj^x -modules. Then we obtain the morphism <f>f : U X X — ► Y(W.). The 
pull back of the cotangent complex ^L Y {w.)/k is quasi isomorphic to the following complex: 

Hom(V ,V-i) -2U Hom(V ,V ) ®nom{V-i,V-i). 
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Here Ti.om(Vo, V-i) stands in degree 7 and the map a is given by a(a) = (/ o a, —a o /) . We remark that it is 
isomorphic to T-iom(V., V-) <0 [— 1]. (See the subsubsection 2.1.3.) 

Actually, we have only to care the signature. We can see it formally. Let f be an element of N(W-\,Wq). 
The differential of the action o/GL(W_i) x GL(Wo) gives the map: 

End(VK_i) ©End(V^o) — ► T f N{W- U W ) = N(W- lt W ), (a_i,a ) » -a o / + / o a_i (21) 

If we regard W-\ — > Wo as a complex, (21) can 6e regarded as Hom(W. , W)>o- Then, Lemma 2.19 says that 
the cotangent complex corresponds to (Hom(W.,W.)>o) [— 1]. I 

Let us consider the following diagram: 

Y — S 



We have the natural isomorphisms tt*L Yg /s g — Ly/s an d 7r *"0*^s G /s[l] — ^*-^S/S G — ^y/y g - We identify 
them by the isomorphisms. 

Lemma 2.22 Under the identification above, the morphism tt*L Yg / Sg > n*tp* L Sg / s [1] is same as the natural 

morphism L Y /s — > L Y /y G ■ 

Proof We have the natural isomorphisms: 

k*L Yg/s ^ Cone(L y/5 — > L y/Yg )[-1], ir*ip*L SG /s - ^*L S/Sc [-1} 

The morphism ir*ip*L Sa / s — > tt*L Yg / s is induced by tp*L s / SG — ► L Y / Ya . Hence, the distinguished triangle 
k*^*L Sg/s — > tt*L Yg/s — > tt*L Yg/Sg — > vr*^*i SG /s[l] is the following: 

V>*As/s G [-l] — ► Cone(L Y/s -> L y/Yg )[-1] — > L Y/S — > ^*L s/Sg 

Then the claim of the lemma follows. 1 

2.3.3 Some more examples 

The result in this subsubsection will be used in the subsections 6.3 and 6.6. The author recommends the reader 
to skip here. Let X be a smooth projective surface, and let U2 be a quasi compact stack. We consider a pair 
of ^-coherent sheaf T and a section ip : Ou 2X x — > T. We assume that px*F is locally free. We have the 
induced section W(<p) : Ou 2 xx — > Px *3~ '■ Let U\ be a subscheme of £/ 2 contained in the 0-set of H(<p). 
Assume we are given a datum (V., P., <f>, 4>) as follows: 



A locally free resolution of T: 



Namely, the sequence — ► F_i — ► — > is exact, and V0/V1 ~ T. 

A morphism : 0t/ 2 x x — ► Vi such that e o <p = tp. Such a is called a lift of tp. 

A resolution P. = (P_ x ^> P ) of O x , i.e., P /P_i ~ Ox- 

A morphism (fn : Pi — ► Vi (i = 0, —1) such that the following diagram is commutative: 

V-! -^-> Vo — ^ 

P_! —5— P ► O 
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We put t{V.,P.,(j),(j)) := Hom(p^ i P.,V.i UlxX ) y on U\ x X, and we will construct a morphism t( V. , P. , <f>, <j>) : 

xx/u 2 xx ° n U\, which depends only on (J-, ip) in the derived category D(U\ x X). 
We have the vector bundles N(Pi, Vj) on U 2 x X. We have the following smooth morphism: 

fti:JV(Po,V ) XjcJV(P-i,V_i)— ►JV(P_i,V&), % ,a-i) = /oa_ 1 -a o3 

We put Zi(V.,P.) := /i _1 (0). We also have the following morphism: 

hi ■■ n(Po,V!) — > jv(p_i,^i), /i 2 (a) = -00 a. 

We put Z 2 (V.,P.) := /^(O). We remark Z 2 (V.,P.) is naturally isomorphic to iV(C, Vi). 

We have the naturally defined morphism T : Z\{V.,P.) — ► Z 2 (V.,P). The morphisms <f) and (/> give the 
Zi, and we have the following commutative diagram: 



sections §i : Ui x X 



UixX 

jx 

U 2 xX 



Zi(V,P.) 
Z 2 (V.,P) 



X 



X 



(22) 



It is easy to see that ^\Lz x {y.,p.)jz 2 {y.,p.) i s expressed by t(V., P., <j>, </>)<o- The composite t(V.,P,(f), 
®*L Zi (v.,p.)/z 2 (v.,p.) — > L UlxX/U2xX is denoted by t(V.,P.,<f>,<t>). 

Lemma 2.23 t( V! , P. , </>, </>) and t(V.,P.,<p,<fi) depend only on (J 7 , if) in the derived category D{U\ x X) 
Proof Let ( V« , P« , t^) , 0« ) (i = 1,2) be data as above. Let F 1 (3) be the cokernel of (</> (1) ,- 



O. 



U 2 xX 



. Then eW (j = 1,2) naturally induce the morphism e^ 3 ) : V± 



K2) 



(3) 



,(2)) . 

T. We also 



have the morphism : Ojj 2 xx — ► V\ 3 \ naturally. We take a surjection A — > Kcr(e( 3 )), appropriately. We 



have the naturally defined morphism Vq 1 ^ © VJ- 



r(2) 



have the natural morphism : Vq 3 ^ 



Ker( e ( 3 )). We put V ( 



(3) .. 



a e v (1) 



(2) 

Vq , and then we 



v/ 3 \ The kernel of d^ is locally free, and we put := Ker((iQ 3 ' > ). 



We put P := Pq 1 ' (B Pq^' , and P^ denotes the kernel of the natural morphism Pq 1 ' ©P c 
we have the following compatible diagrams on U 2 x X: 



,(2) 



,(3) 



(1) 



,(2) 



U2XX . Then, 



V, 



(3) 



(3) 



,(3) 



>(3) 



O 



4" 





4"' 




















(i) 


— > F r 


W 


> V, 


(0 > 77 


p 


(i) 

1 


— - P 


w 


— ► 



The cokernels of are locally free. The composite of cf>^ and a{ is same as cj)^. OnUxxX, af and 
are compatible. Then, we have only to compare ^V' 1 ',?' 1 ',^ 1 ',^ 1 ') and r(V r ( 3 \ P( 3 \ </>( 3) , <f>^). 



We give only an indication. We regard V J {1) C vj 3) and pj x) C Pf ] as the nitrations. Let N'{pf\ V fc (3) ) 
denote the vector bundle corresponding to the locally free sheaves of filtration-preserving homomorphisms of 
Pf ] to y fe (3) . We construct the vector bundles Z-(V.,P.) by using 7V'(P/ 3) , v/ 3), > wCp( 3 ) T/( 3 h 

r(3) p( 3 )\ ^ Z'(V.^ 



we have the morphisms: Z- t (V. , P. w ) 



,(3) p(3)^ 



and Zi(^ (3) ,P (3) ) 



instead of 7V(P^ J , V^). Th en, 
^(V/ (1) ,P. (1) ). 



Let Horn {P., V.) denote the subcomplex of Hom(P.,V.) which consists of filtration-preserving homomor- 
phisms. Let «'(V: (3) ,P. (3) ,0( 3 ),^ 3 )) denote the dual Horn (P m , K) v . We obtain the following diagram on 
U: 

«(v/ (3) ,p. (3) ,^ 3 ),0( 3 )) — ^ r(v/ (3) ,p (3) >( 3 ),^ 3 )) <-$2— «(^ (1) ,p (1) > (1) > (1) ) 



£ Zi(v: (s) ,p. (s) )/z !I (v. (s >,p. (s >) 



L z;(y <3) ,p.< 3) )/z 2 (v. (3 \p. <3) ) 



L z 1 (v. (1 >,p. (1 >)/z 3 (v: (1) ,p. (1) ) 



■ l U 1 xX/U 2 xX 



^(7ixX/(7 2 xJf 



^(7ixX/(7 2 xJf 
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Then, it is clear that the morphisms bi are quasi-isomorphic. I 
Now, we use the notation ip) to denote t(V.,P.,<p, <p), in the following argument. We also put as follows: 

Here, u>x denotes the dualizing complex of X. Let ob^^J 7 , y?) denote the composite of the morphisms 

ObrclCT 7 ^) '' RPX*(L UiX x/U 2 xX > ^t/i/C/a 

Let {Ti, ipi) (i = 1, 2) be as above. Assume we are given a morphism with a morphism / : T\ — > T 2 such 
that <fi2 = / ° <Pi ■ 

Lemma 2.24 We have the induced morphism s(f) : 6(^2,^2) — * t(Fi,<Pi) such that 1(^1, ipi) o s(f) = 

Proof Before going into the proof, we give a rather canonical construction of a datum for a given (J 7 , <p) as in 
the beginning of this subsubsection. We take a sufficiently large integer mi, and we put V\ := p* x (px *.F(m)) <S> 
0(—mi)Q)Ou 2 xx- The canonically defined morphism p* x (px *J r (mi)) ®0(— mi) — ► T and ip : Ou 2 xx — > T 
gives a surjection e : V\ — > T. We also have the lift <f> : Ou 2X x — > V\. Then, we take a sufficiently large 
integer m , and we put Vb := P* x (px* Ker(e)(mo)) <8> Ox(—m ). Then, we have the surjection Vb — ► Ker(e), 
which induces d : Vb — > V\. Since the kernel is locally free, we put V_i := ker(cfo)- We take a resolution P. 
such that Pq is a direct sum of O(-mo). Then we canonically obtain the morphism <j>i : Pi — ► Vi (i = 0, — 1) 
on U\ x X. Thus, we obtain a datum as above. 

We take (V^ l \ P. , <j)^ l \ ) for (Ti^i) by applying the construction explained above. Then the morphism 
/ is canonically lifted to / : V.'" 1 ' 1 — ► V.^ such that (f)^ = f o and (\>f^ = f o . Then, we obtain the 
following diagram: 

U 2 xX > Z 2 {V {1 \p.) ► Z 2 {V. {2 \P.) 



u x xx ► Zi(v: (1) ,p.) > Zi(k (2) ,p.) 

Then, the claim of the lemma is clear. i 

Now, we assume R l px*F = for i > 0. We put 2J := px*3~- The morphism ip : Ou 2 xx — > T induces the 
section <ft of 2J. We have the following diagram: 



f/i -^-> (7 2 



(7 2 — 9J 

Here i denotes the 0-section. 



(23) 



Proposition 2.25 Ob^j(jF, ip) is isomorphic to j 2 L\j 2 m — 9J V [1] , and tfte morphism t(F,<p) is same as the 
morphism k : j 2 L U2 /< a — ► L Ul / U2 induced from the diagram (23). 

Proof We have the naturally defined morphism a\ : p x %3 — * for which wc have ip = (f>oa\. Due to Lemma 
2.24, we have the following diagram: 

t(F,<p) KP*xX,t) > L UlxX /u 2 xx 

It induces the following morphisms: 



Ob^(T^) -*2-> Ob? el (p x *3,p x <f>) L Ul/U2 
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Let us see 61 more closely. In the construction for (p x %3 > P*x<t>) 7 wc can put V\ = Px-^i Vi = U 2 x X 
(i = 0, -1), P = UlxX and P_i = U 2 x X. Then, Z 1 = U 2 x X and Z 2 = p^Q3. The diagram (22) is given 
as follows: 

UixX — ^— > Zi = [/ 2 xl 



.72 



J7 2 x X — 2L_» z 2 = 23 

Here i denotes the 0-section. We have £ = jiL Zl /z 2 — Px^|Cixx[l], and the morphism r : t — ► L UlxX /u 2 xx 
is same as the pull back of k. In particular, we have the following factorization of 61: 

Oh H {p x K, Px $)=W[l]®Rpx*{p* u ^x) 9J[1] — =-> L Ul/U2 

It is easy to see that the composite b 2 o a is isomorphic, under the assumption R l px*J- =0 (i > 0). Thus 
the proof of Proposition 2.25 is finished. 1 

We can obtain a similar result for a smooth projective curve. The argument is similar and simpler, and 
hence we omit to give a proof. 

Let D be a smooth projective curve. Let T be a Incoherent sheaf on U 2 x D such that pu*^ is locally 
free. Let tp be a morphism Ou 2 xD — * J 7 - It induces the section H(ip) of pd*3~. Let U\ be a subscheme of U 2 
contained in H(v?) _1 (0). 

Assume that we have a locally free resolution (Vq — > Vi) of J 7 such that there exists a lift <f> '■ Ou 2 xD — > Vi 
of <p. The morphism : O^xD — > V \ UlxD is induced. We put t(V.,4>) := Hom(Ou 1 xD,V.\ UlxD ) v . 

Let us construct a morphism t(V.,<f>) : t(V.,<p) — > i^xD/^xD- We put Zi := N(0, Vq) and Z 2 := 
iV(0, Vi). Then we have the naturally defined morphism Z\ — > Z 2 . The sections <j> and <j> induces the following 
commutative diagram: 

Ui x D — ^— » Zi 



U 2 x D ► Z 2 

It induces the morphism t(V.,<p) : t(V.,<fi) ~ j*L Zl /z 2 — > L UlxD / U2xD . It can be shown that t(V!,</>) and 
t(Vi, 0) depends only on (J 7 , tp). Therefore, we use the notation r(J r , tp) and t(F, </?). Wc put as follows: 

Ob^p) ^iZpD.^,^) 

Then, we have the induced morphism oh^ cX (T, tp) : Ob^i(.F, p) — ► L Ul / U2 . 

We put 03 := px*F. We have the induced section <f). Then, we obtain the diagram (23). It induces the 
morphism k : 53 v [l] — ► L Ul / U2 . 



Proposition 2.26 Assume fflpn*? = for i > 0. Then, we have the following commutative diagram: 

J VxlU 2 



Ob rcl {T,p) ► L t 



Proof It can be shown by an argument similar to the proof of Proposition 2.25. i 
2.4 Obstruction Theory 

2.4.1 Definition and the foundational theorem of Behrend-Fantechi 

In the study of Gromov-Witten theory, Li-Tian and Behrend-Fantechi introduced the notion of virtual fun- 
damental class of moduli stacks with some good structure. (See [39] and [5].) In this paper, we follow the 
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work of Behrend-Fantcchi. Let us recall their notion of obstruction theory of an algebraic stack with a minor 
generalization. 

Definition 2.27 Let X be an algebraic stack over an algebraic stack S. Let E' be an object in D(X) such that 
W(E') are coherent (i = —1,0, 1). A homomorphism <f> : E' — ► L x / S is called an obstruction theory for X/S, 
ifW(4>) (i > 0) are isomorphic and H^ 1 ((f)) is surjective. Ln that case, E' is also called an obstruction theory 
for X/S. I 

Since we have Ti. l (L x ) = for i > 1, the condition implies W(E') = for i > 1. If X is Deligne-Mumford, 
we also have H 1 ^ ) = U X (L X ) = 0. 

We will often use the following theorem. 

Proposition 2.28 (Behrend-Fantechi, Theorem 4.5, [5]) Let X be a Deligne-Mumford stack over S. Let 
(ft : E' — ► L x /s be a morphism in D(X). The following conditions are equivalent. 

• (ft is an obstruction theory. 

• Let T and T be S-schemes such that T is a closed subscheme of T whose ideal sheaf J is square 0. Let 
g : T > X be a morphism over S. 

(Al) g can be extended to a morphism ~g : T — ► X over S, if and only if (ft* (o(g)) = in Ext 1 (g*i?', J), 
where o(g) is the obstruction class of g. (See Proposition 2.11.) 

(A2) If (f>*(o(g)) = 0, the set of the extension classes of g is the torsor over the group Ext (g*E' , J) . I 

We recall the perfectness of the obstruction theory in the sense of Behrend-Fantechi with a minor general- 
ization. 

Definition 2.29 Let <fi : E' — ► L x /s be an obstruction theory of an algebraic stack X over S. It is called 
perfect, if it is quasi isomorphic to a complex of locally free sheaves F^ 1 — > ^° — > F 1 in the derived category 
D(X). I 

In that case, the number — rankF 1 + rankF — rankF -1 is well defined on each connected component of 
X . The number is called the expected dimension of X over S with respect to <f>. 

If X is Deligne-Mumford, we have 7Y 1 (i?') = 7Y 1 (L^) = for the obstruction theory E' . Hence, a perfect 
obstruction theory is quasi isomorphic to F~ x — ► F°. The important and foundational theorem of Bchrcnd and 
Fantechi is the following. (See also [39].) Let A*(X) denote the Chow group of X with rational coefficient. 

Proposition 2.30 (Behrend-Fantechi, Section 5, [5]) Let X be a Deligne-Mumford stack over a smooth 
scheme S. A perfect obstruction theory (ft : E' — ► L x /s induces the virtual fundamental class [X,(ft] <G Ad(X), 
where d is the expected dimension with respect to (ft. 

When X is smooth, [X,(ft] is given by the Euler class of the vector bundle 7Y 1 (i?' v ). I 

Let Xi (i = 1,2) be algebraic stacks over S with obstruction theories (fti : E\ — ► L x ./ S . Assume we have 
the following commutative diagram: 

Xi — f -^ x 2 



3>i — ^ ^2 



Recall the following definition in [5]. 

Definition 2.31 We say that (fti are compatible over h, if we have the following morphism of distinguished 
triangles on X\: 

f*E 2 > Ei > 9*L yi/ y 2 > f*E 2 [l] 



9*L X2 /s * L Xl / S ► L Xl / X2 > g*L X2 / s [l] 
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We recall the following theorem for later use. 

Proposition 2.32 (Behrend-Fantechi, Proposition 7.5, [5]) Assume X{ (i — 1,2) are Deligne-Mumford, 
and the obstruction theories fa are perfect. If fa are compatible over h, then h-[X2,fa] = [Xi,fa], at least if h 
is smooth or ^ are smooth over S I 

See [5] for more detail about virtual fundamental classes. 
2.4.2 Easy example 

Let X be a smooth variety over k. We would like to construct an obstruction theory of the moduli spaces M. 
of some objects on X . Our naive strategy is summarized as follows (See [5], for example): 

1. Take the classifying stack Y of such objects over X. It means that such objects over U x X bijectively 
correspond to morphisms <& : U x X — ► Y over X. For example, recall that a vector bundle of rank R 
over U x X corresponds to a map U x X — ► X GL (^) over X. 

2. For any classifying map $ : U x X — ► Y, we obtain the morphism (fr*L Y /x — > L UxX /x on U x X. Let 
ujx denote the dualizing complex on X, i.e., it is the canonical sheaf shifted by the dimension of X. Then, 
we obtain the morphisms on U: 

Obu := Rp x *($*L Y /x ®u x ) — > Rp x *(p*x L u/k — ► L u/k . 
In particular, we obtain the morphism Ob_vi — ► Lm on M. 

3. Then we hope that the morphism Ob^vi — > Lm gives the obstruction theory, in some cases. Note that 
the property is local, once the morphism is given globally. Thus we have only to check the claim for the 
sufficiently small etale open sets of M.. The tool for checking is Proposition 2.28. 

Remark 2.33 In general, we need some modification for the construction o/Ob^ to obtain the good obstruction 
theory. I 

Let us see the easiest example. Let F and V be vector bundles defined on X. Let U be any scheme over 
k, and let / : Pij{F) — > Pu(V) be a morphism of C^xx-modules over U x X. It is easy to see that such 
a morphism / corresponds to a morphism : U x X — ► N(F,V) over X. Thus we obtain the complex 
g(f) := Q*fL N ( F yy x an d the morphism g(f) — ► L UxX /x m the derived category D(U x X). 

Lemma 2.34 The complex g(f) is quasi isomorphic to pljTLom{V,F). 

Proof Let it : N(F, V) — ► X denote the natural projection. Since the morphism N(F, V) — ► X is smooth, 
the cotangent complex Lx(f.v)/x is quasi isomorphic to £In(f.v)/x — TT*Hom(V, F). Thus we obtain the quasi 
isomorphism ^L N ^ V )/x —PuHom(V,F). I 

We put Ob(/) := Rpx*(g(f) ®wx). Then, we obtain the morphisms Ob(/) — > Rpx*(Luxx/x ®w^) — > 
Ljj in the derived category D(U). The composite is denoted by ob(/). 

Now, let M(F,V) denote the moduli scheme of the morphisms F — ► V, i.e., maps U — ► M(F,V) cor- 
respond to / : pIj(F) — > Pu{V) on U x X. It is easy to see that M(F, V) is isomorphic to the vector space 
H a (X, Hom{F, V)). We have the universal morphism /" : p* M(F V) (F) — > p* M(F V) (V) over M(F, V) x X. It 
induces the morphism ob(/") : Ob(/ u ) — > L M ( F ,v)- 

Lemma 2.35 The morphism ob(f u ) gives the obstruction theory of M(F,V). 

Proof It is almost obvious from the universal properties of N(F, V) and M(F, V). But, we give an argument 
for the explanation of our later discussion. We have only to check the conditions (Al) and (A2) in Proposition 
2.28. 

Since the claim is local, we can check the claim for any sufficiently small open subset U of M(F,V). Let 
T be an afhne scheme over k. A morphism g : T — ► U induces the morphism gx ■ T x X — ► U x X and 
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9x = & 9x ■ T x X — ► N(F, V) over X. Let T denote a scheme such that T is embedded in T whose ideal J 
is square zero. The deformation theory of the morphisms g and gx is controlled by the groups Ext 1 (g*L u / k} j) 
and Ext l (g x L N ( F ^ V )/x, Jx) respectively. We have the following commutative diagram: 

Ext 1 (g*L u/k ,j) — ^ Ext*( 3 *Ob(r),j) 

Ext l (g x L UxX/x ,J x ) ► Ext* (g* x (fl), J) = Ext 1 (g x L N (F,v)/x, J) 

We have the obstruction classes o(g) G Ext 1 (g*Lu/ k , j) and o(<?jf) G Ext 1 (g x $, J) of the morphisms g and 
5x respectively. By the functoriality of the cotangent complex, the obstruction class o(g) is mapped to the 
obstruction class o(gx) in the diagram above. 

If the image h(o{g)) is 0, the class o(gx) is 0. Thus gx can be extended to a morphism T x X — ► N(F, V), 
which induces a morphism of p^(F) — ► p^(V) on T x X . By the universal property of M(F, V), we obtain a 
morphism T — ► M(F, V), which is the extension of g. Therefore, the condition (Al) is satisfied. 

Similarly, we know that the morphism Ext°(g*Lu/ k , j) — ► Ext {g x Lj^^p ,v)/x, J) 1S isomorphic from the 
universality of M(F, V) and N(F, V). Hence the condition (A2) is also satisfied. Thus we are done. I 

2.4.3 Obstruction theory for locally free subsheaves 

Let X be a smooth projective variety over k with an ample line bundle Ox(l)- Let V be a locally free sheaf 
on X. Let W denote an i?-dimensional k- vector space. We denote W <S> Ox by Wx- We have the natural right 
GL(W)-action on N(W X ,V). The quotient stack is denoted by Y quo (W.). 

We consider the deformation theory of locally free subsheaves F C V of rank R. Let U be any fc-scheme. 
Any locally free subsheaf / : F — ► p* v V on U x X induces the morphism <j>(F, f):UxX — > Y quo (W.) over 
X. We put Q(F,f) := f)*L Y(lVio (w.)/x, and Ob(F , /) := Rpx*(&{F, f) ®u)x) ■ Then, we have the morphism 
q(F, /) — > L UxX /x on U x X, which induces ob(F, /) : Ob(F, /) — > Ljj on U. The following lemma can be 
shown by the argument explained in the subsection 2.3.2. 

Lemma 2.36 g(F, f) is represented by Cone(a)[— 1] of the morphism a : Hom(p*[jV 7 F) — ► Hom(F,F), where 
a is given by a(a) = a o /. I 

Remark 2.37 We put V-\ := F and Vq := p\jV , and we regard V. = (V-i — ► Vb) as a complex, where Vq 
stands in the degree 0. Then, Cone(a) is naturally isomorphic to Hom(V-i[l], V^) v [— 1]. S 

Let H be a polynomial. We have the moduli of quotients (q : V — ► Q) of V such that the Hilbert 
polynomials of Q are H. Let M(V,H) denote the open subscheme which consists of the points (q : V — ► Q) 
such that Kcr(<7) are locally free. Then, we have the universal family f u : F u — > p* M ^ v H )(V) defined over 
M(V, H) x X. We obtain the morphism ob(F u , /") : Ob{F u , /") — > L M{V , H) . 

Proposition 2.38 The morphism ob(F u ,f u ) gives the obstruction theory of M(V, H). 

Proof Let N be a sufficiently large number satisfying the condition On for the family F u , i.e., we have 
H l (X,F u (N) l{q}xX ) = for any q G M(V,H) and i > 0, and F, u {q}xX (N) are globally generating for any 

q G M(V, H). Wc put F u := p x p x *(F u (N)) ® 0(-N). We have the natural surjection g : F u — > F u . 

We put F = 0{—N)® d , where d = rankF". We have the Grassmaniann bundle n : Gr{F,R) — > X 
associated to the vector bundle F, i.e., the fiber of tt over a point x G X is the Grassmann variety of the 
i?-dimensional quotient spaces of the vector space F\ x . We denote the universal quotient bundle over Gr(F, R) 
by Q. Then, we have the vector bundle Y quo :— N(Q,ir*V) over Gr(F,R), which is a variety smooth over X. 
We have the natural morphism m : Y quo — ► Y quo (W.). 

We would like to check the conditions (Al) and (A2) in Proposition 2.28. Let U be any sufficiently small 
open set of M(V, H), on which we can assume that there exists an isomorphism F u ~ p^F. Thus, the morphism 
a : p\jF — ► F u is given on U x X. From a and /", we obtain the morphism $(a, F u , f u ) : U x X — ► y quo over 
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X. By the argument in the subsubsection 2.3.2, we can show that the complex $(a, F u , f u )*L y ^ x is quasi 

isomorphic to Cone(/3)[— 1] for the morphism (3 : Hom{p* lJ V,F u ) © Hom(F u ,pjjF) — ► Hom(F u , F u ) , where 
(3(bi, 62) = 61 o /" — f u o & 2 - We can also show that the natural morphism Cone(a)[— 1] — > Cone(/3)[— 1] — ► 
Luxx/x corresponds to the factorization <J>(F U , /")* L Y ^ a /x — * F u , f u )*L Y j x — > L UxX /x associated 

to U x X — > Y" quo — ► ^ U o(W-)- We put as follows: 

&(a,F u ,n :=<S>{a,F u ,r)*L %ao/x , Ob(a,F u J u ) := Rpx* (Q(a, F u , f u ) ® tox) ■ 

Let T be an affine scheme, and let g : T — ► U be a morphism. We put gx ■= &(F u ,f u ) o g and 
5x '■— F u ,f u ) .9- For any coherent sheaf J on T, we have the following diagram: 

Ext l (g*L u/k ,J) Ext 4 ( 3 *Ob( a ,F",D,j) — ^— Ext*(<?* Ob(F", /"), J) 

.| .| (24) 

Exfteic/xx/x^x) ► Ext 4 (.^ fl ( a ,F",/"),j) > Ext 4 (. 9 ^ (F«, /«), j) 

Let T be an affine scheme into which T is embedded closedly such that the corresponding ideal J is square zero. 
Due to the deformation theory of Illusic, we have the obstruction classes of the morphisms g and gx in the 
groups F,xt 1 (g*L u / k , J) and Ext 1 (g x 9( a i /"), j) respectively. The classes are denoted by o(g) and o(gx)- 
Due to the functoriality, the class o(g) is mapped to the class o(gx) in the diagram (24). If h\(o(g)) is 0, then 
the morphism 'gx can be extended. 

Note that the cohomology sheaves R l px*(T~tom(F u ,p^F) ® lux) vanish unless i = 0, because of our choice 
of N. Thus, we have the isomorphism Ext* (g* Ob(a, F 11 , /"), j) ~ Ext 4 (. 9 * Ob(F u , /"), j) for any i > and 
for any coherent sheaf J on T. Hence h\ o /i}(o((/)) = implies h\(o{g)) = 0. Then the morphism g x can 
be extended over T x X, and hence gx can also be extended over T x X. Therefore, we obtain a locally free 
subsheaf F of p^{V) onTxI, which is the extension of g* x F u ■ Due to the universal property of M(V } H), the 
morphism g can be extended over T. Therefore, the condition (Al) is satisfied. 

Let us check the condition (A2). We put as follows: 

H ■.= Ext (px,(g x nom(F u ,p* u F)®u;x),j) = H° '(t, g* £nd(p x *{F u {m))) ® j) 

Hi :=Ext°( 3 *Ob( 3 ,F",/«), J) = Ext (g* x Ly^ /x , J x ), H 2 := Ext°( 5 * Ob(F", /"), J) 

We obtain the exact sequence — > Ho — ► iJi — > — > 0. Due to the theory of Illusic, iJi parameterizes 
the set of extensions 7j' x : T x X — ► Y quo of . The natural action of Ho on Hi determines the equivalence 
relation on Hi, and it is easy to see that g' x ~ g x if and only if m og' x = ni og x , because H parameterizes the 
deformation of the morphisms F — ► F u . Thus the set of the extensions of the morphisms T x X — ► Y quo (W.) 
over T x X is the torsor over the group Hi. 

By the universal property of M(V, H) and Y quo (W.), the set of the extensions of g over T is also the torsor 
over H 2 - Namely the condition (A2) is satisfied. Therefore we are done. I 

Usually, we consider the deformation theory of quotients of V. Let H be a polynomial, and let Quot(V, H) 
denote the quot scheme which parameterizes the quotient sheaves of V whose Hilbert polynomials are H. We 
have the universal quotient q u : Pq uot ( V n)(V) — > Q u on Quot(y, H) x X. We denote the kernel of q u by F u , 
and the inclusion F u — ► Pq uot ( V h)(V) 1S denoted by /". 

Let us consider the case dim A = 1. Let Hy denote the Hilbert polynomial of V. Then Quot(V, H) 
parameterizes the locally free subsheaves of V whose Hilbert polynomials is Hy — H. Therefore, we have 
obtained the obstruction theory ob(/") : Ob(/ M ) — ► ^Q U ot(y,i?)- 

Proposition 2.39 In the case dim(A) = 1, the obstruction theory ob(/") is perfect. The scheme Quot(V, H) 
is smooth, if H is a constant, i.e., H is a Hilbert polynomial of sheaves of finite length. 
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Proof To show the perfectness of Ob(/ M ), we have only to show that Rpx * (s(F u , f u ) v ) is perfect of amplitude 
contained in [0,1]. Let q be any point of Q(V, H). We put F := F?j q -, xX and Q := V/F. The complex 
g(F u , f u )^ q j xX 1S Cone(7)[— 1] for the natural morphism 7 : Hom(F,F) — ► Hom(F,V), which is quasi- 
isomorphic to Hom(F,Q). Hence we have H l (X, g(F u , f u )^r q \ xX ) = unless i — 0, 1 for any point q G 
Quot(V,_ff). Then the desired perfectness easily follows. 

Let us show the second claim. When H is a constant, i.e., Q is a torsion sheaf, we always have the vanishing 
H X (X, g(F u , / u )|/ 9 i x x) = 0- Let T be any affine scheme over k, and let g : T — ► Quot(V, H) be a morphism. 
Then we obtain the vanishing Ext 1 (5* Ob(/"), J) = for any coherent O^-module J, and hence the vanishing 
of any obstruction class. Thus we obtain the smoothness. I 

Remark 2.40 Let us consider the case dimX = 2. Let Q t: ^(V,H) denote the open subset of Q(F,H) cor- 
responding to the torsion-free quotient. Lt gives an open subset of the moduli stack of locally free subsheaves 
of V . Then, Fft q y xX are locally free for any q G Q t ^iy,H). Therefore, we obtain the obstruction theory 

oh(F u , f u ) : Ob{F u ,f u ) — > L Qtf{v ^ H)/k from Proposition 2.38. I 
2.4.4 Obstruction theory for nitrations of a vector bundle on a curve 

Let S be a scheme over k, and let T> be a smooth projective curve over S provided with an ample line bundle 
O(l). The projection V — > S is denoted by p. For any point s G S, the fiber over s is denoted by V s . Let V 
and F be a locally free sheaf on V provided with an injective morphism / : F — ► V. Assume that the quotient 
is 5-flat. 

Let Hi be polynomials. For an S'-scheme T, let F(T) denote the set of the data (g, V*) as follows: 

• g is a morphism T — ► V over S. 

• V* denotes a filtration g*V = V {1) D V (2) D ■■■ D D V {1+1) = g*F. We assume that the quotients 
Coki := V^/V^ i+ ^ arc T-flat. 

• The Hilbert polynomials of Cok^ d s are Hi for any i = 1, . . . , I and s G S. 

The functor is representable by a scheme, which can be shown by the standard technique using the quot schemes. 
Let M(H^) denote the moduli scheme. Let Pm(h,) denote the projection M{H*) Xj V — ► V. We have the 
universal filtration on M(H*) XgD: 

Pm ( h.)V = V (1) D V< 2 > D ■ ■ ■ D V« D V« +1 > = p* M(Hm) F. 

To discuss an obstruction theory of M(H*), we introduce some stacks. Take vector spaces Wi (i = 2, . . . , I) 
over k such that rank Wi = rankV^ =: n. We put := W, ® O v (i = 2,..., I). We put = V 

and W^+V = F. We put Y := N{W^ l+1 \W^) and := flU N(W^ +1 \ We put G(W.) := 

f3 i=2 GL(T4 / i). We have the natural right G(H / *)-action on R lm Let Y 1 denote the quotient stack of i?i by 
the G(T / F*)-action. By the composition of the maps, we obtain the morphism <fi : R\ — > Y , which induces 
Y\ — > Y . We also put Y 2 := V. Then the morphism F — ► V induces the morphism Y 2 — > Y . We put 
Y := Yi x Yo y 2 . 

Let V* denote the above filtered vector bundle onTxsD. We have the naturally defined morphism: 

G(V*) : MV*)*L Yo/v — > *<(V*)*Ly 4/17 

i=l,2 

We use the notation in the subsubsection 2.1.5. We put g(V*) :— C2(V* , V*) v [— 1]. We obtain the morphism 
&i(V*) : T Xs T> — > Yi. By the argument in the subsubsection 2.3.2, the cone of G(V*) is expressed by 
the complex g(V*). Thus, we have the naturally defined morphism g(V*) — ► L Txs - D / T> . We put Ob(V*) := 
Rp*(&(V*) ®W2?/s)i and then we obtain the morphism ob(V*) : Oh(V*) — > Lt- 

Lemma 2.41 The morphism ob(V*) gives an obstruction theory for M(H*). 
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Proof Let us take locally free sheaves jW (i = 2, . . . ,1) on £> such that H 1 (V s , TLom{ jW , yM )) = for any 
s eT>. For any S-scheme T, let F(T) denote the set of the data (g, V* , ip*) as follows: 

• g denotes a morphism T — > V, and V* denotes a filtration as above. 

• <p* denotes a tuple of surjections of g*J w onto 

The functor F is representable by the scheme which is denoted by M(i?*). It is easily described. We have the 
locally free sheaf N t = 7~tom(p* M , H jW, yW) on M(H*) x s V. Then M(H*) is isomorphic to an open subset 

of Q)p*Ni. On M(H*) XgT>, we have the universal filtration V* with the tuple of surjective morphisms ip". 

Let Gr{J^\ri) be the Grassmannian bundles of r^-dimensional quotient spaces associated to the vector 
bundles jW . We have the universal quotient bundle Qi. We put Z := Yl\ =2 Gr(jW , r,), where the fiber product 
is taken over V. The pull back of Qi via the projection Z — ► Gr(J^ , r») is denoted by (i = 2, . . . , Z). The 
pull back of V and f 1 via the projection Z — > V are denoted by and W^ l+1 ^ respectively. Then we put 

Y := N{W^ l+1 \ W^), Yt := flLi ^(^ (<+1) . and ?2 := Z. We have the natural morphisms % — > Y 

(i = 1,2) as above, the fiber product Yi Xy n Y 2 is denoted by Y. The inclusions Y — > Y are denoted by jj. 
On Y, we have the natural morphism io-^y" /D — > ©i=i 2 Ji^Y/v ^ ne cone °^ tnc mor P msm is denoted by 
Ob(Y). Then we have the naturally defined morphism ob(Y) : Ob(Y) — ► ^y/v and ^ gi yes an obstruction 
theory for Y over D. (Basic example in [5]). 

Let T be an S'-scheme. From (V* , ip*), we obtain the morphism $j(V*, <£>*) :TxsT> — ► Yj. Therefore, we 
obtain $(V*, <£*)* Ob(Y) — ► Ltx s v/s- We put Ob(V*, tp*) := i?p*(Ob(Y) <g> u>x>/s)) and then we obtain the 
morphism ob(V*,<£*) : Ob(V*,<p*) — ► L T /s- 

Let us describe the complex Oh{V* , ip*). We have the morphism Hom(V^ , jW) — ► Wom(VW, V^) given 

by a, 1 — > o aj. It induces the morphism of the complexes a : i=2 Hom(y^ l \ jW) [— 1] — ► fl(V r *). We 
put g(V*) :— Cone(a). By using the argument in the subsubsection 2.3.2, we can show that g(V*) expresses 
$(V*,^*)*Ob(Y). 

Applying the above construction to (V*, ip*), we obtain the morphism ob(V*, : Ob(V*, ip*) — ► ^m/S' 
Lemma 2.42 The morphism ob(V*,y") gives an obstruction theory of M(H„) over S. 

Proof Let h : T — ► M(H*) be a morphism, and let J be a coherent sheaf on T. The pull back of J via 
T x$T> — ► T is denoted by Jj>. We put h-p ■— 3>(V*, ip*) o /i£>. We have the following commutative diagram: 

Ext^Ob, J) 
Ext^gtV*), Jp) 

Let T be an S'-scheme such that T is embedded as a closed subscheme and that the corresponding ideal J is 
square 0. We have the obstruction classes o(h) and o(h-jy) in Ext 1 (h*L^^ H y S , j) and Ext 1 (h^Ly^, Jx ) • It 

is easy to see that ip(ob(h)) <G Ext 1 (/i*Ob, J) is same as the image of o(/ix>) via the composite of the following 
morphisms: 

E^(h* v L Y/s , J v ) bl » Ext^ft^V*), Ju) h2 ; Ext 1 (ft*6b, J) 

Hence the vanishing of ip(o{Kj) implies 6i(o(/ix')) = 0. Since Ob gives the obstruction theory for Y, it implies 
that h can be extended to a morphism T Xj T> Y . Then we obtain the extension of h to the morphism 
T — ► M(H*) due to the universal property of M{H*). Therefore, the condition (Al) of Proposition 2.28 is 
checked. The condition (A2) can also be checked easily, and the proof of Lemma 2.42 is finished. I 



Ext 1 (h*L 



M{H,)/S 



Ext 1 (h* v L 



M(H,)x s V/V 



Jv) 
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Let tt denote the projection M{H*) — ► M(H*), which is smooth. We have the following commutative 
diagram: 

M(H,) x s V A 



M(H*) x s V 



Yi 



Then, we obtain the following morphism of the distinguished triangles on M(H*) Xj V: 
ir*G(V*) ► $(V*,^)*Ob(r) > 0- =2 Wom ( vW > J«) > 



7T*G(V*)[1] 



TT*L 



M(ff,)x s X>/X> 



M(H t )x s T>/T> ^M(H,)x s T>/M(H,)x s T> 

Hence, we obtain the following morphism of the distinguished triangles: 

7r*Ob(V*) ► 6b(V*,(^*) > © 4 (p»Hom(j( 4 ),V«)) V — 

► L-, 



TT*L 



M{H,)x s T>/T> 



[1] 



J M(H«)/S 



M(H,)/M{H«) 



TT* Ob(V*)[l] 



n*LM(H.)/s[l] 



It is easy to see that both of L^^ H ^ and i (p*Wom(jW, V^)) are isomorphic to the 0-th cohomology 
sheaves, and that the morphism if is isomorphic. Then, the claim of Lemma 2.41 immediately follows from 
Lemma 2.42. I 

2.5 Equivariant Complexes on Deligne-Mumford Stacks with GIT Construction 

The results in this subsection will be used when we discuss the equivariant obstruction theory of the master 
space in the subsection 5.8. 



2.5.1 Locally free resolution 

Let Gi (i = 1, 2) be a linear reductive group over k. Let U be a quasi projective variety over k provided with 
Gi x G*2. We assume that there exists a G\ x Gi -embedding into some projective space P N . The closure of 
U in P N is denoted by U. The G\ x G2-equivariant polarization is denoted by 0(1). We assume that U is 
contained in the open subset of the stable points of U with respect to the polarization 0(1) and the G2-action. 
We assume that M = U/G2 is a separated Deligne-Mumford stack. The projection U — ► M is denoted by tt. 

Lemma 2.43 Let J 7 be a G\- equivariant quasi coherent sheaf on A4. Then there exists a G±- equivariant locally 
free sheaf V on M and a G\- equivariant surjection <j> : V — ► T . 

Proof There exists a coherent sheaf Q on U such that Q\u = tx*T . There exists a large number TV such that 
G(N) is globally generating. Then tt*T(N) is also globally generating. We may take a G\ x G2-equivariant 
subspace W of H (U,tt*T{N)) such that W (g> 0(—N) — > tt*T is surjective. Then we have only to take the 
descent of W ® 0(— N) and the morphism. I 

Corollary 2.44 Let T. be a bounded G±- equivariant complex of coherent sheaves on M.. Assume that there 
exist integers M\ and M 2 such that the following holds: 

• For any point of M, there exists a neighbourhood U such that T.\u is isomorphic to a G\- equivariant 
coherent locally free complex Q u in D{U) where Of = unless Mi < i < M 2 . 

Then there exists a global G\ -equivariant coherent locally free complex Q. ~ T in D{M), where Qi — unless 
M 1 <i<M 2 . I 
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2.5.2 Equivariant representative 

We recall that the morphism of M. to the coarse scheme is finite (Proposition 2.4). 

Lemma 2.45 Let d. (i = 1,2) be G\- equivariant bounded complexes of coherent sheaves on M. We assume 
that C\. is perfect. Let ip be an element of the G\-invariant part of Ext°(Ci ., G 2 .)• Then, we can take a 

G 1- equivariant perfect complex C\. with a G\- equivariant morphism ip : C\. ► C2, such that C\. is G\- 

equivariantly quasi isomorphic to C\., and that ip represents p. 

Proof We give only an indication. Wc may assume that C 2 ,i = unless \i\ < N. We take a sufficiently 
large number N\, and we replace C\. with a G\ -equivariant quasi isomorphic complex C\ . with thejjroperty 
Ext fe (C hi ,C 2 ,j) = for any k > and i > -N u and for any j. Then, Ext°(Gi,G 2 ) ~ Ext°(Gi,G 2 ) is 
isomorphic to the first cohomology of the following: 

Ext°(G M ,G 2j ) — > Ext°(G M ,G 2J ) — > Ext°(5 1;i ,C 2ij ) 

—i+j=—l -i+j=0 -i+j=l 

Since Gi is assumed to be reductive, the claim is clear. I 

Let B^ (i = 1,2) be Gi-equivariant bounded complexes on J\4. We assume that BS^> is perfect. Let <j> 
be an element of the Gi-invariant part of Ext (.B^, £>( 2 )). We take a Gi-equivariant perfect complex B^> 
with Gi-equivariant morphisms a, L : B^ — ► i?W suc h that ai is quasi isomorphic, and that the diagram 
2j(i) < _*y_ jj(i) 5(2) represents 0. We have the natural Gi-equivariant structure on the cone Cone(a 2 ). 
Assume we have other G\ -equivariant complex B^ with G\ -equivariant morphisms a» : B^ — * i?W such 
that the diagram B^ <— — B^ B^ represents <j>. Then, there exists Gi-equivariant complex B^ with 
Gi-equivariant morphisms with morphisms / : B^ — ► B^ and g : B^ — ► B^ such that the following 
diagrams are commutative up to homotopy for i = 1,2: 

Due to an argument similar to the proof of Lemma 2.45, we may assume that the homotopy is also Gi- 
equivariant. Then, we have the G\ -equivariant quasi isomorphisms: 

Cone(a 2 ) < — Cone(a 2 o g) ~ Cone(a 2 o /) — ► Cone(a 2 ) 

In this sense, the G\ -equivariant complex Cone(a 2 ) is uniquely determined up to Gi-equivariant quasi isomor- 
phisms. We denote it by Cone(</j). 

2.6 Elementary Remarks on some Extreme Sets 

The results in this subsection will be used when we discuss the geometric invariant theory for the enhanced 
master space in the subsections 4.3-4.4. 

2.6.1 Preparation for the proof of Proposition 4.21 

Let us consider a vector space U = Q ■ e%- We put fj := (j — N) J2i<j e * + 3 ' ' J2i>j e «- The following 

lemma is well known and easy to prove. 

Lemma 2.46 Take any element p = J^iLi a-i ■ Ci <Eli satisfying X^jLi a j = an d a i < a 2 < • • • < a^v- Then 
there exist non-negative rational numbers bj such that p = J2bj ■ fj . f 



B 



(i) 



•1 

6(i) 
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Let n, . . . , r s be positive integers such that J2j=i r j = N. We put Rj = J2i<j r «- We put as follows: 



V J : = X! e *> (.7 = 1, . . . , s). 
For an integer j such that 1 < j < s, we put as follows: 

: = -( N - r j) J2 vh + R i-J2 vh - 

h<j h>j 

For a pair of integers {11,12) such that 1 < i\ < 12 < s, we put as follows: 

x(i 1 ,i 2 ) := — (N — R i2 ) ^ Vh + Rn Y Vh ' 

h<ii %i<h 

For an integer i such that 1 < io < s, we put as follows: 

S(i ) := {(ii,^) 6^ 2 1 < «i < io < 12 < sj- 
Lemma 2.47 Let u = X)j=i a j ' w i ^ e an dement ofU satisfying the following: 

s 

ai < a 2 < ■ ■ ■ < a s , ^ rj ■ aj = 0. (25) 



Tafce an integer io suc/i t/iat 1 < io < s - 



• Assume a-i a > 0. TTien t/iere exist t/ie non-negative rational numbers b(ii,i 2 ) S Q>o /or (ii, *2) S <S(*o) 
and i/ie non-negative rational numbers Cj (1 < j < in) such that the following equality holds: 

io— 1 

v= Hh,i2)-x(i 1 ,i2)+^2c r y(j). (26) 

(ii,i 2 )eS(*o) i =1 

• Assume a io = 0. T/ien t/iere exist ffce non-negative rational numbers b(ii,i 2 ) £ Q>o /° r (h,^) £ <S(io) 
smc/i t/iat f/ie following holds: 

v= ^ b(ii,i 2 ) ■ x(i 1 ,i 2 ). 

(*i ,i2)65(i ) 

One ofb(ii,i 2 ) is not 0. 

• Assume ai < 0. T/ien t/iere exist ffte non-negative rational numbers b(i\,i 2 ) £ Q>o /or (ii,^) £ <S(«o) 
and the non-negative rational numbers Cj (io < j < N) such that the following holds: 

N 

v = b(i!,i 2 ) ■x(i 1 ,i 2 ) + Y c rvU)- 

(u,i 2 )G5(i ) j=»o+l 

Proof We use an induction on the number d(v) := #{i | a, 7^ aj+i}- In the case d(i>) = 0, the claim is obvious. 
Let v be as in the lemma such that d(v) = m + 1. Take the integers hi and h 2 satisfying the following: 

01 = 02 = • • ■ = af ll < a?u+i, a s = a s -i = ■ ■ ■ = dh 2 +i > dh 2 - 

We remark the following: 

• In the case a io > 0, we have hi < io- 

• In the case a io — 0, we have hi < io < h 2 . 
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• In the case cii a < 0, we have io < h 2 . 

Let us discuss the case ai > 0. If we have io < h 2 , we put as follows: 



/ , /, , n / , . {a hl+ i-a hl a h2+ i-a h2 \ 



If we have io > h<± + 1, we put as follows: 



v' :=v-g- y(h 2 ), 



2R h2 



It is easy to see that the numbers a! i satisfy the condition (25), and that we have d(v') < d(v) — 1. Due to the 
hypothesis of the induction, we have the expression for v 1 as in (26) with the non-negative coefficients. Then 
we obtain the desired expression for v. 

The cases a,i = or a io < can be discussed similarly. I 

2.6.2 Preparation for the proof of Proposition 4.35 

Let (a = 1,2) be positive integers. Let us consider a vector space as follows: 

U = U^@U^\ WW = 0Q-ej a) . 

i=l 

Let r[ Q) , . . . , rJ2) (« = 1. 2 ) bc positive integers such that rj a) = iV (a) . We put i?J a) = r{ a) . We 

put Q,( a ) = '}2 i ef'\ We also put as follows: 



v <,") ._ sr .•••> 



E e ^ (? = !,...,-(«)). 



fl<° ) 1 <i<ii^ ) 



For each integer j such that 1 < j < s(2), we put as follows: 

For each integer j such that 1 < j < s(l), we put as follows: 

X!(j) := -A^) • E ^ + *f ' ^ **U) ■■= ^ (2) ' E ^ + (^-i - • fi(2) - 

h<j h>j 

Lemma 2.48 Let v = J2 a =i 2 a j"' > ' v ^ be any element ofU satisfying the following conditions: 



«<«><«< a) <"■<«<&. EE^M^ W 

a=l,2 j 

Tafce an integer i such that 1 < io < T/ien, t/iere exist non-negative rational numbers c(j) > (j = 

1, . . . ,s(2j), di(i) > (i = 1, . . . , io), d 2 (i) > (i = io + 1, • • ■ ,s(l)) and a rational number A such that the 
following holds: 

8(2) 

« = E c W • y (2) ^') + E • 3:1 (*) + E d2 ^) • x ^ + ^ • (^ (2)fi(1) - • ^ (2) )- (28) 

j=l i<i a i>i a 
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Proof Due to Lemma 2.46, we may assume a\ ' = ■ ■ ■ = a ( s ,L from the beginning. We use an induction on the 

number d(v) = #{i | aj 1 ) ^ In the case d(v) = 0, we have v = A ■ (N^ ■ QW - ■ QW) for some A, 

and hence the claim is clear. Let v be an element as in the lemma such that d(v) = m + 1 > 0. Let us take the 
integer hi satisfying — < a hi+i- ^ n tnc casc *o > we P ut as follows: 

a (1) -a (1) 

In the case io < hi, we put as follows: 

I a hi+l ~ a h! \ 

v = v xw—- x *(hiY 

Then v' satisfies the condition (27) and d(v') < d(v). Due to the hypothesis of the induction, we have the 
expression for v' as in (28). Hence we obtain the desired expression for v. I 

2.7 Twist of Line Bundles 

This subsubsection is a preparation for the subsection 4.6. 

2.7.1 Construction 

Let Y be an algebraic stack over a field k. Let G m denote the one dimensional algebraic torus Spec k[t, i -1 ]. 
Let I denote the trivial line bundle on Y. A point of I is denoted by (y, it) where y G Y and u G I\ y . For each 
integer n, T(n) denote the line bundle / with the G m -action by t ■ (y, u) := (y, t n -u). 

Let L be any line bundle on Y. Let L* denote the complement of the image of the 0-section, i.e., L* := L — Y. 
Let 7r : L* — ► Y denote the naturally defined projection. A point of L* is also denoted by (y,v), where y eY 
and v G 7r _1 (y). 

Let us fix an integer r. We consider the G m -action on L* given by t ■ (y,v) :— (y,t r -v). We have the 
naturally defined G m -action on -K*T(n). It induces the line bundle X n on the algebraic stack L*/G m . Let 
ip : L* /G m — > Y denote the naturally induced morphism. 

Lemma 2.49 We have the canonical isomorphism I n ® X m ~ I n +m and Z_„ ~ X" 1 and 1 ~ Oy/c m - We 
also have the canonical isomorphism Z_ r ~ <f*L. 

Proof The first claim is obvious. Let us show the second claim. Let us denote a point of n*L by (y,v,u'), 
where y G Y, v G n^ 1 (y) and v! G L\ y . The trivial G m -action on L induces the G m -action on tt*L over L* , 
which is given by t ■ (y, u, v') — (y, t r ■ u, v') . 

On the other hand, let us denote a point of 7r*T(— r) by (y,v,u) where y G Y, v G n~ 1 (y) and u G T(—r)\ y . 
The action is denoted by t ■ (y, v, u) — (y, t r v, t~ r u). 

We have the naturally defined isomorphism -K*T(—r) — ► n*L given by (y,u,v) i — ► {y,u,u ■ v), which is 
G m -equivariant. Therefore, we obtain the isomorphism X_ r ~ tp*L. 1 

2.7.2 The weight of the induced action 

We use the notation in the previous subsubsection. Let Gm denote the torus Spec k[U, t^ 1 ]. Let us consider 
the action of Gm x Gm on L given by (fi,i 2 ) • {y,v) := (y, ti -t2-v) . 

Let T(ni,n 2 ) denote the trivial line bundle / with the G„ x Gm given by (ti,t 2 ) ■ [y,u) = (y,*™ 1 -£ 2 2 -u) ■ 
Then we have tlie G\r) x G^^-linc bundle 7t*^7"(tii ) TI2) on L* . We obtain the line bundle 1ri2 

on L*/Gm\ and 

we have the induced G m ^-action on I„ 2 . 

Lemma 2.50 TTie weight of the G^m -action on J„ 2 is m — n 2 . 

Proof We put Gm ■= Spec k[si\. Let us consider the morphism G m ' x Gm — > G^m x Gm given by (si, s 2 ) i — ► 
(sijS^ 1 • s 2 )- The induced G^m x Gm^-action on L* and T(ni,n 2 ) is given by (si,s 2 ) • = (y, s 2 • w) and 

( s i, s 2) • (y, u) = (y, s™ 1- ™ 2 • s 2 2 • u). Therefore, the weight of the G m ^-action on T n2 is given by rii — n 2 . I 
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3 Parabolic L-Bradlow Pairs 



In this section, we recall some definitions. All of them are more or less familiar. The purpose is to fix the 
meaning in this paper. In the following of this section, X will denote a smooth irreducible projective variety 
over an algebraically closed field k of characteristic 0. Let Picx denote the Picard variety of X. Wc fix a base 
point x <E X, due to which we have the Poincare bundle Voinx on Picx xX. 

3.1 Sheaves with some Structure and their Moduli Stacks 
3.1.1 Orientation 

Let £ be a [/-coherent sheaf on U x X. Then wc have the morphism det E : U — > Pic^ induced by the 
determinant line bundle det(-E) of E, which satisfies the condition det{E)\i u } xX — Voinx \ {det E (u)}xx- The 
morphism will be denoted by simply det, if there are no risk of confusion. In general, the line bundles det* E Voinx 
and det(E) are not isomorphic. 

Example 3.1 Let c be an element of the second cohomology group H 2 {X), and let Picx (c) denote the Picard 
variety of the line bundles whose first Chern classes are c. Assume H l {X,L) = (i > 0) for any line bundle 
L G Picx(c). Then, px*(Voinx) gives the vector bundle on Picx(c). We obtain the associated projective space 
bundle P c = F(p x *{Voin x ) v ) on Picjf (c). 

Let 7r denote the natural projection P c x X — > Picx xl. We have the line bundle L(a) = -K*Voinx <8> 
p* x Op c (a) for each a e Z. Here Op e (l) denotes the tautological bundle of the projective space bundle P c — ► 
Picx(c), and Op c (a) = Op c (l)® a . The determinant bundle det(L(a)) is obviously L(a) itself. On the other 
hand, det^) is given by the projection n. Thus, L{a) and det£( a ) Voinx are not isomorphic, if a ^ 0. I 

Definition 3.2 (Orientation) An orientation of a U -coherent sheaf E on U x X is defined to be an isomor- 
phism p : det(E) — > det * E Voin x on U. A tuple (E,p) is called an oriented U -coherent sheaf. 

An isomorphism of two oriented sheaves {E,p) and (E',p') is defined to be an isomorphism \ : E — ► E' 
satisfying p' = \* (p) ■= P X- I 

The restrictions (dct^ Voinx) ^ u ^ xX and dct(E)^ u } xX arc isomorphic for any point u e U by definition of 
det_E, so that the push-forward px*Hom{de,t{E), det* E Voinx) is the line bundle on U. 

Definition 3.3 (Orientation bundle) The line bundle px*Hom( y det(E), dct* E Voinx) is called the orienta- 
tion bundle of E. We denote it by Or(E). 1 

If E is oriented, then the orientation bundle Or{E) is naturally isomorphic to the trivial line bundle Ou, 
i.e., an orientation is equivalent to a trivialization of Or(E). 

Example 3.4 Let L(a) be given in Example 3.1. The orientation bundle Or(L(a),F c ) induced by L(a) is 
isomorphic to p x *(Hom(L(a), det * L ( a )Voin)^ ^ p x * o p* x (OpJ-a)) ~ Or c (-a). I 

We have the following additive property of the orientation bundles. 

Lemma 3.5 Let Ei (i = 1,2) be U -coherent sheaves on U x X. Then we have the natural isomorphism 
Or(E 1 (BE 2 )~Or{E 1 )<g)Or(E 2 ). 

Proof The natural isomorphism det (id (B E 2 ) — det (id) <X> det(E 2 ) is given, and hence det* El Voinx ® 
det E2 Voinx — det^ 10E2 Voinx- It induces the following isomorphism: 



Horn (det(E l © E 2 ) , det * Ei BE2 Voinx ) — Horn (dot (Ei ) , det * Ei Voinx ) ® Horn (det [E 2 ) , det * E2 Voinx ) ■ 



Therefore, we obtain the natural morphism Or{E\) <g> Or{E 2 ) 



Or {E\ © E 2 ), which is isomorphic. 



I 
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3.1.2 Parabolic structure 

See [41] and [61] for detail on the notion of parabolic sheaf. Our terminology slightly differs from theirs. We 
remark that it is different from that in the author's other papers ([46], for example.) Let D be a Cartier divisor 
of X. A [/-parabolic sheaf, or simply parabolic sheaf, on U x (X,D) is defined to be a tuple (E,F*(E),a*): 

• E is a [/-coherent sheaf on U x X. 

• (E) denotes a filtration of E: 

E = F 1 (E) D F 2 (E) D ■ ■ ■ D F t {E) D F l+1 (E) = E(-D). 
Here E(-D) denotes E®pfjO(-D). We assume that Cok^F) := E/F i+1 (E) are flat on U. 

• a* = (ai, ...,«;) is a tuple of numbers < cti < a 2 < • • ■ < oti < 1. It is called a system of weights. 

A tuple(F, F*, a*) will be often denoted simply by F*. The filtration F* is called a quasi-parabolic structure. 
Isomorphisms of parabolic sheaves are defined naturally. 

The number I is called the depth of the parabolic structure. The tuple a* will be called a weight of the 
parabolic structure. For any parabolic sheaf E t , we put Grt(E) := Fi(E) / F i+ i{E) , which are the [/-coherent 
sheaves on U x D. 

Remark 3.6 We will often use the word "parabolic" even when a system of weights is not given. 1 
(Subobject and quotient object) 

Let E* be a parabolic torsion- free sheaf defined over U x (X, D). For any subshcaf E' C E and any quotient 
sheaf E — ► E", we have the induced parabolic structures on E' and E" . Namely we put Fi(E') — Fi(E) n E', 
and Fi(E") = Im(F(F) — > E"). The parabolic structures are called the induced parabolic structures. We 
always consider the induced parabolic structures on the subsheaves and the quotient sheaves. 

(The Condition O m ) 

Let (E,F*) be a [/-quasi-parabolic sheaf on U x (X, D). Let to be a positive integer. We say that {E,F*) 
satisfies the condition O m , if the following holds: 

• Fi(E)(m)\{ u y xX an d Cok i (F)(TO)|{„} x j) s: are generated by its global sections, for alH = 1, . . . , I + 1 and 
for all u e U. 

• The higher cohomology groups of Fi(E)(m)\{ u y x x and Coki(F)(TO)|{„} x x vanish, for alH = 1,. ..,1 + 1 
and for all u G U . 

When we are given a [/-quasi-parabolic sheaf (E,F t ) on U x (X,D), the open subset U' is determined by 
the condition O m . 

(Twist) 

Let to be an integer, and let E be a [/-coherent sheaf defined over U x X. Recall that E(m) denotes the 
coherent sheaf E ® p^Ox(m)- If E has a quasi parabolic structure F*(E), we have the naturally induced 
parabolic structure F*(F(m)) of E(m). The tuple (E(m), F*(E(m))) is denoted by F*(to). 

3.1.3 L-Bradlow pairs and reduced L-Bradlow pairs 

Let L be a line bundle over X. 

Definition 3.7 (L-section) Let E be a U -coherent sheaf on U x X . A morphism 4> : p\jL — ► E is called an 
L-section. An Ox-section is simply called a section. I 

Definition 3.8 Let (E, <j>) be a pair of a U -coherent sheaf on X and an L-section. We say that <j) is non-trivial 
everywhere, if 4>\{ u }xx f or every point u GU. 1 

Definition 3.9 
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(L-Bradlow pair) A parabolic L-Bradlow pair (E*,4>) on U x (X,D) is a pair of a U -torsion-free parabolic 
sheaf E* and an L-section (f> : tt^L ► E. 

An isomorphism between two such pairs (2?*, fa) and (E[, fa) is defined to be an isomorphism \ : E* — ► E^ 
satisfying fa = x*{4>) ■= X ° 4>- 

(Oriented L-Bradlow pair) An oriented parabolic L-Bradlow pair (E*,fap) on U x (X,D) is a pair of a 
parabolic L-Bradlow pair (E*,fa) and an orientation of E. An isomorphism of two such pairs is defined 
naturally. 1 

Remark 3.10 We are mainly interested in parabolic L-Bradlow pairs (E 1 *, fa) such that <fi is non-trivial every- 
where. Sometimes, we will assume it without mention. I 

Definition 3.11 Let (E t , fa and (E' t , fa) be parabolic L-Bradlow pairs on X. We say that (E' t , fa) is a subobject 
of (E* , fa if the following conditions hold: 

• E' is a subsheaf of E, and the parabolic structure is same as the induced one. 

• If the image of <f> is contained in E, we have fa = fa. Otherwise, fa = 0. I 

We also introduce the notion of reduced L-section. 

Definition 3.12 (Reduced L-section) Let L be a line bundle over X. Let E be a U -coherent sheaf on 
U x X . A reduced L-section of E is defined to be a pair (M, [(f)]) of a line bundle M on U and a morphism 

W\ '■ P*x( M ) ®Pu( L ) — > E - 

A reduced L-section is often denoted simply by [<j>] instead of (M, [<p]), if there are no risk of confusion. I 

Definition 3.13 Let (E, [<fi]) be a pair of a U -coherent sheaf on U x X and a reduced L-section. We say that 
is non-trivial everywhere, if [4>]\{ u }xx for each u G U. 1 

Let (M, [0]) be a reduced L-section of E which is non- trivial everywhere. Then, (M, [(f)]) induces the 
morphism [<p] : M — ► px*Hom(L, E). Under the vanishing H l (X,Hom(L, E)ir u \ xX ) = (i > 0) for each 
u G U, we obtain the naturally induced section U — ► P(px * (Hom(L, -E)) v ) . On the other hand, such a section 
U — ► f{px*{'Hom{L,E)Y) induces a reduced L-section which is non-trivial everywhere. 

Definition 3.14 (Parabolic reduced L-Bradlow pair) 

• A parabolic reduced L-Bradlow pair (E*,M, [<f>\) on U x (X,D) is defined to be a pair of a torsion-free 
parabolic sheaf E* on U x (X, D) and a reduced L-section (M, [<j>]) which is non-trivial everywhere. It is 
often denoted by (L*, [(/)]) instead of {E t ,M, [(f)]). 

An isomorphism of two reduced L-Bradlow pairs (Ei*,Mi, [fa]) (i = 1,2) is defined to be a pair (x,v) °f 
an isomorphism \ '■ E\ * — ► E 2 * and r\ : M\ ~ M 2 such that the following diagram is commutative: 

p\M x ®p* v L — E x 

rj®idi,| X 

p* x M 2 ®p* u L 02 > E 2 

• An oriented parabolic reduced L-Bradlow pair is defined to be a tuple of a parabolic reduced L-Bradlow 
pair (L*, [</>]) with an orientation p of E. 

An isomorphism between two oriented reduced L-Bradlow pair is naturally defined. I 

Remark 3.15 In the definition, we assume that [(f)] is non-trivial everywhere, contrast to the definition of 
non-reduced L-Bradlow pair. 

Remark 3.16 In the case U = Spec(fc), a parabolic reduced L-Bradlow pair is just a parabolic L-Bradlow pair 
whose L-section is non-trivial, up to isomorphisms. S 
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Remark 3.17 We will often use the word "L-Bradlow pair" and "reduced L-Bradlow pair" instead of "parabolic 
L-Bradlow pair" and "parabolic reduced L-Bradlow pair", if there are no risk of confusion. 

We will also use the word "quasi-parabolic L-Bradlow pair" and "quasi-parabolic reduced L-Bradlow pair", 
if a system of weights is not given. I 

We will use the following notion subordinately. 
Definition 3.18 Let L = (Li,L 2 ) be a tuple of line bundles on X. 

• A parabolic L-Bradlow pair on U x (X, D) is defined to be a tuple (E*,(j>) of a U -parabolic torsion-free 
sheaf E* on U x (X, D) and a pair (f> of Li- sections fa (i = 1,2). 

• An oriented parabolic reduced L-Bradlow pair on U x (X, D) is defined to be a tuple (E 1 *, [(f)], p) of a U - 
parabolic torsion-free sheaf E* on U x (X, D), a pair [(f)] of reduced Li-sections [fa] which are non-trivial 
everywhere, and an orientation p. Isomorphisms are defined naturally. 3 

3.1.4 Type and the moduli stacks 

Let H* denote an appropriate cohomology theory with the appropriate Chern class for vector bundles. We put 
H CV (X) := (§)fZ X H 2l {X). If D is a smooth divisor, we put as follows: 

OO 

Type := {(y, yi ,y 2 , ) G H CV (X) © H CV (Y) | ^> = y ]D }. 

»=i »>i 

In general, we put as follows: 

oo 

fy7e:={(y, yi ,y 2 , ) e H CV (X) H^{X) | £ Vi = y • (l - ch(0(-D))) }. 

i=l i>l 

In the following, y ■ (l — ch(C(— D))^j is denoted by y\ D for simplicity of the notation, even when D is not 
necessarily smooth. 

For any quasi-parabolic sheaf (E, F t ) on X of depth I, we obtain the element of Type: 

type(f;,F.) := (ch(£), ch(G ri (£)) , . . . ,ch(Gr ; _ 1 (E)),ch(Gr i (E)),0, . . .) G Type 

Let Type denote the subset of Type which consists of type(-E, F*) for some quasi parabolic sheaves {E, F*). 

Let y — (y, yi,j/2, ) be any element of Type. The number depth(y) := max{i | y t ^ 0} is called the 

depth of y. The element y is called the i? ev (X)-component of y, and (yi, y 2 , ■ ■ ■ , ) is called the parabolic part 
of y. The _ff°(X)-component of y is called the rank of y, and it is denoted by rank(y) or ranky. We put 
Type r := {y G Type | rank(y) = r}. We denote by Type the set of types whose parabolic components are 
trivial, i.e., y\ = y\D an d yt = for i > 1. We often identify y and y in that case, and we regard Type as the 
subset of H*(X). We put T ype° := T ype° n T ype r . 

We have the sum yW + of two elements yW g Type (i = 1,2) by taking the component summation. 

For any quasi-parabolic sheaf (E,F*) on X, we obtain the element type(£7, f 1 *) of Type. In general, let 
(£7, T„) be a [/-quasi-parabolic sheaf on U x X. When we have the element y G Type such that type(-E*i u ) = y 
for any closed point u G U, then is called of type y. When U is connected, such an element always exists. 

Definition 3.19 The type of an (oriented) parabolic L-Bradlow pairs is defined to be the type of the underlying 
quasi-parabolic sheaf. 1 

We introduce the following notation. 

Notation 3.20 In each line, the left hand side denotes the moduli stack of the object in the right hand side: 

M(y): Parabolic sheaves of type y. 
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M(y): Oriented parabolic sheaves of type y. 

M(y,L,y. Parabolic L-Bradlow pairs of type y whose L-sections are non-trivial everywhere. 

M(y, L): Oriented parabolic L-Bradlow pairs of type y whose L-sections are non-trivial everywhere. 

M(y, [L]): Parabolic reduced L-Bradlow pairs of type y. 

A4(y, [L]): Oriented parabolic reduced L-Bradlow pairs of type y. 

A4(y, [L]): Oriented parabolic reduced L-Bradlow pairs of type y. § 

The condition O m determines the open substack of each moduli stack. They are denoted by M(m, y), M(m, y), 
M(m,y, L), M(m,y, L) M(m,y, [L]), M(m 7 y, [L]) and M(m,y, [L]) respectively. When the parabolic part 
of y is trivial, we often use the notation M(y), M(y), M(m,y), M(m,y), etc. 

3.1.5 The tautological line bundle and the relations among some moduli stacks 

Let y be an element of Type, and let L be a line bundle on X. Let £ U (L), £ U {L) and £ U [L] denote the universal 
sheaves over M(y,L) x X, M(y,L) x X and M(y, {L}) x X respectively. The universal L-sections of £ U (L) 
and £ U (L) are denoted by <p u and <fi u , respectively. The universal reduced L-section of £ U [L] is denoted by [<fi u ]. 

We have the G m -action pi on M(y, L) given by p\(t) ■ (E, F„, <fi, p) := (L, F*,t ■ (f), p) . It is easy to observe 
that the quotient stack is isomorphic to M(y, [L]). Therefore, we can regard _M(y, L) as the G m -torsor over 
M(y, [L]). The associated line bundle is denoted by rc i(— 1). We put O ic \(1) := O ro i(— l) v , and we obtain 
Crci(^) in the obvious manner. 

Definition 3.21 The line bundle re i(l) is called the relative tautological line bundle of M(y, [L]). It is also 
called the tautological line bundle. 1 

We can obtain the same line bundles by the way of the subsubsection 2.7.1. Namely, let T{n) denote the 
trivial line bundle on A4(y, [L]) provided with the Gm-action of the weight n. Let ix\ : A4(y, L) — > -M(y, [L]) 
denote the natural projection. Then we obtain the G m -line bundle 7r^T(n). By taking the descent, we obtain 
the line bundle X n . Then we have J„ ~ O rc \(n). 

We remark that O re i(— 1) appears in the domain of the universal reduced L-section [<fr u ]. Namely, [<f) u ] 
is the morphism of P* M ^ r £ i\L <x> p* x O IC \(— 1) — ► £ U [L\. To see that, we have only to observe that 7r*[0"] : 

P*M(y L)^®^! x1~(— 1) — > TTi x^"[^] i s equivariant with respect to pi, and they give the universal objects over 
M(y,L) x X. 

Remark 3.22 For example, we have the projective space bundle such as A4(m,y, [O(-m)]) — > AA(m,y), and 
the restriction of O xc \ to M(m,y, [0(— m)]) is the relative tautological line bundle of this bundle. I 

On the other hand, we have the G m -action pi on A4(y,L) given by p2(t) ■ (E, F*,<fi, p) := (E,F*,<fi,t ■ p). 
It is easy to observe that the quotient stack is isomorphic to M{y,L). Thus, we can regard M(y,L) as the 
G m -torsor on M(y,L). The associated line bundle is clearly isomorphic to the orientation bundle Or(£ u (L)). 

Let r be the rank of y. The obvious multiplication of E gives the isomorphism (E, t^ 1 ■ </>, t r p) ~ (E, </>, p). 
To see it, note the following: Let / : E\ — > E 2 be an isomorphism. Then the orientation p of E 2 induces the 
orientation of E± as follows: 

det(Lx) dct(L 2 ) — 2— ► det* Voin. 

On the other hand, the L-morphism <f) of E 2 induces the L-morphism of E\ as follows: 

L — — — > E 2 — ~ ^ Ei . 

Therefore, we have pi(t) = p 2 {t r )- Hence we have the naturally defined morphism k : M(y, [L]) — ► M(y, L), 
which is etale and finite of degree r -1 . However, the morphism n docs not preserve the universal object. We 
have the relation n* x £ u {L) ~ £ U [L] ® O re i(l), and hence n*Or(£ u {L)) ~ O re i(r). 
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3.2 Hilbert Polynomials 



3.2.1 Hilbert polynomials of coherent sheaves 

Let Ox(l) be an ample line bundle on a projective variety X. Let E be a coherent sheaf on X. In this paper, 
the non- reduced Hilbert polynomial of E is denoted by He, i.e., He is the unique polynomial of Q-coefficients 
such that HE{m) is same as the Euler number XX - !)* dim£P(X, E(m)). In the case rank(i?) > 0, the reduced 
Hilbert polynomial of E is denoted by Pe, i.e., Pe '■= He/ rank(£J). 
We also use the notation h°(E) to denote dim H°(X,E). 

3.2.2 Hilbert polynomials of parabolic sheaves 

We recall the parabolic Hilbert polynomials and the parabolic degree, which were introduced by Maruyama and 
Yokogawa in [41]. See [41] for more detail. 

Let E* := (E, F*, a*) be a parabolic sheaves of depth /. We put e, := a i+ i — on [i = 1, . . . , I). Recall that 
the non-reduced parabolic Hilbert polynomial H E , is defined to be as follows: 

l i 
He, (*) := H E (-D)(t) + ' H Gn{E) = H E {t) - e, • H Co ^ E )- 

i=l i=l 

The reduced parabolic Hilbert polynomial Pe,{1) i s defined to be Pg, (t) := H E ,(t)/ i&nk(E). 
Since we have the equality He — H E i_ D \ + Sj=i ^Gr»(.E); we obtain the following lemma. 

Lemma 3.23 We have the inequality H Et (t) < H E (t) and P E ,(t) < P.e(*) / or an 2/ sufficiently large t. 1 
The parabolic degree is defined to be as follows: 

par-deg(£») = dcg(£) + (dimX - 1)! x (the coefficient of t dimX -! f the polynomial £* =1 a. • H G tM) 

Note that we have the inequality deg(P) < par-deg(.E*). 

The parabolic slope n{E„) is defined to be par-deg(i?*)/ rank(P). Then we have the inequality (i(E) < 

< m(P) + deg(D) for the usual slope n(E) of a torsion- free sheaf E. 
We also put := ai h°(E(-D)) + ah (F i+1 (E)) . 

3.2.3 Hilbert polynomial for parabolic L-Bradlow pairs 

We recall the Hilbert polynomials for Bradlow pairs, following [54]. 

Notation 3.24 Let V hr denote the set of polynomials 5 of "R- coefficients such that deg(<5) < dimX — 1 and that 
S(t) > for any sufficiently large t 

For any element S 6 V hl , the coefficient of t d ~ x in <5 is denoted by S top , which may be 0. 

The total order < on the set V hl is defined as follows: Let S and 8' be elements ofV hl . Then S < 8' if and 
only if 8(t) < S'(t) for any sufficiently large t. 1 

Let (E*, <j>) be a parabolic L-Bradlow pair on (X, D). For any 8 G "P br , the non-reduced 8- Hilbert polynomial 
H(e, <f>) °f C^*' ^) ^ s defined as follows: 

Hl E ^y.= H E . +e{E.,<t>)- 5, e(^,0):=|j ^ $ (29) 

The reduced (5-Hilbert polynomial is defined to be P^ E ^ :— H^ E ^/ rank E. Similarly, the slope fi s ^ E ^ is 
defined by y 5 (E*,(f)) := fj,(E*) + e(<fi) ■ 8 top / rank(P). 

Let L = (Li,L 2 ) be a pair of line bundles on X. We take 8 := {81,82) E (V hl ) . Let (E t ,(j>) on (X, D) be a 
parabolic L-Bradlow pair. The 5-Hilbert polynomial is defined by H^ E ^ := He, + J2i=i 2 € (^*T < l ) i) ■ di, where 
e(E* 7 (f>i) are given as in (29). We also put P? E = H? E ,J ranki?. 
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3.2.4 The Hilbert polynomials associated to a type 

Let z be any element of (& i>1 H l (X). Since we have z k = for a large integer k, we have the polynomial 

exp(t-z) — X)So(^') _1 (* ' z ) k ■ I n the case c = ci(0x(l)), it will be denoted by c\i(Ox{t)) in the following. 
When we substitute t = m for some integer to, it is same as the ordinary meaning. 
Let y = (j/, 2/i, J/2) ■ ■ ■ , ) be an element of Type. We put as follows: 

H y (t) := / Td(X) • ch(O x (t)) ■ 2/, ff tfii (t) := / Td(X) • ch(O x (t)) ■ VV-. 

When L> is smooth and we regard ?/i as an element of H*(D), we put H y ^(t) := J" D Td(L>) -ch(Ox(i)) 'Sj<i 2/j- 
When the parabolic part of y is trivial, we use the notation H y (t) instead of H y (t). 

If we are given a system of weights a*, we put := a^+i — a; t . And we put as follows: 

H a * 

We also put as follows: 

deg(y,a*) 



deg(y, a*) : = / y ■ ci(O x (l)) - V e t ■ / V % • ci(O x (l)), /u(y,a*) : 
Jx Jx 

If we are given an element 5 £ V hl ', we put as follows: 



ranky 



ranky' ' ' ' rank(y) 



3.3 Semistability 

3.3.1 Semistability and the moduli stacks 

Let (-E*,</>) be a parabolic L-Bradlow pair on (X, D), and let S be an element of V hr . Recall that (L*,(/>) is 
called (5-semistable, if the following inequality holds for each sub-objects <fi') of (E, (f>): 

Pfs; ^){t) < P 5 {E , , 0) (t) (t is sufficiently large) (30) 

If the strict inequality holds in (30) for each subobject, (E*,<f>) is called <5-stable. 

Since parabolic reduced L-Bradlow pairs on X are just parabolic L-Bradlow pairs whose L-section is non- 
trivial, the notion of 5- (semi) stability of parabolic reduced L-Bradlow pairs is also given. The <5-(semi)stability 
of oriented parabolic (reduced) L-Bradlow pairs on X is defined by the S- (semi) stability of the underlying 
parabolic (reduced) L-Bradlow pairs. 

Remark 3.25 Let E be a torsion-free sheaf on X . We can regard it as the parabolic sheaf E* canonically. The 
quasi-parabolic structure is given by F2 = E{—D) C F\ = E. The weight is given by ai = 1. Then we have 
He, = He, and hence the semistability of (E*,(f)) is equivalent to the semistability of (E 7 (f>). 

If the weight is given by ct\ — Q, then we have He, = H E (-d), and hence the semistability of (E*,(f>) and 
(E,(j)) are not equivalent, as remarked in Remark 1.1.1 in [41]. I 

We also have the <5-/i-semistability in the standard way. Namely, a parabolic L-Bradlow pair (E* , <j>) on (X, D) 
is called <5-/i-semistable, if the inequality p, s (E^cj) 1 ) < /i s (E*,(f>) holds for any sub-objects (E^ft) C (E*,(f)). If 
the strict inequality holds for any subjects, (L*,0) is called <5-/z-stable. It is easy to check the implication: 

(5-/i-stablc 5-stablc ==>• (5-scmistablc (5-/i-scmistable 

Similarly, we have the notion of (5-/i-semistability and (5-/K-stability of parabolic reduced L-Bradlow pairs. 

In the family case, a [/-parabolic L-Bradlow pair (L*, (p) on U x X is called <5-(semi)stable, if (E*, 4>)\{ u }xx 
is (5-(semi)stable for each u e U . We obtain the <5-(semi)stability in the oriented case and in the reduced case 
similarly. 
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Remark 3.26 As usual, we have only to consider sub-objects (E^, <f>') C (E*, tp) such that E' is saturated, when 
we check the 8 -(semi) stability of (E*,(j>). 1 

Let Li (i = 1,2) be line bundles on X, and let t : L\ — > L 2 be a non-trivial morphism. Let (E^,(f>) be 
a parabolic L 2 -Bradlow pair on (X, D). Then we obtain the parabolic Li-Bradlow pair (E, <fi o l). When we 
consider the semistable condition for a parabolic L-Bradlow pair, the choice of L is not essential in the following 
sense. 

Lemma 3.27 A pair {E*, <f>) is 6 '-semistable, if and only if (E*, <f> o t) is 5-semistable. 

Proof Let F be a saturated subsheaf of E. The image <j) o l(Li) is contained in F if and only if the image 
<t>(L 2 ) is contained in F. Thus the claim is clear. Es 

Lemma 3.28 Let (Sj*,</>j) (i = 1,2) be S -semistable parabolic L-Bradlow pairs withP^ Ei ^ ^(t) = P(e 2 <£ 2 )(*)' 
Let f : (Ei*,<f>i) — ► (L 2 *, be a non-trivial morphism. We have the induced L-Bradlow pairs (Ker(/)», <j>'), 
(Im(/)», 4>") and (Cok(/)*, <f)"'). Then they are also 5-semistable. 
A similar claim holds for 5-fi-semistability. 

Proof We put (-E3*, ^3) := (lm(/)*, </>"). From the <5-semistability of (Ei*,<f>i) (i = 1,2), we obtain the 
inequality for sufficiently large t: 

< ^,.,*3)(*) < *?«..,«(*)• (31) 

Due to the assumption = P(e 2 , <£ 2 )(*)' ^ e e( l uan ties hold in (31). Then, it is easy to derive the 

claims of the lemma by definition of scmistability. 1 

Corollary 3.29 Any automorphisms of stable objects are constant multiplication. I 

We introduce the following notation. In each line, the left hand side denotes the moduli stack of the object 
in the right hand side: 

A4 s (y, a*): stable parabolic sheaves of type y with weight a*. 

M s (y, a*): stable oriented parabolic sheaves of type y with weight a*. 

M s (y, L, a*, S): <5-stable L-Bradlow pairs of type y with weight a*, whose L-sections are non-trivial everywhere. 

M s {y, L, a*, 6): J-stable oriented L-Bradlow pairs of type y with weight a*, whose L-sections are non-trivial 
everywhere. 

M s (y, [L], a*, S): 5-stable reduced L-Bradlow pairs of type y with weight a*. 

M s (y, [L], a*, 6): ^-stable oriented reduced L-Bradlow pairs of type y with weight a*. 

For the moduli stack of semistable objects, we use the notation A4 ss (y, a*), A4 ss (y, a*), A4 ss (y, L, a*, <5), 
A^ ss (y, [L], a», (5), etc.. When the parabolic structure of y is trivial, we often use the notation M s {y), 
M s (y, [L},8), M s (y,L,S), etc.. 

Similarly, we also have the notion of <5-(scmi)stability for (oriented, reduced) L-Bradlow pairs. We also 
have 5-/x-(semi)stability. We denote by M s {y, [L],a»,<5) the moduli stack of (Si, <5 2 )-stable oriented reduced 
L-Bradlow pairs of type y with weight a*, for example. 

When any L* G M s (y, a*) satisfies the condition O m , we denote by M. 8 m (y, a*) the full flag bundle associated 
to the vector bundle px *E u (m), where E u denotes the universal bundle over M. 8 m (jj,a :t ) x X. We use the 
notation A4 s n (y, [L], a*, S) and _A/f^(y, [L], a*, <5), etc. in similar ways. If there are no risk of confusion, we will 
often omit to denote m. 
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3.3.2 Harder-Narasimhan filtration and partial Jordan-Holder filtration 

Let (E*, fa) be a 5-semistable parabolic L-Bradlow pair. In this paper, a filtration 

(£i*,<Ai) C (E 2 *,fa) C ••• C (E k ^fa) = (E*,fa) 

is called a partial Jordan-Holder nitration with respect to 5-scmistability, if each (E ist , fa) is <5-semistable such 
that P? E . ^ n = P? E Each Gri(E) := EijE; t -\ has the induced parabolic structure and the L-section Gri(fa), 
and the parabolic L-Bradlow pair (Gii*(E), Gr^ (</>)) is (5-semistable with i^Q r . / E \ Gr (0)) = ^(e </>)■ 

If each (Grj *(£"), Gr, (</>)) is <5-stable, the filtration is called a Jordan-Holder filtration with respect to te- 
stability. It can be shown that the length of Jordan-Holder filtration and the collection of graded objects 
{(Grj*(£ l ), Grj(0))} are independent of the choice of Jordan- Holder filtration. 

Similarly, we have the notion of partial Jordan- Holder filtration with respect to (5-/i-semistability and Jordan- 
Holder filtration. 

Lemma 3.30 Let (E*,fa) be a parabolic L-Bradlow pair. There exists the unique increasing filtration F = 
(Fi(E) I i — 1, 2, . . .) of E with the following properties: 

• The induced objects (Grf (E),fa) are 5-semistable. 

• The inequalities P^ Gi f^ ^.y(t) > P(Gt? (E) <p' )(*) for any sufficiently large t. 

The filtration is called the Harder-Narasimhan filtration with respect to the S-semistability. 
We also have the unique Harder-Narasimhan filtration with respect to the S-^-semistability. 

Proof We give only an outline. We use an induction on rank(_E). In the case rank(L?) = 1, the claim is trivial. 
Take a sufficiently negative number C. We know that the family of saturated subsheaves E' of E such that 
deg(-E') > C is bounded (Proposition 3.34). Therefore, the family of saturated subsheaves E' of E such that 
P(E' </>') — P(E, <f>) 1S DOun ded, where (El, fa) denotes the subobject of (E*,fa). Hence we obtain the finiteness 
of the set S of the polynomials P with the following properties: 

• P{t) > P(E,,<t>){t) f° r an y sufficiently large t. 

• There exist a saturated subsheaf E' of E such that P? E , ^ = P. 

We say P <' Q if P(t) < Q(t) for any sufficiently large t. It gives the total order of S. Let P be the maximum. 
Let T(P ) denote the family of saturated subsheaves E' of E such that P? E , ^ = P . Then it is easy to see 
that (El, fa) is <5-semistable for any E' e T(P ). It is also easy to sec that E[ + E' 2 e T(P ) for E[ e T(P ). 
Therefore, we have the maximum E\ in T(P ) with respect to the inclusion. 

We put E := EjE\, and let 7r : E — ► E denote the natural projection. Let E' C E be any saturated 
subsheaf. If Pf~, ~ > Pf„ . n, then we have Pf , ~ , ,„, > Pf w , >, which contradicts our choice of Et. 

Therefore, we have P^~ i ~ < P^ El <p ± y By applying the hypothesis of the induction, we have the Harder- 
Narasimhan filtration of (E* , fa with respect to 5-semistability Together with the above remark, we obtain the 
Harder-Narasimhan filtration of (E* , fa) with respect to <5-semistability. I 

3.3.3 ((^)-Semistability 

Let P be a polynomial, and let r be a positive integer. Let m be a sufficiently large integer satisfying the 
following condition: 

• Let (E*,fa) be a (5-parabolic L-Bradlow pair with P^ Et ^ = P and ranki? < r. Then satisfies the 
condition O m . 

Definition 3.31 Let (E*, [fa) be a parabolic reduced L-Bradlow pair on X with Pf Em ^ — P, and let J 7 be a full 
flag of H° (X, E(m)) . Let £ be any positive integer. We say that (E* , [fa , T) is (8, 1) -semistable, if the following 
condition holds: 
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• (E 1 ,, [(/)]) is 5-semistable. 

• Take any partial Jordan-Holder filtration of {E*, [4>]) with respect to 8-semistability: 

C Ei 2) C • • • C Ei l - 1] C (Ei l \ cf) C • • • C (Ei k \ 0) 
Then we have T t n H° (X, E^ (m)) = {0} and ^ t H° (X, E^ (m)) /or j < fc. 

VFe denote by M^(y, [L],a», (o~, £)), ifte moduli stack of such tuples (E*, [4>], T). In the oriented case, we 

use the notation M^(y, [L],a*, {$,£)) as usual. 

Similarly, we have the notion of (S,£)-semistability for a L-Bradlow pair (E*,<f>) such that <f> ^ and a 
full flag T of H°(X,E(m)). The moduli stack is denoted by M^(y, L, a*, (6,£)) . When there are no risk of 
confusion, we omit to denote m. I 

Remark 3.32 When £ is sufficiently large, the second condition is trivial. The first condition is equivalent to 
i = l for any J- H filtration. Therefore, (q, E*, 4>, T) is (5,£)-semistable if and only if (E '*,</>) is 5--semistable 
for a parameter 5- < 5 such that \S — 6-\ is sufficiently small. 1 

Lemma 3.33 Let (E* , [<f>] ,T) be a reduced L-Bradlow pair with a full flag T of H° {X, E(m)) . We assume that 
it is (S,£)-semistable. Then the automorphism group of (E*, [4>],J-) is G m . 

Proof Let / be an endomorphism of (E*, [</>], T). We have the generalized eigen decomposition (E 1 *, [(f)], J 7 ) = 
{E lt , (B ® k i=2 {Ei*,T^). But, the condition of (5,£) is not satisfied if k > 2. Therefore, / has the 

unique eigenvalue. Let N be the nilpotent part of /. Let h be the integer such that N h ^ and N h+1 = 0. 
Assume h > 0, and we will derive the contradiction. We put E\ := lmN h and E 2 := KerN h . We have the 
naturally induced parabolic structures and the L-sections <j>i of £V Since we have N(4>) = 0, 4>\ = 0. Then, 
we obtain the partial Jordan-Holder filtration £i* C (E 2 *, <fe) C (£**, <j>) with respect to <5-semistability, due to 
Lemma 3.28. 

We have the induced nitrations JF^ on H G (X , E^m)) and on H°(X, E/E 1 (m)). We have the induced 
isomorphism H°{X, E/Ei(m)) — ► H Q {X,E\{m)), which has to preserve the filtration above. However, 

we have = and T^p ^ due to the (<5, ^)-semistability. Thus we arrive at the contradiction, and hence 
we have h = 0. I 



3.4 Some Boundedness 
3.4.1 Foundational theorems 

Let Ox{l) be a very ample line bundle. Let D denote a Cartier divisor of X. We recall several foundational 
theorems, by following D. Huybrecht-M. Lehn ([28]). 

Proposition 3.34 (A. Grothendieck, Lemma 2.5, [25]) LetT> be a bounded family of coherent sheaf F on 
X. Let C be any positive number. Then we have the boundedness of the family of torsion-free coherent sheaves 
F" with the following property: 

• deg(F") < C. 

• There exists a member F eD such that F" is a quotient sheaf of F. I 

For any torsion- free coherent sheaf E on X, we have the Harder-Narasimhan filtration with respect to the 
standard semistability. We denote the slope of the first (resp. last) term of the Harder-Narasimhan filtration 
by fJ, max (E) (resp. /z m in (-#))■ 

Proposition 3.35 (M. Maruyama [40]) Let H be a polynomial, and let C be a constant. We have the 
boundedness of the family of torsion-free coherent sheaves F on X satisfying n msix (F) < C and Hp = H . I 

We use the notation [x]+ = max{x,0} for any real number x. 
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Proposition 3.36 (C. Simpson [53]) Let r be a positive integer. Then there is a positive constant c such 
that the following inequality holds for every n-semistable sheaf F satisfying rank(L) < r and pt(F) < jj,: 

< -__([ M + C ]^). 



rank(L ) ~ g d ~ x d\ 

Here d denotes the dimension of X , and g denotes the number ci(Ox(l)) d f~l [X]. I 
3.4.2 Boundedness of semistable L-Bradlow pairs 

Let y be an element of Type, and let a* be a system of weights. Let I be a line bundle over X, and let 8^ 
be an element of 'P br . Let SS(y, L, a*, 8^) denote the family of parabolic L-Bradlow pairs (E*,(f>) such that 
<j> =/= with the following properties: 

• The type of E* is y, and the weight of the parabolic structure is given by a*. 

• (-E 1 *, 4>) is (5-^i-semistable for some 8 < 8^ in P bl . 
Lemma 3.37 The family SS(y,L,a*,5^) is bounded. 

Proof Let (E*,(fi) be a member of SS(y, L, a*, 8^). Assume that it is <5-/i-semistable for 8 G "P br . Let E' be 
the first member of the Harder-Narasimhan filtration of E with respect to the standard semistability. Then we 
have the following inequalities: 

e(E' , cj)) ■ St op , €{E,4>) ■ 8 top 8^ p 



Mmax (£) = »{e>) < + \::'r < ^ + n J op < m^*) + ■ 



rankL' — rankL ~ rankL 

The last term depends only on (y, 8^). Thus we obtain the boundedness from Proposition 3.35. I 

Recall the following important observation due to Thaddeus [54] . 

Proposition 3.38 Take an element y € Type and a line bundle L on X . Assume r = rank(y) > 1. Let 8 be 
an element of V hv satisfying the following condition: 

Sto P > ^(/i(v,a.)-deg(£)). (32) 

Then, there does not exist 8-semistable parabolic L-Bradlow pair (E*,<fr) of type y such that (j) =/= 0. 

Proof Let (£?*, (ft) be a <5-semistable L-Bradlow pair such that <fi 0. The L-section <j> generates the subsheaf 
E' of E with rank E' = 1. Due to the stability, we have the following inequality: 

We also have fi(El) > n(E') = deg(E') > deg(L). Therefore, we obtain the following: 

(i- J) -<W <M#*) -deg(L). 

Thus we are done. I 
Corollary 3.39 The family SS(y, L, a*) := \J Se -pb r SS(y, L, a*, 8) is bounded. 

Proof It follows from Proposition 3.38 and Lemma 3.37. S 

Let L = (Li,L 2 ) be a pair of line bundles on X. Let = (<^° ', 8% ) be an element of V hT . Let 
SS(y, L, a», S^) denote the family of parabolic L-Bradlow pairs (L»,</>) of type y with weight a* such that 
<j>i ^ 0, which is (Si, <5 2 )-^-semistable for some Si < S^K By an argument similar to the proof of Lemma 3.37, 
we can show the following: 
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Lemma 3.40 The family SS(L, a*, 6) is bounded. I 

By an argument similar to the proof of Proposition 3.38, we can show the following lemma. 
Lemma 3.41 There exists 5^ such that the following holds for any S 2 > 5^ and for any S\: 

• There does not exist any (Si, 5 2 )-semistable L-Bradlow pair (.£*, <j>\, fa) of type y such that (p 2 ^ 0. 

In particular, we obtain the boundedness of the family SS(L, a*, Si) := {J 52 SS(L, a*, (Si,S 2 )) ■ I 

3.4.3 Boundedness of Yokogawa family 

Let y be an element of Type, and let L be a line bundle on X. Let us fix a system of weights a*, and we put 
ei := a i+ i — oti. For each positive integer m, let us take an 7J 3/ (m)-dimensional vector space V m . Let P m denote 
the projectivization of V m , i.e., P m := P(V^). We also take an inclusion l : 0(—m) — > L. 

Definition 3.42 A Yokogawa datum of type (y,m) is defined to be a tuple (q,E*, (f>, W*, [(f)]) as follows: 

• (E*,(f>) is a parabolic L-Bradlow pair over X , such that type(E*) = y. 

• q is a generically surjective morphism V m ,x — > E(m), where we put V m ,x '■= V m ® Ox- 

• W 7 * = (Wi, . . . , Wi) is a tuple of sub spaces of V m such that dimW^ = H y (m) — H y ^(m). We assume that 
H°(q){Wi) is contained in H°(X,F i+1 (E)(m)) . 

• [(f)] is a point ofP m , and there exists a non-zero scalar c such that H°(q)((f>) = c - i((f>), where i((f)) denotes 
the section of E(m) induced by t and <f>. 1 

Definition 3.43 Let S be an element of V hl . Let K be any non-negative number. Let YOK(to, K, y, L, 8) 
denotes the set of Yokogawa data (q, E*, <f>, W t , [(/)]) such that the following inequality holds for any subspace 
WcV m : 

1 

P & y a * (to) • mnk£ w - e(W, [0]) ■ S(m) - e * ' dim(W l n W) - Qi • dim(VF) + K > 0. (33) 

i=l 

Here, Ew denotes the subsheaf of E(m) generated by W and q, and e(W, [(f)]) is defined to be 1 ([(f)] £ Ww) or 
([4>] $.F W ). We remark e(W, [(f)]) — e(£ w (—m),(f)), where e(£ w (—m),(f)) is given as in (29). K 

For each positive integer N, we put yOK,(N, K, y, L, 5) := U m >w YOK(m, K, y, L, 5). Following Yokogawa 
[61], wc consider the family yOK,(N, K, y, L, 5) of quasi-parabolic L~Bradlow pairs (E, F*,<f>) of type y such that 

there exists a lift (q, E, F*, </>, W„, [(f)]) £ yOIC(N, K, y, L, 5). The family will be called the Yokogawa family. 

Proposition 3.44 There exists a small positive number K a = K (y, L, S) and a large integer N n — N (y, L, S) 
such that the following holds: 

• The family yOJC(N , K n , y, L, 5) is bounded, and it satisfies the condition O m for any to > N . 

• For any (q, E* , <p, W* , [(f)] ) £ yOJC^No, K ,y, L, S) , the morphism q is surjective. In particular, H°(q) : 
V m — y H (X, E(m)) is isomorphic. 

• All members of yOIC(N , K ,y, L,S) are S-semistable. 

Proof We follow the argument of Yokogawa [61]. We begin with the following lemma. 

Lemma 3.45 Let (E*, (f>) be a parabolic L-Bradlow pair contained in the family yOfC(N, K, y, L, 8) with a lift 
(g, E*,(f), W*, [((>]) . Let E' denote a quotient sheaf of E. Then the following inequality holds: 

P 6, a , (m) < h\E'M))+<E'A)-5{m)+K 

r * [m) ~ rank(£') ' W 
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Proof Let W denote the kernel of the composite of the morphisms: 

V m H°(X,E(m)) > H°(X,E'(m)) 

Let £w denote the subsheaf of E(m) generated by the image of W via q. Due to (33), we obtain the following 
inequality: 

P^ a * (to) • rank(£ w ) + e(W, 4>) ■ 5{m) dim{W l n W) - «i dim(VK) + K > 0. 

i 

We have the inequalities dim(Wi[~lVK) > dim(Wj) — h°(F i+ i(E')(m)) for i = 1, . . . , I. We also have the equalities 
e(W, [(f)]) + e(E', [4>'\) = 1, where <j>' is the induced L-section of E 1 by (f>. Since q is generically surjective, we 
have rank(S') + rank(fiy) = rank(S). Thus, we obtain the following inequality: 

< Py' a *(m) ■ rankS - 5{m) - ^ e 4 • dim(Wj) + ■ h° (F i+1 (E'){m)) - on dim(W) 

i i 

- P^ a * (to) • rankS' + e(E' , <j>') ■ S(m) + K. (35) 

We have the following equality: 

P*< a * (to) • rankS - 5{m) - ^ e 4 • dim(Wi) - an dim(W) 

i 

= H{m) - e» • Hi(m) - ^ e 4 • dim(W 4 ) - ai dim(V) + a x dim(V/W). (36) 

Since we have the equalities dim(Wj) = H(m) — i?,(m) and dim(F) = H(m), the right hand side equals 
to o.\ dim(V/W). We have the inequality dim(V/W) < dim H° (X , E' (m)) . Hence we obtain the following 
inequality: 

< - rank(S') • P S ' a * (to) + h° {K (to)) + e(E' , <j>) ■ S(m) + K. 
Then (34) immediately follows. I 
Lemma 3.46 There exists an integer N\ such that the Yokogawa family yOK,(N\,K,y,L,6) is bounded. 

Proof We put d := dimX and g := ci(Ox(^)) d H [X]. Take a sufficiently negative number C satisfying the 
following inequality for any sufficiently large t: 

(C + tg + c) d + S(t) + K< P S ' a * (t). 

Take a large integer Aq such that the following inequalities hold for any m > Aq: 

C + mg + c>0, S(m)>0, ^° * ™ g + ^ + 6{m) + K < P a " 5 (m) . 

Then we will show that yOK{N x ,K, y, L, 5) is bounded. 

Let (-E 1 * , 0) be a parabolic L-Bradlow pair contained in the family yOK.(N\, K,y, L,5). Let E' denote 
the last member of the Harder-Narasimhan filtration of E with respect to the standard semistability. Assume 
yu(S') < C, and we will derive the contradiction. Due to Proposition 3.36, we have the following inequality: 

h°{Ei(m)) h°(E'(m)) [y(E r ) + mg + c] d + 
rank(S') " rank(S') " g^dl 

By the assumption n(E') < C, we obtain the following inequality: 

rank(S') g d ^ i d\ 
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However, it contradicts with (34). Thus wc obtain n(E') > C. It implies [i max (E) < C for some constant C, 
and thus we obtain that the family yOK{N\, K, y, S) is bounded due to Proposition 3.35. I 

Then, there exists an integer N 2 such that the family yOK.(N 2 , K, y, L, S) satisfies the condition O m for any 
m > N 2 . 

Lemma 3.47 Assume K\ is strictly smaller than ct\. Then, the map H°(q) : V m — ► H°(X,E(m)) is isomor- 
phic for any (g, E, F*, <f>, W*, [4>]) G yOK,(N 2 , K\,y, L, 5). In particular, q is surjective. 

Proof We have only to check that H°(q) is injective. Let W denote the kernel of H°(q). Then we obtain the 
following inequality from (33): 

-J2 €i ' dim ( w i H W) - ai • dim(W) +K 1 >0. 

Since K\ is strictly smaller than ot\, we obtain dim(IT) = 0, i.e., H°(q) is injective. I 

Let us finish the proof of Proposition 3.44. Let us consider the family S\ of parabolic L-Bradlow pairs 
(El,(j)') with the following property: 

• There exists some (E *,</)) G yOIC(N2, K\, y, L, S) such that (E^ft) is isomorphic to the last member of 
Harder Narasimhan filtration of (E* , cf>) with respect to <5-semistability. 

Since Si is bounded, the number of the Hilbert polynomials of members in Si is finite. Therefore, there exists 
a small positive number K < Ki and a large integer 7V > N 2 such that the following holds for any m> N - 

• Let {E*,(j)) be a member of yOK,(N , K , y, L, 5), which is not (5-semistable. Let (E'^,(p') denote last 
member of the Harder-Narasimhan filtration of (E x , </)) with respect to <5-semistability. Then, the inequality 
P (E> ,<t>')<J) + K o< Py°' a '{t) holds for any t > m. 

• The family Si satisfies the condition O m . 

Let (E t ,<j>) be a member of yOJC{N , K , y, L, 5), and let {q,E*,<p,W*, [<f>]) be its lift in yOK,(N , K ,y, L,S). 
Assume (S*,</>) is not 5-semistable, and let (El,<j)') be the last member of the Harder-Narasimhan filtration of 
(E* , (f>) with respect to the (5-semistability. Then, we obtain the following inequality from (34) and the second 
condition: 

P 8. a , ,s < h°(E:(m))+e(Ei,t)-S( m ) + K 

P v M< <P (B ,^(m)+^o 

It contradicts with the first condition. Thus we are done. i 

3.5 1-Stability Condition and 2-Stability Condition 
3.5.1 Parabolic sheaf 

Let y — (y,yi, . . . ,yi) be an element of Type, and let a* = (ai, . . . , a/) be a system of weights. 
Definition 3.48 

• We say that the 1-stability condition holds for (y,a*), if M s {y,a st ) = M ss {y,a st ) holds. 

• We say that the 2-stability condition holds for (y,a*) ; if the automorphism group of E* G M. ss (y,a*) is 
G m or G 2 m . I 

Lemma 3.49 The 2-stability condition for (y,a*) is equivalent to the following condition: 

• Let E* be a parabolic sheaf of type y with weight a* , which is polystable but not stable. Then we have the 
unique decomposition E* = E\ * © E 2 *, where E isr are stable parabolic sheaves with weight a* such that 
Ei * 9^ E 2 » . 
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Proof Assume that the 2-stability condition holds. Let E* be a polystable parabolic sheaf of type y with 
weight a* . We have a decomposition £7* = E\ * © E 2 * . If one of 2?j * is not stable, then by taking the graduation 
of a Jordan-Holder filtration, we obtain a polystable parabolic sheaf E^ — E[ „ © E' 2 ^ © E' 3 ^ of type y with 
weight a*. However, the automorphism of E[ t is G^, which contradicts with the 2-stability condition. 

Assume that the condition above holds. Let E* be a semistable parabolic sheaf of type y with weight a* . Let 
/ : E„ — ► E* be an endomorphism. The eigenvalues of / are constant. Let E* = i=1 be the generalized 
eigen decomposition of /. We have the decomposition / = © i=1 /j. If -/V > 3, the length of a Jordan-Holder 
filtration is longer than 3, and hence we have a polystable object which has more than three stable components. 
Hence N < 2. 

In the case N = 2, it can be shown that E ir are stable by the same argument. Hence the automorphism 
group is G 2 m . 

Let us consider the case N = 1. If £7* is stable, the automorphism group is G m . In the case £?* is not 
stable, the length of the Harder-Narasimhan filtration is 2. Moreover, the graded components are not mutually 
isomorphic. Hence the automorphism group is G m . I 

In the above argument, the following corollary is proved. 

Corollary 3.50 Assume that the 2-stability condition holds for (y,a*). Let E % be a semistable parabolic sheaf 
of type y with weight a* . Then one of the following holds: 

• £7* is stable. 

• E* is uniquely decomposed into E\* © E2*, where Ei* are stable such that E\* E2*. 

• We have the non-split exact sequence — ► E\ * ► £7* — ► E 2 * — ► 0, where Ei * are stable such that 

£1*9^2*. I 

3.5.2 Parabolic L-Bradlow pair 

Let L be a line bundle on A, and let 5 be an element of V hl '. 
Definition 3.51 

• We say that the 1-stability condition holds for (y, a*,L, S), if M s (y, [L],a*,5) = M ss (y, [L],a*,5) holds. 

• We say that the 2-stability condition holds for (y,a*,[L],6), if the automorphism group of (E*,<f>) £ 
M ss (y,[L],a*,5) is G m or G 2 m . I 

Definition 3.52 Fix a type y £ Type, a system of weights a* and a line bundle L. A parameter S £ "P br is 
called critical for (y, a*,L), if the 1-stability condition does not hold for (y, a*, L, 5). The set of such critical 
parameters is denoted by Cr(y,a*,L). I 

Lemma 3.53 The set Cr(y, L, a*) of critical values is finite. 

Proof We may assume rank(y) > 1 and n(y, a») > 0. Recall Proposition 3.38. We can take a sufficiently 
negative number C such that there does not exist ^-semistable L-Bradlow pairs for any S top > — C. 
Let Si denote the family of L-Bradlow pairs (E^, <j>') with the following property: 

• There exists a member (E*,<j>) of SS(y, L, a*) such that (E^, </>') is a saturated subobject of (E*, <j>). 

• dcg(i?:) > c. 

Since S\ is bounded (Proposition 3.34), we obtain the finiteness of the set T\ of the polynomials H such that 
There exists a member (El, (/>') £ Si satisfying He> = H. 

Let 5 be an element of Cr(y, L, a*). Then there exists a (5-semistable (E*,<f>) such that 0^0, which has a 
non-trivial partial Jordan-Holder filtration (E^cj)') C (E*,(f>). We have the following equality: 

deg(El) + e(E',cj)')-8 top = dcg(E.) + 6 top 
rank E' rank E 
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Since we have 6 top < — C, we obtain the following inequality: 

deg(K) > rank(P') • n(E*) - <5 top > C 

Hence, (E^cj)') is a member of 5i. We have the equality P^ E , ^ = P^ E , Hence there exist H G T\, an 
integer n and an integer e satisfying the following: 

1 e \ c H E H n n 

)-S=—^ , 0<n<r, e = 0, or 1 

r n / r n 

Thus we obtain the finiteness of Cr(y, L, a*) from the finiteness of 7i I 

Corollary 3.54 If 8' ^ 8 is sufficiently close to some element 8 G V hl , the 1-stability condition holds for 
(y, L,a*,8'). If 8 is sufficiently close toO, the 1-stability condition for (y, L,a*,8'). S 

Lemma 3.55 let So be an element ofV hr . If 8\ G P br is sufficiently close to So, any Si-semistable L-Bradlow 
pair is also So-semistable. 

Proof Let S, Si and 7i be as in the proof of Lemma 3.53. Let r\ and e be integers such that < r\ < r and 
e = 0, 1. We put P(H, n,e, 8) := rj" 1 (H + e-S) for any 8 G P br and H G If 8i is sufficiently close to S , the 
following holds: 

(A) P(H, n, e, <5i)(t) > implies P(i?, r\, e, So){t) > for any sufficiently large t. 

Let Si be as above. We may assume that the 1-stability condition holds for (y,L, a*,8i). Let (£?*,</>) be 
<5i-stable L-Bradlow pair of type y, and we assume that it is not <5-semistable. Then there exists a saturated 
subobjcct (El,cj)') of (E*,4>) with the following property: 

• P (k^')^ - p (k,<t>)^ for an y sufficicn % lar ge t. 

• P (k,<t>')^ - P (k,<t>)^ for any sumcientl y lar § e *• 

Then (E' t ,<j/) is a member of Si due to the first inequality. Therefore, the two inequalities contradict with the 
condition (A) above. Thus we are done. I 

By a similar argument, we can show the following. 

Lemma 3.56 let y be an element of Type, and let a* be a system of weights. Assume 8 is sufficiently small. 
Then, E* is semistable if (E*,4>) be a 8-stable L-Bradlow pair. 

Proof Let S be a family of ^-semistable parabolic torsion- free sheaves of type y. Let S denote the family of 
parabolic torsion-free sheaves El with the following property: 

• There exists E* G S such that E' t is a saturated subobject of E*. Moreover, we have /J,(E' r ) — fi(y, a*). 

Let T denote the set of the polynomials P such that P ^ Py* and P = Pe^ for some E^ G S. Since the families 
S and S are bounded, the set T is finite. We take a positive number S\ satisfying the following: 

°< s i< m 1 u ^ min { \ p -Py'\\Pe T) 
10 • rank(y) ^ y 1 ' 

We regard Si as the polynomial of degree 0. 

Let (E*, <j>) be a <5i-semistable L-Bradlow pair of type y with weight a*. It is easy to observe that E* is 
/^,-semistable. Let E^ be a subobject of E*. In the case /z(££) < /i(P*), we obviously have Pe> < Pe,- Assume 
n(E' t ) = /j,(E*) and P^/ 7^ Pe,. Then 2s£ is a member of S, and Pg^ is a member of T. Due to <5i-semistability 
of (E*,<fi), we have the following: 



rankP' * ranki? 

It implies Pg/ < Pe, due to our choice of Si. 

By an argument similar to the proof of Lemma 3.49, we obtain the following lemma. 
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Lemma 3.57 The 2-stability condition for (y,a*,L,S) is equivalent to the following: 

• Let (E*, 4>) be a parabolic L-Bradlow pair of type y with weight a* such that <p ^ 0, which is 5-polystable 
but not 6 -stable. Then we have the unique decomposition (E*,4>) — (Ei*,<f>i) (&E 2 *, where (£?!*, </>i) is 
S-stable and E 2 * is stable. 

Moreover, when the 2-stability condition holds for (y, a*, L, 5), one of the following holds for any 8-semistable 
parabolic L-Bradlow pair (E*, <j>) of type y with weight a* such that <f) ^ 0. 

• (E*,<f>) is S-stable. 

• (E *,</>) is uniquely decomposed into (E*,<j>) = (Ei*,<j>i)(BE 2 *, where (Ei *, <j>) is 5 -stable and E 2 * is stable. 

• We have the non-split exact sequence — ► (Ei*,<j>i) — > (E *,<$>) — ► E 2if — > or — ► E 2 * — > 
(E*,<f>) — ► (Ei*,<fii) — ► 0, where (Ei*,<f>) is S-stable and E 2sf is stable. i 

3.5.3 Parabolic L-Bradlow pair 

Lot L = (Li,L 2 ) be a pair of line bundles on X, and let S = (Si,S 2 ) be elements of ("P br ) 2 . Similarly, we have 
the notion of 1-stability and 2-stability conditions. 

Definition 3.58 

• We say that the 1-stability condition holds for (y, a*, L, 6), if Ai s (y, [L], a*, S) = Ai ss (y, [L], a*, S). 

• We say that the 2-stability condition holds for (y, a*,L, 6), if the automorphism group of any (E*, cf>) G 
M ss (y,[L],a*,5) is G m or G 2 m . I 

Definition 3.59 

• Fix a type y G Type, a system of weights a* and a pair of line bundles L. A parameter 5 G V w 2 is called 
critical for (y,a*,L), if the 1-stability condition does not hold for (y,a*,L,8). The set of such critical 
parameters is denoted by Cv(y,a*,L). 

• We also put as follows: 

Cr(y,a*,L,8i) := {^2 G T hr | (5i,tf 2 ) G Cr(y,a»,L)} 

Any element S 2 G Cr(y, a*, L, Si) is called critical for (y,a*,L,8i). 1 

We can show the following lemma by using Lemma 3.41 and an argument similar to the proof of Lemma 
3.53. 

Lemma 3.60 The set Cr(y, L,a*,8i) is finite. 1 

By an argument similar to the proof of Lemma 3.55, we can show the following lemma. 

Lemma 3.61 If 5' 2 are sufficiently close to S 2 , any (Si, 5' 2 )-semistable L-Bradlow pair is also (Si, S 2 )-semistable. 

If 8' 2 is sufficiently close to 0, the Li-Bradlow pair (E*,<j>i) is Si-semistable for any (Si, 5 2 )-semistable L- 
Bradlow pair (E„, (f>i, 4> 2 ). I 

Lemma 3.62 Assume that Si + S 2 is sufficiently small as in Lemma 3.56. Then, if (E*,(j)i,(j) 2 )is a (Si,5 2 )- 
semistable L-Bradlow pair, E* is semistable. I 

Lemma 3.63 If both of Si are sufficiently small, the following claims hold: 

• If the 1-stability condition holds for (y,a r ), then the 1-stability condition holds also for (y,a*,L,8). 

• Even if the 1-stability condition does not hold for (y,a*), the 2-stability condition holds for (y,a*, L,6). 
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• If the 1-stability condition does not hold for S = (Si, 82), the equality Si/ri = S 2 /r 2 holds for some 
decomposition n + r 2 = rank(y). 

Proof We take Si as in the proof of Lemma 3.56. The first claim is clear. Let us see the second claim. Let 
(F*, </>i, </> 2 ) be a (Si, ^-polystable (L\, L 2 )-Bradlow pair of type y with weight a* such that ^ 0. We 
remark that E* is semistable. Since Si are sufficiently small, the number of stable components are at most 
2. If it is decomposed, it is of the form (E\ * , <j)\ , 0) © (E2 *, 0, fa), where (Ei*,<pi) are ^-stable with 4>i 7^ 0. 
The components are not isomorphic. Hence the 2-stability condition holds. The third claim also immediately 
follows. I 

3.6 Quot Schemes 

3.6.1 Preliminary 

Let y be an element of H CV (X). We will denote y ■ ch(C(m)) by y(m) for any integer m. We also have the 
element det(y) = y\, where y\ denote the iJ 2 (X)-component of y. 

Let H y be the associated Hilbcrt polynomial to y (the subsubsection 3.2.4). Take a large integer m such 
that Hy(m) > 0. We also assume that any line bundles M with C\(M) — det(y(m)) satisfy H l (X,M) = 
(i > 0). 

We take an H y (m)-dimensional vector space V m over k. We denote V m (g> Ox by V mi x- 

3.6.2 Quotient sheaves 

A pair of [/-coherent sheaf £ on U x X and a surjection q : p\jV m ,x — > £ is called a [/-quotient sheaf of 
V m ,x, which is denoted by (q, £) or simply by q. A [/-quotient sheaf (q,£) with an orientation p is called an 
oriented [/-quotient sheaf of V m ,x- The type of (q, £) or (q,£,p) is defined to be the type of £(—m). (See the 
subsubsection 3.1.4 for the type.) 

Recall that the moduli functor of quotient sheaves of V m ,x with type y is representable, and the moduli 
scheme is projective. ([25]). We denote it by Q(m, y). Let (q u , £ u ) denote the universal quotient sheaf of V m ,x 
on Q(m, y) x X. A point of Q(m, y) is denoted by the corresponding quotient (q, £) . We have the right action 
of GL(V m ) on Q(m,y) given by g ■ (q,£) := (qog,£). 

Let (q, £) be a [/-quotient sheaf of V m ,x with type y defined over U x X. We say that (q,£) satisfies the 
(TFV)-condition, if the following holds for any u 6 U: 

(TFV): The sheaf £\{ u }xx is torsion-free, the induced map V m — ► H°(X, £\{ u }xx) is isomorphic, and 
H l (X, £\f u \ x x) vanish for any i > 0. 

In general, the condition determines the maximal open subset of U on which the (TFV)-condition holds. In 
particular, it determines the open subset of Q(m,y), which is denoted by Q°(m,y). 

Let Or(£ u ) denote the orientation bundle, which is the line bundle on Q(m,y). The moduli functor of 
oriented quotient sheaves of V m ,x with type y is representable by Q(m,y) := Or(£ u )* . We have the induced 
right action of GL(m) on Q(m,y). We put Q°(m,y) :— Q°(m,y) XQ( m .y) Q( m ^y)- 

3.6.3 Quotient quasi-parabolic sheaves and the Maruyama-Yokogawa construction 

Let D be a Cartier divisor of X. Let y and V m .x be given as above. A [/-quasi-parabolic quotient sheaf (q, £, F») 
of V m ,x on U x (X, D) is defined to be a [/-quotient sheaf (q, £) of V m .x with a [/-quasi-parabolic structure 
F* of £ at D. The type of [/-quasi parabolic quotient sheaf (q, £, F„) of V m ,x is defined to be the type of the 
underlying [/-quasi-parabolic sheaf (£(— m), (See the subsubsection 3.1.4 for the type.) 

Let y be an element of Type, whose i?*(A)-component is y. Let (q,£,F*\ be a [/-quotient quasi-parabolic 
sheaf of V m ^x with type y on U x (X, D). We say that (q, £, F*) satisfies the (TFV)-condition for quasi-parabolic 
shaves, if the following holds for any u s U and for any i: 

(TFV): (q,£) satisfies the (TFV)-condition. Moreover, the sheaves Fi(£)^ u j xX and Coki(£)^ u j xX are gen- 
erated by global sections, and the higher cohomology groups of Fi(£ )|{„} x x and Coki(£)^ u j xX vanish. 
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In general, the condition determines the maximal open subset of U on which the (TFV)-condition holds. 

We put Hi := H y j. Let Q m .i denote the scheme representing the moduli functor of the quotient sheaves of 
V m ,x whose Hilbert polynomials are Hi. We have the natural right GL(V^ n )-action on Q m ,i- We have the open 
subset U mi i of Qm.i given by the conditions that W[X,£i) = for any j > and that V m — ► H°(X, Si) is 
surjective. Let G m ,i denote the Grassmannian variety, which is the moduli of Hi (m)-dimcnsional quotient space 
of the vector space V m . We have the GL(V m )-equivariant morphism of U m ,i to G m ,i by the correspondence: 

(qi,Si) — > (H°(q t ) : V m -> H° (X, E t (m))) . 

Let Of? (m,y) denote the open subset of Q(m 7 y) consisting of the points corresponding to the torsion- 
free quotients. For the construction of the moduli of semistable parabolic sheaves, Maruyama and Yokogawa 
constructed the scheme T which is obtained as the subscheme of Q*^(m, y) x Yi\ U m ,i- (See section 3 of [41].) 
The scheme F is the moduli of quotient quasi-parabolic sheaves (q,£, F») of V m< x with type y satisfying the 
following conditions: (i) £ is torsion- free, (ii) The higher cohomology groups of Cokj(£) vanish, and V m — ► 
H°(X, Cokj(f )) are surjective for any i. 

Moreover, the (TFV)-condition determines the open subset of T, which is denoted by Q°(m, y). The scheme 
Q°(m,y) represents the moduli functor of quotient quasi-parabolic sheaves of V m ,x with type y satisfying 
(TFV)-conditions. We have the universal objects on Q°(m,y) x X, which is denoted by (q u , £ u , F") . We have 
the right GL(V m )-&ction on Q°(m, y) given by g ■ (q, £, F t ) := (q o g, £, F#). 

Let Picx (c) denote the component of the Picard variety of X such that any line bundle M G Pic^c (c) satisfy 
Ci(M) = c. Let Voinx(c) denote the Poincare bundle on Picx(c) x X. Then we obtain the locally free sheaf: 

rank y 

Z m := px*Uom(^ f\ V m ,x, Voin x (det y{m)) j . (38) 

The projectivization Z m is called the Gieseker space. We have the natural right action of GL(V m ) on Z m . 

It is known that the correspondence (q, £) i — > i?°(/\ r q) gives the GL(Lv l )-equivariant morphism of Q°(m, y) 
to Z m , which is known to be an immersion. Therefore, we obtain the morphism Q°(m,y) x Yii U mt i — ► 
Z m x J\i G m .i. By the composition of the inclusion Q°(m, y) — ► Q°(m, y) x \\ i U mt i, we obtain the GL(V m )- 
cquivariant morphism Q°(m, y) — > Z m x J[ i G m ,i- The following lemma was shown in [41]. 

Lemma 3.64 ([41], Proposition 3.2) The morphism Q°(m,y) — ► Z m x ^ G mi j is an immersion. 

Proof We give only some remarks. Since the morphism Q°(m,x) — > Z m is an immersion, we have only to 
care the morphism of Q°(m,y) to Q°(m,y) x ]]G ra; i. Recall the precise result of Maruyama and Yokogawa: 
Let a* be a system of weights. Let T ss denote the open subscheme of T such that the corresponding parabolic 
sheaves (£, F#, a*) are semistable. We may assume that the (TFV)-condition holds for each member T ss . 

They showed that the morphism of T ss to Q°(m, y) x f\ i G m .i is immersion. Their argument can be sum- 
marized as follows: 

(i) Construct a subscheme Z of Q(m, y) x J|- Q m .i x G m .i such that the projection of Z to Q(m, y) x J7- G TOi j 

is immersive. (Z is denoted as A{ Xq XqA§ Xq • • • Xq A° in [41].) 

(ii) The morphism T ss — > J\ i G m! i gives the graph Q, which is a subset of Q(m,y) x J\ i Q m ,i x Yii G m .i- It 

can be shown that Q is contained in Z. Then the projection of Q to Q(m,y) x Yii G m< i is immersive. 
Hence the morphism T ss — ► Q tf (to, y) x Yii G m i is immersion. 

For the argument, we need the only fact that each member of T ss satisfies the (TFV)-condition. (It is given as 
the conditions (3.0.1) and (3.0.2) in [41].) Thus the morphism Q°(m,y) — >Z m x[] 1 G m i is immersive. See 
[41] for more detail. I 
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3.6.4 Quotient parabolic L-Bradlow pair 



Let L be a line bundle on X . Fix a non-trivial morphism i : 0(— m) — ► L. Let q : p\jV m ,x — * £ be a {/-quotient 
sheaf with type y defined over U x X satisfying (TFV)-condition. We have the morphism £ (— m) ® L -1 — ► 5 
induced by t. Let </> be an L-section of £(—m). Then i and induce the O-section l{4>) of £. 

Definition 3.65 (Quotient L-section) Let (q,£) be a quotient sheaf of V m ,x defined over U x X. An Ox- 
section 4* of pl/Vm.x is called a quotient L-section of (q, £) with respect to l, if there exists an L-section of 
£(— m) such that i(<p) = q o </>. 

The condition means that the element q o <fi £ T(U x X, £) is contained in T(U x X, £{— m) ® where 
the inclusion £(— m) ® L _1 — > £ is given fry t. I 

Definition 3.66 ^4 quotient U -quasi-parabolic L-Bradlow pair of V m> x with type y onU x (X, D) is defined to 
be a pair (q, £, F*,<j>) of quotient U -quasi parabolic sheaf (q, £, F») of V m ,x with type y over U x (X, D) and a 
quotient L-section <f> with respect to i. I 

Let us construct the moduli scheme Q°(m,y,L) of quotient quasi-parabolic L-Bradlow pairs of V m ,x with 
type y satisfying (TFV)-condition, whose L-section is non-trivial everywhere. We put Q°(m,y, 
Q°(m, y)xV^. Let ir denote the projection of Q°(m, y, O(-m)) xX onto Q°{m, y)xX. On Q°(m, y, 0{—mj) x 
X, we have the quotient quasi-parabolic sheaf Tr*(q u , £ u , L") of V m _x with type y. We also have the canonical 
Ox-section <j> U of p* QO{m y t o{- m )) v m,x, which is induced by the identity of V m . 

We have the composite A of the following morphisms on Q° (m,y,0(—m)) x X, where the last quotient 
sheaf is induced by i: 

-TV. » „ -W*f U 

U Q°(rn,y,0(-m)) > Pq° ( m ,y,0(-m)) V ™,X > 7T fc > TT*£ u (—m) <8> L _1 ' 

Recall the following result (Lemma 4.3 of [60]) due to Yokogawa. 

Lemma 3.67 Let f : X > S be a proper morphism of Noetherian schemes and <f> : I — ► F be an Ox~ 

morphism of coherent sheaves. Assume that F is flat over S . Then there exists a unique closed subscheme Z 
of S such that for all morphism g : T — ► S, g*<f> = if and only if g factors through Z. i 

Remark the following easy lemma. 

Lemma 3.68 Let E be a U -coherent sheaf on X x U such that E\x is torsion-free for any u £ U . Let D be a 
Cartier divisor of X . Then E ® Od is flat over U. 

Proof Let / be any local section of Ox, and let T be any Oy-coherent sheaf. We have only to show the 
injectivity of the endomorphism of E ®o v F induced by /. By considering the support of 7ix(Ker(/)), we can 
reduce the case U = Spec(L") and T — Ou for some field K. In the case, the claim is trivial. I 

Due to the above two lemmas, the vanishing condition of A gives the closed subscheme of Q° (m, y, 0{— m)) , 
which is Q°(m,y 7 L). By the construction, it is easy to see that Q°(m,y,L) has the desired property. We 
denote the universal pair on Q°(m, y,L) x X by (q u , £ u ,F^,(j) ) . We remark that we have the unique L-section 
4> u of £ u (-m) such that i{<j) u ) = q*{f). 

The right GL(V^)-action on Q°(m,y, 0{— to)) is given by g ■ (q, £ , F„, 4>) — (qog, £ , F», g^ 1 o (f>) . The action 
can be naturally lifted to the action on the universal object. Note that Q°(m,y,L) is a closed GL(V m )-stable 
subscheme of Q° (m, y, 0(— m)) . 



3.6.5 Quotient reduced L-Bradlow pair 

Let i : O — ► L(m) be the fixed non-trivial morphism. Let q : p\jV m ,x — > £ be a [/-quotient sheaf of V m ,x 
defined over U x X. A reduced Ox-section [<j>] of p}jV m ,x and q induce the reduced Ox-section q*([(f>]) of £ . 
On the other hand, a reduced L-section [<j)\ of £ (— m) and t induce the reduced Ox-section t ([(/>]) of £. 
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Definition 3.69 



• A reduced Ox -section \(f>] ofp{jVm,x is called a quotient reduced L- section if there exists a reduced L- section 
of £(—m) such that i{[4>\) — ?*([</>])• 

• A quotient U -quasi-parabolic reduced L-Bradlow pair ofV m ^x with type y on U x X is defined to be a tuple 
(g, £, F*, [0]) of quotient U -quasi-parabolic sheaf (g,£,F*) of V m .x with type y and a reduced L-section 
[(f)] of £{—m). We also assume that [(f)] is non-trivial everywhere. 1 

Let us construct the scheme Q°(m, y, [L]) representing the moduli functor of quotient quasi parabolic reduced 
L-Bradlow pair of V m .x with type y satisfying (TFV)-condition. We have the free G m -action on the scheme 
Q°(m,y,L) defined by t ■ (q,£,F*,0) = (g,£,F.,t ■ J). Then we put Q°{m,y, [L]) := Q°(m,y, L)/G m . It is 
the closed subscheme of Q°(m,y) x P m . Due to the naturally defined morphism tt : Q°(m,y, [L]) x X — > 
Q°(m,y) x X, we have the quotient quasi parabolic sheaf F") := (ir* q u , ir* £ u , ir* F") . The morphism 

4> naturally induces the reduced Ox-section [<j> ] : pQo^y^Ox ® Ov m {-l) — > P*Q°(m, y ,[L]) V m,x- We also 
have the reduced L-section [<j> u ] : P* Q o (m ^ [L]) L ® Op to (-1) — ► V*Qo {m ^ [L]) £{-m). 

Lemma 3.70 Q°(m,y,[L]) has the desired universal property, and (q 11 , £", F™, [4> u \) is the universal object. 

Proof We give only an outline. Due to Lemma 3.67, we can reduce the case L = 0{—m) and i is the identity. 
Let (q, £, F#, [0]) denote a [/-quotient quasi-parabolic reduced L-Bradlow pair, satisfying (TFV)-condition. We 
have the map F : U — ► Q°(m,y) corresponding to (q,£,F*). 

We have the locally free sheaf px*£ and px*£ u on U and Q°(m, y) respectively. Let Pi and P2 denote the 
projectivization of them. We have ^*P 2 ~ Pi, and we have the natural morphism ^ : Pi — ► P 2 . We remark 
that P2 is naturally isomorphic to Q°(m, y, [0(— m)]) = Q°(m, y) x P m . The pull back of the naturally defined 
reduced L-section [<j> u ] on P 2 x X is same as the naturally defined reduced L-section on Pi x X. 

On the other hand, the reduced L-morphism [4>] induces the section / : U — ► Pi. It is easy to see that [</>] 
is the pull back of the naturally defined reduced L section on Pi x X. Thus we are done. I 

Since the above G m -action and the GL(V^)-action on Q°(m,y, L) are commutative, we have the induced 
right GL(V^)-action on Q°(m, y, [L]) and the universal object. We also have the GL(V m )-equi variant immersion 
of Q° (m, y , [L] ) to Z m x FT, G m<i x P( V* ) . 

3.6.6 Quotient reduced L-Bradlow pair 

Let L = (Li,L 2 ) be a pair of line bundles on X. Quotient quasi-parabolic reduced L-Bradlow pairs of V m ,x 
with type y can be given as in Definition 3.69. It is easy to construct the scheme Q°(m,y, [L]) representing 
the moduli functor of quotient quasi-parabolic reduced L-Bradlow pairs of V m .x with type y satisfying (TFV)- 
conditions. In fact, we have only to take the fiber product of Q°(m,y, [Li]) (i = 1,2) over Q°(m,y). We have 
the natural right GL(l/ m )-action on Q°(m,y,[L}) and the GL(V m )-equi variant immersion Q°(m, y, [L]) — > 

Zm X Y\i Grn.i X P m X P m . 

3.6.7 Oriented objects 

We put Q°(m,y,[L]) := Q°(m,y,[L]) XQ°( m ,y) Q°{ m iV)^ which represents the moduli functor of quotient 
oriented quasi-parabolic reduced L-Bradlow pairs of V m ,x with type y satisfying (TFV)-condition. We naturally 
have the universal object. Similarly, the schemes Q°(m,y), Q°(m,y, L), Q°(m, y, [Li], [L 2 ]), etc. are given, 
which represent appropriate functors respectively. 

Let Z m be as in (38). We have the following naturally induced Cartesian diagram: 

Q°(m,y) ► Z m 



Q°(m,y) ► Z, 
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The morphisms are GL(y m )-equivariant. Hence, we obtain the GL(]/ m )-equivariant morphism: 

Q°(m, y) — > Z m x J| G m , 4 

i 

3.6.8 Quotient stacks 

We have the universal quotient quasi-parabolic sheaf (g", F*) of PQ°( m ,y)Vm,x over Q°{m 1 y) x X. The 
GL(V)-action on Q°(m, y) is naturally lifted to the action on (q u , £ u , F») . Then, we obtain the quasi-parabolic 
sheaf (F U ,F,) on (Q°(m,y)/ GL(V m )) x {X,D) by taking the descent of (£"(-m), F*) . The following lemma 
is well known. 

Lemma 3.71 Let y be an element of Type. The quotient stack Q°(m,y)/ G~L(V m ) is isomorphic to M.(m,y), 
and the quasi parabolic sheaf (F", F*) is the universal one. 

Proof Let g : T — ► M(m, y) be a morphism. Then we have the corresponding T-quasi-parabolic sheaf 
(F, F*) on T x X of type y, satisfying the condition O m . Then we obtain the vector bundle V := px*E(m) 
on T. Let P denote the associated principal GL(V r m )-bundle, and let it : P — ► T denote the projection. 
On P, we have the equivariant trivialization n x V ~ V m <S> Ot- Thus we obtain the equivariant morphism 
q : PpV mt x — ► n x E(m). Therefore, we obtain the quotient quasi-parabolic sheaf (q, n x E(m), F*) on T x X 
which is naturally GL(V m )-equivariant. It also satisfies the (TFV)-condition. Therefore, we obtain the GL(V m )- 
equivariant morphism P — ► Q°(m,y), in other words, the morphism T — ► Q°(m,y)/ GL(V m ). In particular, 
we obtain M (to, y) — > Q°(m, y)j GL(V r m ). 

On the other hand, let g : T — ► Q°(m,y)/ GL(V m ). We have the corresponding GL(V m )-torsor P{g) over 
T. On P(g) x X, we have the quotient g* x {Q u ) '■ Pr^m,x — ► 9*x^ u w it n a quasi parabolic structure t x F, which 
is GL(Vv l )-equivariant. By taking the descent with respect to the action, we obtain the T-quasi parabolic sheaf 
(£"(— m),.F*) on T x X. It satisfies the condition O m . Therefore, we obtain the morphism of T to M(m,y). 
In particular, we obtain Q°(m,y)/ GL(V m ) — ► M(m,y). 

It is easy to check that they are mutually inverse. I 

By the same argument, we obtain the description of the moduli stacks M.{m, y), A4(m, y, L), A4(m, y, [L]), 
M(m, y, [L]), M(m, y, [L]), etc. as the quotient stacks of Q°(m, y), Q°(m, y, L), Q°(m, y, [L]), Q°(m, y, [L]), 
Q°(m 7 y, [L]), etc.. The universal objects are constructed by the same procedure. 

4 Geometric Invariant Theory and Enhanced Master Space 

4.1 (5-Semistability and Numerical Criterion 
4.1.1 Statement 

Let X be a smooth <i-dimensional projective variety over an algebraically closed field k of characteristic 0, and 
let Ox(l) be a very ample line bundle. We denote the number c\{Ox{^)) d H [X] by g. Let D denote a Cartier 
divisor of X. We do not have to assume the smoothness of D in this section. We use the notation in the 
subsection 3.6. 

Let y = (y, 2/1, 2/2, ■ •• ,yi) be an element of Type. (See the subsubsection 3.1.4.) Wc have the associated 
Hilbcrt polynomials H yjt = {H y , H y _\ 1 H y _2, ■ ■ ■ , H y j). (See the subsubsection 3.2.4.) Let V m be an H y (m)- 
dimcnsional vector space over k, and let V m ,x denote V m <S> Ox- Let Z m denote the Gieseker space over 
Pic(det(y(m))), and let G m ^ denote the Grassmann variety of H y (m) — _ff yii (m)-dimensional quotients of V m . 
We put as follows: 

Am(y) := Z m x Y[G m ,i, Am(y, [L]) := A m (y) x P m , A m (y, [L]) := A m (y) x x pW. 

i 

Here L denotes a line bundle on X, and L = (L\,L2) denotes a pair of line bundles on X. We also put 
Pm = P m - Recall that we have obtained the S'i(l / m )-equivariant immersions ^ m of Q°(m,y) to A m {y). 
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(See the subsubsection 3.6.3). We take an inclusion i : 0{—m) — ► L. Then we have the closed immersion 
Q°(m,y,[L]) — > Q°(rn,y,[0(—m)]) = Q°(m,y) x P m . Therefore, we obtain the equivariant immersion of 
Q°(m,y, [L]) to A m (y, [L]). Similarly, we can obtain the equivariant immersion of Q°(m,y, [L]) to A m (y, [L]) 
by taking an inclusion tj : 0(—m) — ► L,. The immersions are denoted by \I/ m . 

Since Z m is the projective space bundle on Picx (det(j/(m))) , we have the relative tautological bundle 
0z m (l). We also have the canonical polarizations 0G m , 4 (l) an d ^P m (l) °f G TOi j and P m respectively. They are 
S'L(K r j)-equivariant line bundles. 

For a positive number A and a tuple of positive numbers £?* = (Bi \i = 1, . . . , I), we formally consider the 
line bundles on A m {y) given as follows, although it is not precisely a line bundle when the numbers arc not 
integers: 

i 

C y (A, B.) := Zm (A) ® (g) Gm:t (BA. 

i=l 

Similarly, for positive numbers C and Cj (j = 1,2), we formally consider C V} l{A, C) := C y (A, B*)®Or m (C) 
on Am(y, L) and C y , L {A, B*, C u C 2 ) ~ C y {A, B*) <g> O p a) (Ci) <8> O p (2> (C 2 ) on A«(y, £)■ 

When the numbers are positive rational numbers, C y (A, B*) gives S l L(V^ Tn )-equivariant Q-polarizations of 
A m (y). Even if the numbers are not rational, the Hilbert-Mumford criterion formally provides us the semista- 
bility condition with respect to C y {A 1 BA. So, let A^(y, A, B*) denote the set of semistable points of the 
SX(V^)-action on A m (y) with respect to C y (A, BA. Similarly, A%(y, L, A, B*, C) and A%(y, L, A, B. t , Ci, C 2 ) 
are given. 

The semistability (resp. stability) condition with respect to the system of weights a* determines the open 
subset Q ss {m, y, a*) (resp. Q s {m, y, a*)) of Q°(m, y). Namely, it is the maximal open subset of Q°(m, y) which 
consists of the points (q,£,F*) such that the parabolic sheaf (£ (— m), F», a*) is semistable. Similarly, we have 
the open subset Q ss (m,y, [L],a*,S) (resp. Q s (m,y, [L],a*,d)) of Q°(m, y, [L]) determined by the semistability 
(stability) condition with respect to the system of weights a* and a parameter S. We also have the open subsets 
Q ss (m, y, [L],a*,5) and Q s (m, y, [L],a*,5) of Q°(m, y, [L]) in a similar way. 

The first claim of the following proposition was proved by Maruyama-Yokogawa [41] and the second claim 
was proved by Yokogawa in [61]. 

Proposition 4.1 There exists an integer N(y, a*) such that the following holds for any m > N(y, a*): 

1. The image of Q ss (m,y 1 aA) via the morphism ^ m is contained in A ss (m,y, P y * (m), e*) . Thus we obtain 
the morphism \I> TO : Q ss (m,y,a*) — ► A ss (m,y, Py * (m), e*) . 

2. The morphism ^ m above is proper. In particular, it is a closed immersion. I 
By the same argument, we can show the following proposition. 

Proposition 4.2 There exists an integer N\{y,L,a*,8) such that the following claims hold for any m > 
JVi(y,L,a!»,£): 

1. The image of Q ss (m, y, [L], a*, S) via the morphism \I> m is contained in Af^(P y " s (m), e*, 6(m)) . Thus 
we obtain the morphism ^ m : Q ss (m, y, [L], a*, S) — ► A^ [P y " s (m), e*, S(m)) . 

2. The morphism ^ m above is proper. In particular, it is a closed immersion. 

Similarly, there exists a large integer Ni(y, L, a*, S) such that we have the SL(V m ) -equivariant closed immersion 
for any m > N\(y, L, a*, <5); 

$ m : Q ss (m, y, [L], a„ S) — A™(y, [L], i~" a (m). e*,6(m)). 
Here, we put 5{m) :— (Si(m), ^(m)). 
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Although we need only a minor modification, we will later give a rather detailed proof of the claims for 
(y, L,a*,5) in Proposition 4.2, for the convenience of the reader. We closely follow the arguments of [41] and 
[61]. We also use the argument in [28]. Since the claim for (y,L,a*,5) can be shown similarly, we omit to give 
the proof of it. 

We also obtain the following. 

Proposition 4.3 The image of Q s (m, y, [L], a*, S) via ^ m is contained in ^ n {y,\L],a*,S). Similar claims 
hold for Q s (m, y, a») and Q s (m, y, [L], a», 8). 

The claim for Q s (m, y) was proved by Maruyama-Yokogawa in [41]. Since the argument is similar to the proof 
of the first claim of Proposition 4.2, we give just some remarks in the proof of Proposition 4.2. 

Remark 4.4 When cti and the coefficients of S and 5i (i = 1,2) are rational, it is standard to obtain the 
projective coarse moduli scheme of S-semistable parabolic L-Bradlow pairs or S-semistable parabolic L-Bradlow 
pairs from Proposition 4.2. 

Even if the numbers are not rational, we can obtain the coarse moduli schemes of 8 -stable parabolic reduced 
L-Bradlow pairs, if the 1-stability condition holds for (y,L,a*,5). Take a sufficiently large N > 0, and take 
rational numbers A, = (£?, \ i = 1, . . . , I) and C which are close to N ■ Py' a * (m), N ■ e* and N ■ S(m) 
respectively. If a point of A(m,y, [L]) is stable with respect to £y^(Py a *(m),e*,5(m)), then it is stable with 
respect to C y ^{A, B*,C). Thus we can obtain the coarse scheme by the geometric invariant theory (Proposition 
2.3). Therefore, when the 1-stability condition holds, we obtain the projective coarse moduli scheme of semistable 
ones. I 

Before going into the proof of Proposition 4.2, we give some consequence about the property of the moduli 
stacks. 

Corollary 4.5 When the 1-stability condition holds for (y, a*), the moduli stack M s (y, a*) is Deligne-Mumford 
and proper. 

Proof Under the assumption, we obtain Q ss (y, a*) = Q s (y, a*). It is easy to see the finiteness of the stabilizer 
of any point z e Q ss (y, a*) with respect to the SL(V m )-action from Corollary 3.29. Then, the quotient stack 
Q s (y, a*)/ SL(V m ) is Deligne-Mumford and proper, due to Proposition 4.1, Proposition 4.3 and Proposition 
2.4. 

Since we have the etale finite morphisms Q s {y, a*)/ SL(V m ) — ► Q s (y, a*)/ PGL(V m ) and A4(y,a*) — ► 
Q s (y, a*)/ PGL(y m ), it is easy to derive the claimed property of A4(y, a*). I 

Similarly, we obtain the following. 

Proposition 4.6 

• If the 1-stability condition holds for (y, L, a*, 5), the moduli stacks A4 s (y, [L], a*, S) and Ai s (y, L, a„, S) 
are Deligne-Mumford and proper. 

• If the 1-stability condition holds for (y,L,a*,5), the moduli stack M s (y, [Z], a*, 5) is Deligne-Mumford 
and proper. I 

4.1.2 The numerical criterion 

Let us start the proof of Proposition 4.2. Let (q, E*, <j>, W*, [(/>]) be a Yokogawa datum of type (y, m) (Definition 
3.42). From W*, we obtain the tuple of the quotients (V m /Wi \i = 1, . . . , Z), which gives the point of f\ i G m .i. 
We denote the point by V/W*. Then we obtain the following element of A m {y, [L]): 




(39) 



Let W be a subspace oiV m . The number e(W, [</>]) is given as in Definition 3.43. Let £w denote the subsheaf 
of E(m) generated by the image of W via q. 
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Lemma 4.7 The point ^(q, E*,<j>, W*, [</>]) is contained in Af^(Py" s (m), e*,5(m)), if and only if the following 
inequalities hold for any non-trivial subspace W C V m : 

P^' 5 (m) ■ rank(£w/) - e(W, [<p]) ■ 5{m) - ^ e t • dim(W 4 n W) - a x ■ dim(VK) > 0. (40) 

In other words, ^(q, E*,<j>, W*, [(/)}) is semistable point, if and only if (q, E*, <j>, W 7 *, [(/>]) £ YOK(m, 0, y, L, S). 

The point \f(g, E*, <j>, W*, \<j)]) is contained in Af n (Py" s (m), e*, 6(m)), if and only if the strict inequalities 
hold in (40) for any subspace W C V m . 

Proof We give only an indication. We put d := O z {Py* (to)) <g> ®- =1 Gm ^i) and C 2 := O z {r- x ■ 5(m)) <g> 
Vm {8{m)). Then we have C(P^' 6 (m), e„ S(m)) = & ®£ 2 - 

We put TV = dim l^. Let u\,. . . ,Un be the vectors satisfying the following: 

X(t) ■ Ui — t Wi ■ Ui, Wi < W2 < ■ ■ ■ < iojv, J]] w% = 0. (41) 

We remark that we can regard (41) as the condition for A, when we fix m, . . . , Un- 
The number fi\{P,C\) is calculated in [41] (see also [6]): 

jv i JV 

H\(P, C\) = —Py* (m) (rank - rank £^ ) Wi - ^ ej ^ (rank Wj fl V (i_1) - rank W,- n V W + l) • . 

(42) 



2—1 j — 1 i— 1 



Here, £W denote the subsheaves of E(m) generated by ui, . . . ,Uj via q, and denote the subspaces of V m 
generated by u±, . . . , ttj. The number H\(P, £2) is as follows: 

— 2( rankf W _ r ank£ (i-1) ) • + ^(dim(0) n V w - dim(0) n V (i_1) ) • (43) 
r i=i »=i / 

Here, (0) denotes the subspace of V m generated by (j>. The number fJ,\(P, C) can be obtained as the sum of (42) 
and (43). We write it as the reference for the later argument: 



H\(P,C) = -Py'{m) -^2(rank£^ -rankf** -1 )) ■ Wi - ^ e, ^ (rank WjHV^ - rank W,-nV w + l) 

i — 1 J — 1 i — 1 

/ 1 N N ~ \ 

+ S(m) — ^](rank£« - rankf** -1 )) • w 4 + ^(dim(^) n V w - dim(^) n V (i_1) ) • Wj J . (44) 

V r »=i »=i / 

The right hand side of (44) is linear with respect to (wi, . . . ,w N ). Therefore, fj,\(P,C) > holds for any A 

k 



satisfying (41), if and only if fif k (P, C) > for any k = 1, . . . , N — 1, where fk = (k — N, . . . ,k — N,k . . . ,k). 
Due to the calculation of Maruyama and Yokogawa, we have the following: 

H fk (P,Ci) = H{m) ■ [p^'{m) ■ rank£( fe > - e * ' dimVK, n V (k) - a x ■ dimV (fc) .^J (45) 
By a direct calculation, we have the following: 

(rank ~ \ 
— e(V^M)j. (46) 

Hence fif k (P,£) depends only on V^ k \ Therefore, we obtain the function P(p,£) on the sets of the non-trivial 
subspaces {O^IVC V}, and P is semistable with respect to £ if and only if P(p ! £)(M / ) > for any subspace 
W. Since F^ p q{W) is the left hand side of (40) multiplied with the positive number H(m), we are done. I 



68 



4.1.3 A lemma 

Following Huybrecht-Lehn [28] , we show the following lemma. 

Lemma 4.8 Let y be an element of Type. There exists an integer N 4 with the following property: 

• Let (E*,(f>) be a S-semistable parabolic L-Bradlow pair of type y such that 0^0. Then the following 
inequality holds for any integer m > N 4 and for any sub sheaf F C E: 

h°(F.(m))+e(<l>,F).6(m) 5 

mnk(F) <^)(™)- (47) 

• If the equality holds in (47), (F*,</>') is 5-semistable with P^ F ^ = P^ E ^. 

• If (Ef,(f>) is 5 -stable, the strict inequality holds in (47). 

Proof We have the inequality fi(F) < [i s (F*) < //(£?») for any subshcaf F C E, and hence Hmax(F) < 
fi(E*) + 5 top = Co- On the other hand, we have the inequality Hmin(F) < fJ-(F) by definition. Hence we obtain 
the following inequality by using Proposition 3.36 ([28]): 

h°(F(m)) ^ 1 // 1 i<i 1 r ,™ i d \ 

-^iFj * 7^! (I 1 - ^MF)) ^ + mS + C l+ + ^MF)^ F)+m * + C ^)- 

We can take a sufficiently negative number C with the following property: 

• For any positive integer r' such that r' < rank(_E) and for any sufficiently large t > 0, the following 
inequalities hold: 

^ ((l - i) (Co + tg + cf + I(C + tg + c) d ) + ^ < P? (t). (48) 

Note that the coefficient of t d of the both sides are same by the construction, and thus we can take such C. Let 
N 5 be a large number such that — C + mg + c > for any m > N 5 . 
Let S be the family of the sheaves F with the following property: 

• There exists a 5-semistable parabolic reduced L-Bradlow pairs (E* , (f>) of type y with weight a* such that 
F is a saturated subsheaf of E. 

We divide S into two families by the following conditions: (i) n(F) < C or (ii) fJ,(F) > C. If F is contained 
in the family (i), then the desired inequality holds for any m > N$ because of our choices of C and N$. On the 
other hand, the family (ii) is bounded (Proposition 3.34). Thus we can take a large number Nq such that the 
family (ii) satisfies the condition (O m ) for any m > Nq. Then the desired inequalities hold for any m > Nq, 
because of the <5-semistability of (E*, <j>). Thus we have only to put N4 := maxjJVs, Nq}. I 

4.1.4 Proof of the claim 1 in Proposition 4.2 

Let Ni(y, L,a*,5) be an integer larger than N 4 in Lemma 4.8 and N n (y,L,5) in Proposition 3.44. Let 
(q, E(m), -F*, [<fr]) be a point of Q ss (m, y, [L], a*, S). The reduced L-section [(f)] of E is induced by [</>] and 
1. By definition, H°(q) gives the isomorphism V m ~ H°(X,E(m)). Let If be a subspace of Kn, which 
generates the subsheaf £w of £7(ra) via g. Due to Lemma 4.8, we have the following inequality: 

h°(£ w ,*) + e(£ w (-m),4>) -6(171) 5 



rank(fnz) 



<P d y a '{m). (49) 



We have the equalities e ([</>], W) = e([0],£w) and the inequalities dim(VF) < h°(£w) and dim(W / n W,) < 
/i°(.Fj(£V)). Thus we obtain the following inequality: 

ai dim(W) dim(Wi n W) < <*i ■ h°(£ w ) + ^ e t ■ h°(F(£ w )) = h°(£ w *). (50) 

By substituting (50) to (49), we obtain the inequality (40). Hence ^ m (q, E(m), F*, [<p]) gives the point contained 
mA%(P2*' 6 (m),e*,5(m)). I 
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Remark 4.9 We obtain Proposition 4.3 by using the same argument and the second claims in Lemma 4.7 and 
Lemma 4.8. I 



4.1.5 Proof of the claim 2 of Proposition 4.2 

Take a discrete valuation ring R over k. We denote the quotient field by K. Assume that we have the following 
diagram: 

SpccOFQ —L^ Q ss (m,y,[L],a*,5) 

*j (51) 

S P cc(i?) A™(P2*' s (m),e*,S(m)) 

We have only to show the existence of a lift Spec(i?) — > Q ss (m, y , [L] , a* , <5). Let Xk and Xr denote X x Spec K 
and X x Spec R respectively. 

The morphism / corresponds to the tuple (qx , EK*(m), [4>k]) of the quotient parabolic sheaf (qk, Ek*(iti)) 
and the quotient reduced L-section [4>k\ defined over Xk- The tuple (qx, EK*(m)) satisfies the (TFV)-condition. 
The L-section [4>k] of Ek is induced by [0k] and t, and the parabolic L-Bradlow pair {Ek*,4>k) with weight 
a* is (5-semistable. 

As in [61] pp. 502-503, EK*{m) can be extended to the parabolic torsion-free sheaf E^(m) over Xr. 
The morphism qx can be extended to the morphism qn : V m <g> Ox R — ► Ejt(m) such that the restriction of 
qji to the closed fiber is generically surjective. Since P m is proper, we can extend [4>k] to [</>#] over R. We 
put Wka ■= H°{X ® K,Fi + i(E(m))) (i = 1, ...,/) which give the subspaces of V m ® K. Since Yl i G m ^ are 
proper, we obtain the subbundle Wrj of V m <g> R over Speci?. We put Wr,* — (Wrj \ i = 1, . . . ,1). The family 
(<1r, Er*,Wr*, [4>r]) induces the morphism Spec(i?) — ► A m (y, [L]) as in (39). By separatedness of A m (y, [L]), 
it coincides with g in the diagram (51). 

Let (go, Eq*, Wo*, [<po]) denote the specialization of (qR, Er*, Wr*, [(/>r]) to the closed point of Speci?. We 
also have the induced L-section 0o of Lo. The tuple (go, Lo*, 4>q, Wo*, [4>o]) is the Yokogawa datum such that 
*(?o,-Eo*,0o, W *, [0o]) is contained in yl^(P^*' (5 (TO),e*,(5(m)). Due to Lemma 4.7, (q , L *, 0o, W *, [0 O ]) is 

contained in YOK(ra, 0, y, L, 6). Recall m > N\(y,L,a*,5) > N (y,L,S), where N (y,L,5) is as in Propo- 
sition 3.44. Hence, we know that qo is surjective, that Eo,*(m) satisfies the TL^-condition, and that the 
parabolic L-Bradlow pair (L Oi *,0o) is (5-semistable. Hence (qR, Lr„, Wr*, [</>#]) gives a map /r : Spcc(i?) — ► 
Q ss (m,y, [L],a*,(5), whose restriction to Spec(LT) is /. It is clear that Jr gives the lift of g. Hence the claim 2 
of Proposition 4.2 is proved. I 

4.1.6 Complement 

We give a consequence of the proof. We put V := V m , Q := Q ss (m, y, [L],at*,6). We also put as follows: 

£:=£ y , 1 (/* a 'H l e ( ,%)) 

Lemma 4.10 Let z = (q,E,F*, [4>]) be a point of Q. Let V = V (B V" be a decomposition, and let A be 
the one-parameter subgroup of SL(V) given by t~ lankv ■ idy ©i ranky • idy. Let E'(m) denote the subsheaf 
generated by V . We have the induced parabolic structure and the L-Bradlow pair <fi' of E' . Then (E^cj)') is 
S-semistable with P^ E , ^ = Py" S , if and only if fj,\(z,C) = hold. 

Proof Assume H\{z,C) = 0. Wc put W := H a (X,E'(m)). Let W denote the kernel of H°(X,E(m)) — > 
H°(X, Cok, + i(m)). From the calculation in the proof of Lemma 4.7, we have the following: 

= fJ,x(z,C) = H(m) ■ (P£*> 5 (m) -rankL?' - e(E',<t>') ■ 8(m) - ^ • dim(W n W) - ai • dim(W)) . (52) 



70 



Let £w denote the subsheaf of E(m) generated by W via q. Therefore, we obtain the following inequality from 
(52): 



a „ S( , _ ai ■ dim(VF) + dim(Wj nW) + e(E', <j>') ■ 6(m) h°(£ w .) + e(£ w , <j>) ■ 6{m) 

y (m) rankS' - rank£V 

h°{K(m))+e(E',<t>)-5(m) 



< 



rankS' 



<P«- 5 {m) (53) 



Here, the first inequality is obtained in (50), the second inequality follows from £w C E'(m), and the third 
inequality follows from Lemma 4.8. We can conclude that the equality holds in (53). Then </>') is 5-semistable 
due to the second claim of Lemma 4.8. 

Assume (E'^,<fJ) is (5-semistable. Note that the condition O m holds for (E^, </>'), because it holds for (£^, </>')© 
((E/E')*, </>"), where (/>" denotes the induced L-section on the quotient E/E 1 . Hence we have h°(E'^) = 
ql\ ■ diraV + € i ' dimWj PI V. Then fi\(z,£) — follows from the calculation of fi\(z,£) in the proof of 
Lemma 4.7. See (45) and (46). We remark A = f k and V = V {k) in this case. I 

Corollary 4.11 Let z = (q, E, F*, [<f>]) be a point of Q. Let X be a one parameter subgroup of SL(V). Let 
V = ©Vi be the weight decomposition of X, i.e., X preserves the decomposition, and the weight on Vi is i. Let 
£W he the subsheaf of E(m) generated by Vj (j < i) via q. We have the induced L-section 4>i and the parabolic 
structure of £W(— m). Then all m)*, </>i) are S-semistable with P^(i)(_ m ^ = P(e, </>)> if an< ^ on ty */ 

H\(z, £) = holds. 

Proof We put {/, = ©j<j Vj and U- := ©j>j Vi. Let Xi be the one-parameter subgroup of SL(V) given by 
t~ rank u " ■ idu' © t lank u i ■ id;y» . It is easy to see that A can be expressed as ]J wrtn a i <= Q>o- The condition 
H\(z,£) = implies px^z.C) = 0. Therefore, the claim immediately follows from Lemma 4.10. 5 

4.2 Perturbation of 5-Semistability 
4.2.1 Preliminary 

We continue to use the notation in the subsubsection 4.1.1. We put V :— V m , Q :— Q ss (m,y, [L],a*,6) and 
£ := £ y x{Py' a * (tti), e*,5(m)). For simplicity, we assume that a, and the coefficients of S are rational. 

Take a sufficiently large number k such that £® k is a line bundle on A. For a rational number 7, we put 
£ 7 := £® k ® Op m ( , y). Let A ss (£j) (resp. A s (£ 7 )) denote the set of the semistable (resp. stable) points of A 
with respect to £ 1 . 

Let Flag( V, N_) denote the full flag variety: 

{j"* - (0 c T x C T 2 C • • • C T N = V) I dim^/^i-i - l}. (54) 

Let GiiV) denote the Grassmann variety of ^-dimensional subspaces of V. We have the natural morphism 
pi : Flag(V, jV) — ► Gi(V). Let G; (y)(l) denote the canonical polarization of Gi(V). For a tuple of positive 
rational numbers n* = (m, m, . . . , tin), we put as follows: 

N 

OFiagK) :=§Z)p*0 Gi(V ){ni). 

i=l 

We put Q:=Qx Fl&g(V,N) and .4 := .4 x Flag(V, TV). We have the induced map $ m : Q — > A. For a 
tuple n* and a rational number 7, let us consider the following Q-line bundle: 

£(7,n») := £ 7 <g> OpiagK) = 8) Op m (7) ® CWgK). 

Let 4 s;s (7,n») denote the set of the semistable points with respect to £(7,71*). We will be interested in the 
open subset \I>~ 1 (4 SS (7, n*)). 
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4.2.2 <5 + -semistability and 5 -semistability 

Let 5 + and i5_ denote elements of "P br with S_ < S < 5 + such that S + and (5_ arc sufBciently close to 6. The 
following lemma is clear from Lemma 3.55. 

Lemma 4.12 When <5 + (resp. 6-) is sufficiently close to 5, a parabolic L-Bradlow pair (E*, (f) is 5 + -semistable 
(5--semistable) if and only if the following condition holds: 

• Take any partial Jordan- Holder filtration of (E^,4>) with respect to S -semistability: 

(E?\<t>W) c (Ei 2 \4>M) c ••• C (25< fc) ,0<*>) = (E*,<f>). 

Then we have </>W(0) = for i < k (resp. <j>^ ^ 0). 

Moreover, any S + -semistable (resp. 8--semistable) L-Bradlow pair is also 5 + -stable (resp. 5--stable). I 

We put Q + := Q ss (m,y, [L],a*,<5+) and Q- :— Q ss (m,y, [L],a*,5-). They are independent of choices of 
5+ and 6- when <5+ and 6- are sufficiently close to S due to the previous lemma. We denote the signature of 7 
by sign(7). The absolute value of 7 is denoted by | — k I - 

Proposition 4.13 Assume that \j\ is sufficiently small, and that Hi are sufficiently smaller than Then, 
we have 'J" 1 („4 SS (7, n*)) = <3 S i gn ( 7 ) x Flag(V,iV). In particular, we have the closed immersion Q s i g n( 7 ) x 
Flag(V,iV) — > -4 ss (7,n*). Moreover, the image is contained in A s (j,n*). 

Proof Let us begin with the following lemma. 

Lemma 4.14 Assume that the absolute value 0/7^0 is sufficiently small. 
. Then, we have ^(A**^)) = Q s % n(7) . 

• The induced morphism ^ m : <2sf gn ( 7 ) — > ^4 SS (£ 7 ) is a closed immersion. Moreover, the image is contained 
in A S (C 7 ). 

Proof Let us show the first claim. Let z denote a point (q, E*,(j)) 6 Q. As a preparation, we consider the 
following two cases: 

(A) There exists a partial Jordan-Holder filtration E' % c (E*, 4>) with respect to 8- semistability. 

(B) There exists a partial Jordan-Holder filtration (E",4>) C {E*,4>) with respect to <5-semistability. 

In the case (A), we put V := H°(X,E'(m)), and take a complement V" of V in V. We consider the 
one parameter subgroup A given by t~ lankv -idy ®t lankv -idy. Since we have fi\(z,£) = 0, the equality 
H\ (z, /3 7 ) = 7 • (z, Op m (1)) = 7 • rank V 1 holds. 

In the case (B), we put V" := H°(X,E"(m)), and take a complement V of V" in V. Let us consider the 
one parameter subgroup A given by t~ rankv -idy Q)t lankv -idy. As before, we have /i(z,£ 7 ) = —7 • rankV. 

From the above considerations, we easily obtain \E'~ 1 („4 S;S (£ 7 )) C <3gf gn ( 7 )- 

Let us show the reverse implication. We use the argument in the proof of Lemma 4.7. Let m, . . . ,un be 
any base of V. Let (w\, . . . , Wn) be an element of Z N such that Wi < w i+ i and J2iLi w i = 0- Let A be the one 
parameter subgroup of SL(V) given by A(t) • Uj = t Wi ■ Ui. We have fi\(z,£ 7 ) — k ■ /j,\(z, C) + 7 • fi\(z, CV m (l)) . 
As seen in the proof of Lemma 4.7, [J,\(z, C) is linear with respect to {w\, . . . , wn). It is also well known that 
fi\(z, Op m (l)) is linear with respect to (wi, . . . , wjv)- (See Lemma 2.7, for example.) Therefore, we have only 
to show fif h (z, jCj) > for any h = 1, . . . , N — 1. 

In the case fif h (z, C) > 0, we have k-jj,f h (z, £) > 1. On the other hand, the absolute value of /// h (z, Cp m (l)) 
is dominated by dim V. Therefore, if 7 is sufficiently small, we have fif h (z, £ 7 ) > 0. 

Let us consider the case /x/ h (z, £) = 0. Let W denote the subspace of V generated by u\, . . . , Uh- Let £w 
denote the subsheaf of E(m) generated by W and q. We put <f>' := <p if the image of (f> is contained in £\y, and 
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4>' := otherwise. Then (£'(— m),<p') is (5-semistable (Lemma 4.10). Due to the considerations (A) and (B), we 
obtain Hf h (z, £ 7 ) > in the case (E*,<f>) is <5 s i gn ( 7 )-semistable. Thus the first claim is proved. 

In the above argument, we showed /j,\(^ m (z), £ 7 ) > for any point z of Q s i gn ( 7 ). Thus we have already 
obtained (QsignM ) c -4 s (£7)- Since the morphism \I/ TO : Q — > A ss (£o) is proper (Proposition 4.2), the 
properness of Q s i gn ( 7 ) — > A SS (C 7 ) follows from the first claim. Thus the proof of Lemma 4.14 is finished. I 

Let us return to the proof of Proposition 4.13. Let z be any point of Q x Flag(V,jV). Let A be the one 
parameter subgroup as in the proof of Lemma 4.14. Due to Lemma 2.8, fi\(z, 0Fiag("-*)) is linear with respect 
to w\, . . .wn- Hence fi\(z, £(7, n*)) is also linear. Therefore, we have only to show fif h (z, £(7, n*)) > for 
any h = 1, . . . ,N — 1. We have the following: 

M/fc(^£ 7 ) +^2 n h- Vf h (z,p*0 Go(v) {l)). 
3 

If we take a large integer k' such that C® k is a line bundle, then we have p,f h ( y z,C® k ) > 1, because fi f h (z, C® k ) 
is a positive integer. On the other hand, fif h (z, p*0 G .(y) (1)) is dominated by 2dimV 2 . Therefore, if are 
sufficiently small, the contribution of 0Fiag(^*) to fif h (z, £(7, n*)) is sufficiently small. Thus we are done. I 



4.2.3 ((^)-semistability 

Let £ be a positive integer. Let Q SS (S,£) denote the maximal subset of Q, which consists of the points 
(q,E*, [</>], T) such that [^ , ],^ r ) is (o~, ^)-semistable. (See the subsubsection 3.3.3 for (£,^)-semistability.) 

Proposition 4.15 There exist negative rational number 7 and a tuple of positive rational numbers n*, for 
which the following holds: 

• We have Q SS (S,£) = ( J ss ( 7 , n*)) . 

• T/ie induced morphism Q ss (5,£) — ► .4 ss (7,n*) is a closed immersion. The image is contained in 

Before going into the proof of Proposition 4.15, we give a consequence. 

Corollary 4.16 The moduli stackM ss (y, [L],a*, (S,£)) of the (8, £)-semistable objects is Deligne-Mumford and 
proper. 

Proof From Lemma 3.33, Proposition 4.15 and Proposition 2.4, the quotient stack Q ss (5, £)/ SL(V m ) is Deligne- 
Mumford and proper. Since we have the etale and finite morphisms Q ss (5, £) / SL(V m ) — ► Q ss (5,£)/ PGL(V m ) 
and A4(y, [L], a*, (S,£)) — ► Q ss (8, £)/PGL(V^), we easily obtain the desired properties for A4(y, [L], a*, (S, £)) 
by using the valuative criterion. I 

Let us start the proof of Proposition 4.15. We put N := dimV^ = H y (m). When £ is larger than N, 
(6, 1 )-semistability is same as o"_-semistability (Remark 3.32). Hence the claim follows from Proposition 4.13. 
Therefore, we will assume £ < N in the following argument. 

We take 7 and n* satisfying the following condition: 

Condition 4.17 Let Ko(y, L, S) be the number as in Proposition 3.44. Take a small rational number e satisfying 
the following: 

K (y,L,S) 
100 -iV 100 

Take an irrational number a > satisfying the following: 



a < e < £ ■ a. 
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Take mutually distinct prime numbers p\, . . . ,pg such that p\ > 100 • A^ 100 and pi > 100 • TV 100 • Pi-\. We also 
assume the following: 

^ — <min{|f -a-e|, |e - {£ - i' 1 ) ■ a\ } 

Pi 

Take rational numbers qi , . . . , qi such that the following holds: 



Pi i 



<-, (i = !,...,£). 

Pi 



We put 7 := — e and ni := qi/pi (i = !,...,£). We remark n\ > n 2 > ■ ■ ■ > ng and the following inequalities: 



7 + E i ' Ui > °' 7 + E i ■ rii +n io ■ (i - 1) < 



i<i<e 

i¥=io 



We also take prime numbers pi (i = £ + 1, . . . , N) satisfying pi > 100 • iV 100 • (i = I + 1, . . . , AT) and i/ie 
following: 



y - . 100 • iV 100 < mhJ 



IE 



t ■ Hi — € 



, ^ i • ^ + n io • (i - 1) - ■ 



i<»<£ 

i^io 



We putn^pr 1 (i = £ + 1, . . . , N). I 

We remark the following elementary fact. 

Lemma 4.18 Lef pi, . . . ,pn be mutually distinct prime numbers. Let qi ^ be an integer which is coprime to 
Pi, for each i. Then the sum J2i=i Qi/Pi cannot be an integer. 

Proof Assume that Qi/Pi = a is an integer. Then we obtain the relation: 

/ „ \ 



«i n p j :+ pi 



N 



N 



n^+E* n 



v 



= o. 



3=2 i>j, 



It contradicts with the assumption that q\ and p\ are coprime. 



I 



Let us start the proof of Proposition 4.15. Let z = (q, E*, <f), T) be a point of Q. We give preliminary 
considerations. 

(A) If there exists a partial Jordan-Holder filtration C (E* , <fi) with respect to <5-semistability, we put 
V := H°(X,E'(m)), and we take a complement V" of V in V. Let A denote the one parameter subgroup of 
SL(V) given by ^ ranky "-idy/ t™ nkv ' -idy» . Then we have the following: 

/u A (^,£(7,n*)) = fc • nx{z,C) +7 • Ma(^O p (1)) + fj, x (z, C F ia g K)) 

= 7 • rank V" + ^ • (- dim(^ n V") • rank V" + dim^/j^ n V") ■ rankV") 

= |^7 + ■ Aun(Ti/Ti n V')^ • rank V - ^n; ■ dim^ n V) ■ rankV" 

\ 1=1 ) 8 = 1 



+ E " 4 • (~ dim (-^ n O • rank V" + dim(j c " 4 /^ n V') • rank V") . (55) 

i=i+i 

Due to our choice of e and n*, the right hand side is larger than 0, if and only if Tt f~l V/ = {0}. Moreover, if it 
is larger than 0, it is strictly larger than due to Lemma 4.18. 
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(B) Let us consider the case where there exists a partial Jordan-Holder filtration (E'J,4>) C (.£*,</>) with 
respect to <5-semistability. We put V" := H°(X,E"(m)) and take a complement V' of V" in V. Consider the 
one parameter subgroup A given by {t~ rankv " ■ idy ©i ranky ' • idy}. Then we have the following: 

N 

/i A («,iC(7,n,)) = -7-ranky + ^n, • (- dim^ n V") ■ rank V + dim {TilTi n V") -rankV") 

i=l 

= ( -7 - Y n i ■ dim(j; n V") j • rank V' + ^ nj • dim(^/^ n V") • rank V" 

\ i=l / i=l 

iV 

+ ^ n, • (- dim(JT i n V") • rank V + dim^/J^ n V") • rank V") . (56) 

Due to our choice of 7 and n*, it is strictly smaller than 0, if and only if Tt C V". Namely, it is larger than 
if and only if Tt <f. V" . Moreover, if it is larger than 0, it is strictly larger than due to Lemma 4.18. 

From the above preliminary consideration, we obtain ^~ 1 (^A SS (S, n*)) C Q SS (S, i). Let us show the reverse 
implication. We use the standard argument as in the proof of Lemma 4.7. Let z = (q, E*,(f>, T) be a point of 
Q SS (S, £). Let ui, . . . , un be a base of V, and let (toi, . . . , u>n) be an element of Z N such that Wi < io»+i and 

w i — 0- Let A be the one-parameter subgroup of SL(V) given by X(t) ■ Ui = t Wi ■ u,-. Then fj,\(z, £(7, n*)) is 
linear with respect to (w\, . . . , Wn). Hence we have only to show fj,f h (z, £(7, n*)) > for any h. 

First, let us consider the case /if h (z,£) > 0. We have fif h (z, C® ) > 1. Since I7I and n, are smaller than 
100 -1 • (diml/)~ 100 , we have fif h [z,Op(^) <g) F ia g («*)) < 10 -1 . Hence we obtain /z/ h (z, £(7, n*)) > 0. Next, 
let us consider the case (z, £) = 0. Let £' denote the subsheaf of E(m) generated by Ui, . . . , Uh- We put 
<t>' := 4> if the image of is contained in £'(— m), and := otherwise. Then {£' (— m)*,0') C (E*,<fi) is 
a partial Jordan-Holder filtration as in (A) or (B). Therefore, we have ^t/ h (z, £(7, n*)) > in this case, too. 
Hence the first claim of Proposition 4.15 is obtained. 

Since we have shown that fj,f h (z, £(7, n*)) > for any h, we obtain that the image ^(Q ss (5, £)) is contained in 
A 8 (7 , n* ) . Let us show the properness of : Q SS (S,£) — ► .4 SS (7 , n* ) . We use the argument in the subsubsection 
4.1.5. Assume that we have the following diagram: 

Specif — ^— ► Q SS (S,£) 
Speci? — » A ss {~/,n«) 

Let Ax and Xr denote X x Spec K and A x Spec R respectively. We denote the projection A — ► A by 7r. 

Let (qK,Ex *, [0k]) J^fc,*) be the objects on Ajf corresponding to /. As in the subsubsection 4.1.5, we 
obtain the objects (qn, Er*,(()r, Wr*, [4>r]) on Xr. It induces the morphism /1 : Speci? — > A, which is same 
as tt o g. We also obtain the Yokogawa datum (q , E *,4>o, Wo,*, [4>o])- 

Since |-y | and rn are sufficiently small, the tuple (g , E *, 4>o, Wo*, [<fio]) is contained in the Yokogawa family 
yOIC(N , K ,y, L,S) for N = N {y,L,S) and K = K (y,L,5). Hence (q , E *, [<f>]) gives a point of Q = 
Q ss (m, y, [L], a*, S), due to Proposition 3.44. It implies the image of /1 = tt o g is contained in _4 ss (£o). Then 
the desired properness immediately follows from the first claim. I 

4.3 Enhanced Master Space 
4.3.1 The construction 

We use the notation in the subsection 4.2. Take a rational number 72 < 0, whose absolute value is sufficiently 
small. We will consider the following two situations: 

(I) 71 is a sufficiently small positive rational number, and m are sufficiently smaller than 71. 
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(II) 71 an d n * are as m Condition 4.17. 

In the both cases, we assume |7i| is sufficiently smaller than \-f 2 \- We also assume the following: 

X>^ + M <K (y,L,6). (57) 

i 

Here K (y, L, S) denotes the constant in Proposition 3.44. 

Let k' be a number such that k' ■ (71 — 72) = 1. We consider the following Q-line bundles on Q: 

£1 :=Z( 7 i,n»)® fc ', Z 2 :=C( l2 ,n*)® k ' . 

Then we havejC 2 = Z 1 <g> Pm (-l). 

Let TTi : Q — > P m denote the projection. We put B := P(7r 1 *C Prri (0) © 7T 1 Pm (l)) over Q. We put 
Og(l) := £>p m (l) ®A, where 0p m (l) denotes the tautological bundle of P(7r^0 Pm (0) © 7r^0 Pm (1)) over Q. Let 
f^ 5 (resp. B s ) denote the set of the semistable points (resp. the stable points) with respect to Og(l). 

We put Bi := P(7r 1 *C Pm (0)) and B 2 := P(nl<D Pm (1)) . We naturally regard B l as the closed subschcmc of B. 
The following lemma is clear from the construction. 

Lemma 4.19 The restriction of Og(l) to Bi is same as Li. The <Q-line bundle Og(l) gives a GL(V m )- 
equivariant polarization. I 

We put TH := Bx^Q, TH, := B l x^Q and TH* := TH - (THi U TH 2 ) . We remark that TH* is isomorphic 
to Q ss (m, y, L, a*, 8) x Flag(V,iV). We also put TH SS = B ss Q. The following lemma is obvious from 
Proposition 4.13, Proposition 4.15 and our choice of the constants. 

Lemma 4.20 

• In the case (I), we have TH SS x TH THi = Q s _f x F\ag(V 7 N). 

• In the case (II), we have TR SS x TH THi = Q(S,£). 

• In the both cases, we have TR SS x TH TH 2 = Ql s x Flag(V,iV). I 

The quotient stack TH SS / SL(F) is called the enhanced master space. In the rest of this subsection, we will 
show the following proposition. 

Proposition 4.21 The stack TH SS / SL(F) is Deligne-Mumford and proper. 

Due to Corollary 2.5, the proposition is obtained from the following three lemmas. 

Lemma 4.22 Let us consider the SL(V)-action on TH SS . The stabilizer of any point z E TYL SS is finite and 
reduced. As a result, TH SS / SL(F) is Deligne-Mumford. 

Lemma 4.23 If m is sufficiently large, then the morphism TH SS — > B ss is proper. 
Lemma 4.24 The image o/TH ss — > B ss is contained in B s . 

4.3.2 Proof of Lemma 4.22 

The claim is obvious for any point z G TH SS n(THi UTH 2 ). So we discuss the stabilizer of a point z = 
(q, E*, [<f>], T*, u) G TH SS n TH*. Let g G $L(V) be any clement such that g ■ z = z. Let V = V"W denote the 
generalized eigen decomposition of g. Correspondingly, we have the decomposition: 

( gi £ t ,M,f),( 9 ( 1 ),£! 1 »,W,f( 1 ))4 (« (<) , , J** ) . 

i=2 
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Lemma 4.25 I < 2. 



Proof Assume I > 2, and we will derive a contradiction. Let us consider the one parameter subgroup A given 
by t~ Ya - nky{3) idy(2) ©i ranky<2> idy (3 ). It is easy to see that A fixes the point z. Since we have [i\{z,C) = 
fi\(z, Op m (l)) = 0, we have the following equality: 



N 



Hx(z,O g (l)) = J2 n i- (- rank v(3) ' rank ^< 2) + rank y{2) -rank^ 3) ). (58) 

i=l 

Due to our choice of n*, the right hand side of (58) can be 0, if and only if the following equality holds for any 

i: 

- rank^ (3) • rank } + rank^ (2) • rank^f } = 0. 

However, there exists a number iq such that rankj 7 ^^ = r&nkJ 7 ^ + 1 and rankj 7 ^ 3 ^ = rankj-^. Thus 
H\(z,Ojg(l)) ^ 0. Let A -1 denote the one-parameter subgroup given by A _1 (t) = A(t) _1 . Then one of 
^a(z, Og(l)) or (ix-i (z, Og(l)) is negative. Hence z cannot be semistable. s 

Lemma 4.26 Lef N be a nil-potent endomorphism of (E*, [(f)], J 7 ). Then N = 0. 

Proof Assume N ^ 0, and we will derive a contradiction. There exists the integer such that ^ and 
JKJJ+ 1 = o. It is easy to obtain N(<fi) = 0. We obtain the subsheaves ImA^ 7 and Ker(N : >) of E. Then we obtain 
the naturally induced parabolic L-Bradlow pairs (Im Nl,<j)') C (Ker7V*,0") C (£?*,</>), which gives the partial 
Jordan-Holder filtration with respect to J-semistability, due to Lemma 3.28. We take subspaces K-i (i = 1, 2, 3) 
of V satisfying the following condition: 

)d= H°(X,ImN j ), K, 1 ®K,2 = H°(X,KevN j ), /Ci © /C 2 © £ 3 = V. 

We remark that AT-?' induces the isomorphism /C3 — ► /Ci. From the inclusion K,\ C V, we have the induced 
filtration Tk\ ■ From the isomorphism IC3 ~ V/ (/Ci © /C2), the filtration ^x 3 is induced. We remark N^J 7 ^ h) C 
^. Let us consider the one-parameter subspace A given by t~ l id^ © i id^ 3 , for which we have H\(z, C) = 
H\(z,Or m (l)) = 0. From N^T^h) C ftifc an d n i > we obtain H\(z, Opi ag (n*)) < 0. Thus the point z 

cannot be semistable. 1 

From the lemmas 4.25 and 4.26, we obtain the following lemma. 

Lemma 4.27 Let (q, E*, [(f)], J 7 ) be a point of Q such that z — (q, E*,[<j>], J-,u) G TH SS nTH* . Then, either one 
of the following holds: 

1. The automorphism group of (E*, [4>],J-) is G m . 

2. There exists the unique decomposition {q,E*, [<j>], J 7 ) = {q^\E^\ [</> (1) ], © (g (2) , E?\ J 7 ^), and the 
automorphism group of (q, E* ,[<f>], J 7 ) is G 2 m . I 

In the first case, the stabilizer of (g, [</>], .F, u) with respect to the S'L(F)-action is trivial. In the second 
case, we put := H°(^X,E^ % \m)) C V. Then the intersection G 2 m n SL(V) consists of the elements p(t) = 
t a ■ idy(i) (Bt b ■ idy<2) satisfying a ■ rank + b ■ rank = 0. By considering the action along the direction of 
the fiber TH /Q, which is given by p(t)u — t a ■ u, we obtain that the stabilizer is finite. 1 



4.3.3 Proof of Lemma 4.23 

Let (q, E*,<f), W*, [(f)]) be a Yokogawa datum. Recall that we obtain the element ^f(q, E*, (f>, W*, [(f)]) e A. 

Lemma 4.28 Assume that m is larger than the constant N(y, L, 5) in Proposition 3.44. Let z be a point of 
B ss such that tt(z) = ^{q^E*, [</>], W*, [4>]), where tt denotes the naturally defined projection B — > A. Then, 
(.E*, [(j)]) is 5 -semistable, q is onto, and the condition O m holds for (E 1 *, [(f)]). 
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Proof Let W be any subspace of V. Take a complement W of W in V. Consider the one-parameter subgroup 
of SL(V) given by t-™ nkw ' id w © t rank w id w > . We have the following: 

Hx{z,O b (\)) =fc-fcVA(^£)+fc'^n j -MA(^0 Gi (^)( 1 ))+ fc ' max {7i-MA(^a m (l)), 72-MA(^Op m (l))}. (59) 

The first term in the right hand side is as follows: 

k-k' ■ H(m) ■ (P a *' s (m) ■ rankfvi/ - ^ e; dim(VK; n W) - on dim(W) - e(W, [0]) • 5(m)) . 

The absolute value of the second term can be dominated by fc' Yl^—i Ui ■ i ■ dim V. The absolute value of the 
third term can be dominated by k! • I72I • dimV. Recall dimV" = H{m). Since we have assumed that |— | and 
rij are sufficiently small as in (57), we obtain the following inequality: 

Py" S (m) ■ rankfiv - ^ a ■ dim(V^ n W) - a x dim(TT^) - e(W, [0]) • 5(m) + K > 0. (60) 

Here K = Ko(y, L,5) denotes the constant in Proposition 3.44. Namely, (q, E*, <fi, W*, [<j>]) is contained in 
YOK(m, K, y, L, S). Therefore, the claim of the lemma follows from Proposition 3.44. $ 

Now, we use the same argument as the last part of the proof of Proposition 4.15. Assume that we have a 
diagram: 

Specif — > TFT 5 

Speci? — ^— > B ss ► A 

Then we can show the composite 7r o g is contained in A ss (Co), by using Lemma 4.28. Then the desired 
properness follows from the definition of TIT". I 

4.3.4 Proof of Lemma 4.24, Step 1 

Let us show that the image of TH SS is contained in B s . Let z = (q, E*, [4>],T, u) be a point of TH SS . We have 
only to consider the case u ^ 0. 

Let «i, ... , un be a base of V, and let (u>i, . . . , wn) be an element of Z N such that Wi < w, + i and 2~2 w i = 0- 
Let A be the one-parameter subgroup of SL(V) given by A(t) • m, = t Wi ■ Ui. We will not distinguish the elements 
w = (wi, . . . , wjv) and A. We have the following: 

Hx (z, O b (1)) = k ■ k' ■ ua (z, C)+k' ■ nx (z, £> F iag(n*)) + k' max {7* • fix {z, Op m (l)) } . 

3 

Recall that we have the expression A = 2J aj ■ fj for aj > 0, where fj = [j — N, . . . , j — N , j . . . , j'J . 
Lemma 4.29 If nx{z,C) = 0, then /j,f h (z,£) — for any h such that ah 7^ 0. 

Proof Since (E*, [(f)]) is 5-semistable, the claim immediately follows. I 

We put Si := {j I fJL fj (z,C) = 0} and S 2 := {j | (2, £) > 0}. 
Lemma 4.30 For any element ^ p = X^jes 2 a J ' /i> we ^ awe ^ e f°tt ow i n 9 : 

k ■ n p (z,C) + p p (z,0 Flag (n^)) + mj n 2 {7i ' V P ( Z , Pro (l))| > 0. 

Proof We put Fi(p) := k ■ p p (z, C) + p- p (z, 0Fia g («*)) + 7» ■ ^ P {z 1 Or m (l)) for i = 1,2. We have only to show 
Fi(p) > 0. Since are linear with respect to p, we have only to show Fi(fj) > for any j G £2. We remark 
k ■ pf j (z, C) > 1. The number /iy (2;, OFia g («*)) is dominated by dim(F) and n, (i = 1, . . . , N). The number 
ji ■ pf j (z, Op m (l)) is dominated by dim(F) and 7^ Since nj and 7, are sufficiently small, the claim is clear. I 
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Lemma 4.31 To show fj,\(z, > for any X, we have only to show the following inequality for ^ p = 

k ■ p p (z,C) + p p (z 1 F u g {n*)) + m&M7» • p p (z, Op m (l)) f > 0. (61) 

i— 1,2 I J 

Proof We have the decomposition A = A' 1 ' + X^ 2 \ where A^ = ^2j eS . a 3 ' fj- Assume (61) holds for A' 1 '. 
Then we obtain the following: 

^jP P (z, Og(l)) = (W P <*> (z, C)+fj, pW (z, OpiagK))) + max{ 7r p, pW (z, 0p m (l))+7j -/V> £>P m (l))} 

> k ■ fj, pi i)(z,C) + AV<i>(2,e ) FiagK)) + mp/73 • Ai p (i)(2;,C , p,„(l))} 

+ fe • M p (2) (2, £) +M P (2)(2,C ) Fiag("*)) + max^ • /i p(2 ) (z,£>p m (l))} > 0. (62) 

3 — 1j2 

Thus we are done. 1 

4.3.5 Proof of Lemma 4.24, Step 2 

To show (61), we give some preliminary consideration. 

(A) If there exists a partial Jordan-Holder filtration E' t C (E 1 * , <f>) with respect to (5-semistability, take a 
decomposition V = V © V" such that V = H°(X,E'(m)) and V = V © V". Consider the one parameter 
subgroup A given by t~ rlinkv " id v > ffii ranky ' • id v ». Then we have p x (z,C) = 0, /i A (,z, Pm (l)) = rank V > 0, 
and the following equality: 

fi T (z, F iag(«*)) = X! n J" (~ rank ^" ' dim.Fj n V + rank V' • dim y^yj ) ■ 



From the semistability of z, we have the following: 

3 



7l • rank V" + ^ • (- rank V" • dim(JT j n V") + rank V" • dim y~^yj ) > 0- (63) 



We remark that the strict inequality holds in (63). In the case (I), it is obvious. In the case (II), it follows from 
our choice of n* and Lemma 4.18. Hence p\(z, Og(l)) > in this case. 

(B) If there exists a partial Jordan-Holder filtration (E'J, <j>") C (i?*, <f) with respect to 5-semistability such 
that <j)" ^ 0, let us take a decomposition V = V © V" such that V" = H°(X,E"(m)). Consider the one- 
parameter subgroup A given by t~ rlinkv ' idy ffii rankv "' idy. We have p\(z,C) = 0, p\(z, Op m (l)) = - rankF' 
and the following: 

P\{z, CWgK)) = J2 n 3 ■ (- rankF' • rank(^- n V") + rank V" • rank y^yjj^j ■ 

From the semistability of z, we obtain the following: 

-72 • dim V + nj ■ rank V' • rank(^} n V") + rank V" ■ rank j^yj^ j > (64) 

In the both cases of (I) and (II), the strict inequality holds in (64). Hence we have p\ (z, 0g(l)) > in this 
case. 

(C) Let us consider the case that there exists a partial Jordan-Holder filtration E'^ C (E'J, 4>) C (E*, <f>) with 
respect to (5-semistability. We take a decomposition V = V © V" © V" such that V' = H°(X,E'(m)) and 
V' © V" = H°(X,E"(m)). Consider the one-parameter subgroup A given by t- iankv "' ■ id v , ffit ranky ' • idy». 
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Then we have p\(z,£) — p,\(z,Op m (l)) = 0. Hence, we obtain the following inequality from the semistability 
of the point z: 

J2 n i' rank v " • rank (^j n v ') + rank v ' ■ rank ( jr. nV'O ) - °' ^ 

Due to our choice of n* and Lemma 4.18, the strict inequality holds in (65). Therefore, we have p\(z, Og(l)) > 
in this case. 

4.3.6 Proof of Lemma 4.24, Step 3 

For p = J2f. eSl dj ■ fj, let V — ® V; be the weight decomposition. We have the number i such that e 
Gio - Gi -i- We put n = dimVi. 

We use the notation in the subsubsection 2.6.1. We regard p as an element of U = ©™ =1 Q • e.%- Then we 
have the expression p — J2 a 'j ' v j sucn that a[ < a' 2 < ■ ■ ■ < a' s and ^ • a! i = 0. 

Assume a' ig > 0. Then we have the expression, due to Lemma 2.47: 

»o — 1 

P= & (H>*2) ■x(i 1 ,i 2 ) + Y c i ' y (fi- 

(ii,»2)e5(*o) i= l 

Here the coefficients b(ii,i 2 ) and Cj are non-negative, and one of b(ii 7 i 2 ) or Cj is positive. We remark that we 
have the following linearity: 

»o — 1 

max{7i-/ip(«,Op m (l))} = 71 • ^ Cj • C Prii (l)). 

i=i 

Hence the following holds: 

p p (z,0 B (l)) =^6(ii,i 2 ) •M 2; ( ll , l2 )(2,C , g(l)) + 51 C J -Mi/OO^'^bC 1 ))- 

j=i 

We have the positivity p x (i^,i 2 ) { z > ^g(l)) > and ^(j) (z, Og(l)) > from (C) and (A), respectively. Therefore, 
we obtain the positivity /x p (z,Og(l)) > 0. 

By similar arguments, we can show the desired positivity in the cases a' io = and a' io < 0. Thus the image 
of TH SS is contained in B s . Therefore, we obtain Lemma 4.24 and hence Proposition 4.21. 1 



4.4 Fixed Point Set of the Torus Action on Enhanced Master Space 
4.4.1 Preliminary 

We continue to use the notation in the subsection 4.3. We have the G m -action p on B — P(Op m (0) © Op m (l)) 
given by p(t) ■ [m : u 2 ] = [t ■ u\ : u 2 \. It induces the G m -action on TH, which is also denoted by p. Since it 
commutes with the SL(F)-action, we obtain the induced action p on TH SS / SL(V). 

We would like to discuss the fixed point set of the enhanced master space. The stack theoretic fixed point set 
(see [24]) is given in our case, as follows: We have the SL(V) x G m -equivariant closed immersion TH SS — > B s . 
Therefore, we have an open neighbourhood U of TH SS / SL(V) in B S /SL(V), which is G m -invariant, Deligne- 
Mumford and smooth. The embedding TH SS / SL(y) — ► U is G m -equivariant. The fixed point set U Gm of U 
is defined to be the 0-set of the vector field induced by the G m -action. Then, the stack theoretic fixed point set 
M Gm of M is defined to be the intersection M n U Gm . 

However, we restrict ourselves to the set theoretic fixed point set in this subsection. In other words, we will 
consider only the closed points of the fixed point set, although it is not difficult to prove the result for the stack 
theoretic fixed point set. We will later discuss the stack theoretic fixed point set of the enhanced master space 
in the oriented case. 
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Let 7r be the projection TH SS — ► TH SS / SL(V). We will use the notation (q, E* , [(f)] , T, u) to denote a 
point of TH, where (q,E*, [</>], T) denotes a point of Q, and u denotes a point of the fiber of TH — ► Q over 
(q,E„[4,],F). 

Lemma 4.32 Let z = (q, E*, [<f\, T, u) be a point of TH SS . The point n(z) is contained in the fixed point set if 
and only if one of the following holds: 

1. ze THiUTH 2 . 

2. We have the unique decomposition {q,E*, [0] , T) = (gW, E^ , [<(>(% T^) ® (q {2) , E {2) , T^). 

Proof We have only to consider the case z £ TH SS n TH*. Assume that the condition 2 holds. We put := 
H° (X, (m)) , and we consider the one parameter subgroup A of SL(V) given by t~ rank y<2) idy(i) ©i rank y<1> • 
idy(2). It fixes (q,E*, [<j>], J 7 ), and it acts non-trivially along the direction of the fiber TH — ► Q, as X(t)u = 

r rankv,( ) u. Therefore, the action p fixes [z]. 

On the other hand, if ir(z) is a fixed point with respect to p~, then we obtain the one-parameter subgroup of 
SL(V) which fixes (q, E*, [</>], J 7 ) due to Lemma 4.27. Hence, it has the decomposition. The uniqueness follows 
from Lemma 4.22. I 



Let z = (q, E*,[4>], T) be a point of TH SS HTH* such that n(z) £ M Gm . We have the decomposition 
as in Lemma 4.32. Then, we obtain the types y 1 = type^* 1 ^) and y 2 = type(i?l 2 ' > ). We also obtain the 
decomposition I\ U I 2 = N_ = {1, . . . , N}: 

The datum (y 1 , y 2 , h, I 2 ) is called the decomposition type of z. Thus, we prepare the following definition. 
Definition 4.33 A decomposition type is defined to be a datum J := (y 1 , y 2 , h, I 2 ) as follows: 

• V = V\ + Vi i n TyP e sucn that Py*' S — Py" 5 ■ 

• N_ = hUh such that \U\ = H yi (m). 

The set of the decomposition types is denoted by Dec(m, y, a*, S). i 

We remark that the condition O m -holds for M ss {y ll L, a*, 5) and M ss (y 2 , a*) for a decomposition type 
( yi ,y 2 ,h,I 2 ), HM ss ( yi ,L,a*,5)xM ss (y 2 ,a*)^®. 

4.4.2 Statement 

Let 3 := (y 1 , y 2 , I\, I 2 ) be a decomposition type. Take a decomposition V = © such that dimV^ = 
H y .(m). We put P« := ¥(V^ V ). Then, we put Q« := Q ss (m, yi ,[L},a^S) and Q< 2 ) := Q ss (m, y 2 , a*). We 
put as follows: 

Flag W := Flag(V w ,/ 4 ) := {jF^ filtration indexed by N, dimGrf W = 1 (j e h),or = (j /,)}• 

Clearly, Flag (i) are isomorphic to the hill flag varieties of V«. We put QW := QW x Flag (1) , := 
Q( 2 ) x Flag (2) , and Q Bp iit(3) := x Q {2) . Then, we have the naturally defined morphism Q sp iitP) — ► Q. 
We put TH S pii t (IT) := TH x^piitp), TH£ plit (a) := TH* x^piitp) and TH i)Sp i it p) := TH, x^Q^utP). We 
have the closed immersion t : TH sp ii t (3) — > TH. 

Let z = ({q u E { S>, [<j>], J r ^),(q 2 ,Ei 2) ,^),u) be a point of TH split p). Let min(/ 2 ) denote the minimum 
of I 2 - We will prove the following lemma, later (the subsubsection 4.4.5). 

Lemma 4.34 In the case (II) (the subsubsection 4.3.1,), if t(z) is contained in TH SS , then we have min(7 2 ) > t- 
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We put J 7 !/,, := J~ • ( T \. We remark , = 0, and dimJT\/ = 1. We also remark that the pair 

A iiiin min(i2 J rniii — i > niin A 

(e[ 2 \ J 7 ^) can be regarded as a reduced Ox(— m)-Bradlow pair on X. We will also prove the following 
proposition. 

Proposition 4.35 i(z) is contained in TH SS , if and only if the following conditions hold: 

• z e TH s * plit 

• (Ei 2 \j-^ n ) is an e-semistable reduced [0{—m)]-Bradlow pair for any sufficiently small e > 0. 

• (E^\ [0], T^) is ((5,min(/2) — l) -semistable. 
4.4.3 Step 1 

Let Gi denote the subgroup of GL(Vi) x GL(V 2 ) determined by det(g) = 1, i.e., G = {(31,32) € GL(Vi) x 
GL(V 2 )\ det(3 1 )-det( ff2 ) = l}. 

Lemma 4.36 TTie following two conditions are equivalent: 

• fi\(t(z),Og(l)) > for any one parameter subgroup A of SL(V). 

• ^i\(t(z),Og(l)) > for any one parameter subgroup A of G\. 

Proof The first condition clearly implies the second condition. Let us show the reverse implication. Assume 
the second condition holds. Let A : G m — ► SL(V) be a one-parameter subgroup. We have the decomposition 
A = A^ 1 ) + A^ 2 ) such that (z, L) — and /U A ( 2 ) (z, C) > 0. By the same argument as the proof of Lemma 
4.31, we have only to show the following inequalities: 

k ■ ji A( i) (z, C) + max{7j • fj, xW (z, Op(l))} + Ma(i) {z, 0Fi ag (n*)) > 0. (66) 
k ■ Ma<2) {z, C) + min {7j ' Ma( 2 ) ( z , ^M 1 ))} + Ma(2> (2, £>Fi ag (n*)) > 0. (67) 

J— 1,2 

Since rij and 7^ are sufficiently small, we can show that the inequality (67) always holds by the same argument 
as the proof of Lemma 4.30. So we may and will assume H\(z, C) = 0. 

Let V = ©iVi denote the weight decomposition of A. We put Qj = 0^-Vj. We have the number i 
determined by e Q. io — Gi -i- We have only to show the following: 

max> ■ *>> + E E dim T0t x > °- 

j % 

We put Ha = and Hi = V, which gives the filtration of V. We have the natural identification 

Gt h (V) ~ V. Since T is compatible with the decomposition V = ® V^ 2 \ the induced filtration by T is 
same as T. Let Q' denote the induced filtration by Q on Gr w (V) ~ V: 

5{ = 5<nvWeeinv< 3 ), ^ n y« = &nv«, &n^ 2 > = - Gi 

y l n k w 

Because of <f> G we have e C/? o - <?•„_!• 

Let us take any decomposition = 0/C 4 (a) (a = 1,2) such that Q'- n F (a) = 0^/C^. We put 

/C; =ZCf ) e/C{ 2) . Then we obtain the one parameter subgroup A' of Gi whose weight decomposition is 0/Q. 

Lemma 4.37 We have /j,\i(z,£) = 0. 
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Proof Let £i(m) denote the subshcaf of E{m) generated by Ti. Each Zi has the induced parabolic structure and 
the reduced L-section \§f\. Then the filtration • • • C (£,*, [4>i]) C (£i + i*, [</>i+i]) C • • • is a partial Jordan-Holder 
filtration due to Corollary 4.11. 

Let us consider the filtration H of E given by H = and Hi = E. On Gv H {E i ), we have the induced 
parabolic structure and the reduced L-section [Gr H ((f>i)\. Then, the tuple (Gr w (£ - i )*, Gr w (</>i)) is <5-semistable. 

We have the canonical isomorphism Gv n (E) ~ E. We regard Gr n (£i)(m) as the subsheaf of E{m). Then, 
Q[ generates Gi n (£i)(m). Then, we obtain ^iy{z,C) = from Corollary 4.11 I 

Let us return to the proof of Lemma 4.36. Since we have assumed the second condition in the lemma, we 
have fxy (z, 0g(l)) < 0. Then, we obtain the following inequality from Lemma 4.37: 

max{7 7 • io| + > rij > dim — - — — — > 0. 

Hence we have only to show the following inequality: 

i ■ dim ^ < > i ■ dim - . 

It can be shown by the geometric argument on the SL(V)-action on the Grassmann variety of N — Hj(m)- 
dimensional quotients of V. But, we give a more elementary proof. We put M :— max{i | ^ 0}, and we put 
H := Tj. Then we have the following: 

i ■ dim / = 1 ■ dim HnG Gl = ^2 1 ' dMH Gl) ^ (* + l)dim^nft 

1 1 i<M 1 1 i<M i<M-l 

= dimH-M- ^ dimffrift. (68) 

i<M-l 

Hence we have only to show dimH C\Qi < dimi? n Q- for each i. But we have the equality H (1 Qi DV^ — 
H n Q [ n and the following inclusion: 

Hence, we obtain the desired inequality, and we are done. 1 
4.4.4 Step 2 

We give some preliminary consideration. 

(01) Assume that there exists a partial Jordan-Holder filtration e[ 2 } C E^}. We take a decomposition 
y( 2 ) = vl 2) (BV^ 2) such that Vj 2) = H°(X,E[ 2) (m)), and we consider the one-parameter subgroup A given by 

, t/(2) , ..(2] 

t~ rank v 2 id y(2 ) © i r ^ id y(2 ) . In the case, we have the following: 

Vx{z, O b (1)) = n r (- rank ^2 2) ' dim Tf ] n Vj. (2) + rank V x (2) • dim . (69) 

j=min(/ 2 ) ' T j nV l 

Since n m i n (/ 2 ) is sufficiently larger than nj (j > min(/ 2 )), (69) is larger than 0, if and only if ^F^ n ^ fW^ = {0}. 
We also remark that (69) cannot be 0. 

In particular, we obtain the following: 

Lemma 4.38 If l(z) is contained in B ss , then the reduced 0{—m)-Bradlow pair (Ki 2 \ .Fmin) is e- stable for any 
sufficiently small number e > 0. I 
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4.4.5 Step 3 



We give some preliminary consideration. 

(02) Let us consider the one-parameter subgroup A of G\ given by t ra - nkv(2) idy<i> ©i~ rankv<1> id v <2). Let 
7Tj denote the projection of TH sp ii t onto TH sp ii t flTHj. Let us consider points Zi := iri(z) which are fixed with 
respect to A. We have [i\{zi,C) = for i = 1,2. We have H\(z 2 , Cp m (7)) = 72 • rankV^ 2 ). Since rij are 
sufficiently smaller than (72!, we always have the inequality ii\(z%, @g , t (l)) < 0- 

Let us consider the condition fj,\(zi, Og(l)) > 0. It is equivalent to the following inequality: 

MA(^i,Op m (7i)) +»\(zi,0 Flag {n*)) >0. (70) 

In the case (I), we have 71 > 0, and are sufficiently smaller than 71. Hence, the inequality (70) always 
holds. More strongly, the strict inequality holds. 

In the case (II), the inequality (70) can be rewritten as follows: 



7l • mnkV^ + ^ n t • ^dim(^ n V {1) ) • rankW 2 ) - dim ffy(i) ) ' rankl/(1) 

^(dim^ny (1) ) -n\ ■ rank V (2) dim ( _ f ^| /(1) ] -rankF (1) • n, 

+ ^ n, • (dim(^ ny (1) ) -rank V (2) -dim (^—^—^j -rank > (71) 



= 7i 



i>£+l 

The inequality (71) is equivalent to the condition Tt C V^ 1 ', due to our choice of 71 and n*. Moreover, if the 
inequality holds, the strict inequality holds due to our choice of n*. 

Now, we give a proof of Lemma 4.34. If i(z) is contained in B ss , we have fJ,\(z, Og(l)) > for A as above. 
Therefore, we obtain the inequality fi\ (zi, Og(l)) > 0, and hence ^ C V^ 1 ). It means min(/ 2 ) > I- Thus 
Lemma 4.34 is proved. 



4.4.6 Step 4 

We put k :— min(/2) — 1 in the following argument. We give some more preliminary considerations. 

(03) Assume there exists a partial Jordan-Holder filtration E^} C (-E 1 * 1 ^ , 4>) with respect to (5-semistability. 
We take a decomposition V<^> = V\ (1) © V 2 (1) such that V\ (1) = H° (X, e{ 1] (to)) , and we consider the one- 
parameter subgroup A given by i~ ranky<2> id y (i) ©i rankv i ' idy (2 ) . We have fi\(z,C) = (i\(z,Or m (l)) = 

for such one parameter subgroups. Therefore, the condition (z, Og(l)) > is equivalent to the following 
inequality: 

< MA(-2,CFi ag (n*)) = ^n, • (-rankV (2) • dim(^ 1} n V\ (1) ) + rankV"/ 15 •dimjff } ) 

fe-1 

= - ^rii ■ rank V (2) • dim(^ (1) n v} 1} ) + n k ■ (- rankF (2) • dim(^ 1} n v} 1] ) + rank v} 1] ■ dim 
i=i 

+ Y, n i-(~ rankF (2) • din^jf ' n V 1 {1) ) + rankV^ • dim jf . (72) 

i>k 

Recall that rn are sufficiently smaller than n,_i. Hence the inequality (72) holds, if and only if J^l^V^ = {0}. 

(04) Assume that there exists a partial Jordan-Holder filtration (E^ 1 },^) C {E^\4>) with respect to 5- 
semistability. We take a decomposition = V 2 (1) © such that V 2 (1) = H° (A, E^ ] (to)) , and we 
take the one-parameter subgroup A given by £ rankl/<2) id y (i) ©i~ ranky i ' • id y < 2 ). Then, we have [i\{z,C) = 
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fi\(z,Or m (l)) = for such one-parameter subgroups. Therefore, the condition p,\^z,Og(l)) > is equivalent 
to the following conditions: 



< V n t ( rank V (2) • rank ( . t f* } ] 



rankV - / 1 ^ •rank^ 7 | 2 ' ) 



V nj • rankT^ 2 ' rank ( — ) + n fc f rankF (2) • rank ( —^-—) - rankK (1) • rankj^f) 



r(l) 

J 



+ m ( rank^ (2) • rank j ^ ) - rank ■ rank jf } 



(73) 



Since n, is sufficiently smaller than nj_i, the inequality (73) holds if and only if <£_ V^ 1 ' '. 

We obtain the following claim from the above preliminary considerations. 
Lemma 4.39 If l(z) is contained in B ss , the tuple (_E*, </>, J 7 ' 1 )) is (5, min(/2) — l) -semistable. I 

4.4.7 End of the proof of Proposition 4.35 

When t(z) is contained in £> ss , it is easy to see z G TH* plit . We have already seen the other two conditions are 
satisfied (Lemma 4.38 and Lemma 4.39). 

Let z G TH S piit be a point which satisfies the conditions in Proposition 4.35. Let m, . . . , u N a) be a base of 
yW, and let u Ar( i )+1 , . . . be a base of V. Let (wi, . . . ,wn) be an clement of Z N such that Wi < w i+ i and 
^2 w i = 0. Let A be the one-parameter subgroup of G, given by X(t) ■ Ui — t Wi ■ Uj. We do not distinguish A and 
(wi, . . . , wn). We have the following: 

(j,\(z,Ojg(l)) = k-k' ■ fJb\(z,C) + k'(j,\(z, £>Fi ag (n*)) + fc'maxj^ • n\{z, CV m (1))}. 



We put S\ := {h | (if h (z, C) = 0} and S 2 ■= {h\ p.f h {z, C) > 0}, where f h ~ (h — N, . . . , h — N , h, . . . , h) . Since 
rij and ji are sufficiently small, we can show that the following inequality holds for any h G 5*2 by the same 
argument as the proof of Lemma 4.30: 

k- l i fh (zX) + ^f h (z,OM a . s (n*)) + minh i - l i fh (z,O rm (l))} > 0. (74) 

By the same argument as the proof of Lemma 4.31, it can be shown that we have only to show the following 
inequalities, for any 0^/3 = J2jes x a i ' fj wrtn a i — ® : 

F{p) :=fe./ip(«,£)+/i p («,0 F i a g(n,)) + max{7 < .^(«,P Pra (l))} > 0. (75) 

Let us show (75). We have the weight decomposition = Q)f a) vj Q) of p. We put := dimV^l We 

put rf ] := dimVj Q) . We use the notation in the subsubsection 2.6.2. Then p can be expressed as a ^ 1 v ^ 
satisfying (27). Let i be the number determined by <p G 0j<j o V» — 0i<j o _i V». Due to Lemma 2.48, we have 
the expression: 

»(2) 

P = E c ^ ' y (2) ^ + E dl W • Xl W + E • «2(i) + A ■ (N^n^ _ jv(i) . ^(2)). (76) 

j'=l i<io i>io 

Here c(j), d\{i) and d 2 (i) are non-negative numbers, and A is a rational number. One of c(j), d\(i), d 2 {i) or A 
is not zero. Due to p K (z,Op m (l)) — for k = y^(j),xi(i),X2(i), we have the following linearity: 



S (2) 

E' 

j=l i<i a i>io 



Hp) - E C W • F (y i2) (j)) + E d i« • F ( x ^) + E d ^ ■ F ( x ^) + F { A - (^ (2) ^ (1) - ■ n^)). 
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We obtain F(y( 2 \j)) > 0, F(xi(i)) > and L(x 2 («)) > from the preliminary considerations (01), (03) 
and (04) respectively. We have > in the case A ^ 0, from the preliminary 

consideration (02). Therefore, we obtain the desired positivity, and the proof of Proposition 4.35 is finished. I 

4.5 Enhanced Master Space in the Oriented Case 

4.5.1 The construction 

We put Q := Q ss (y, [L],a t ,S) and Q := Q x Flag(F,jV). Then, we put TH := THx^Q and TH* := 

TH* x TH TH. We remark that TH* is isomorphic to Q ss {m,y, L,a*,5) x Flag(V,iV). We also put TR* = 
TR SS x TH TH. We have the natural GL(y)-action on TH . The quotient stack is called the enhanced master 
space in the oriented case, and it is denoted by M. It is also called the master space for abbreviation. 

Proposition 4.40 M is Deligne-Mumford and proper. 

Proof From Proposition 4.21, the stack TH SS / PGL(V) is Deligne-Mumford and proper. We have the naturally 
defined morphism M — > TH SS /PGL(V), which is etale and finite. Then, we obtain that M is also Deligne- 
Mumford and proper. 1 

We have the universal quotient objects £ u , F», [<fi u ], p u ) on Q x X. It induces the oriented reduced 
L-Bradlow pair it* x (£ u (-m), F», [<j) u ],p u ) on TH x X, where n x ■ TH x X — ► Q x X denotes the natural 
projection. By taking the descent with respect to the GL(I/)-action, we obtain the oriented reduced L-Bradlow 
pair {EM,F™, [<fP], pM). We also have the induced full flag T Vl of Px „E S (m). 

The G m action p on TH induces the G m -action on TH, which is also denoted by p. It induces the G m -action 
on M, which is denoted by p. Let us see the stack theoretic fixed point set of M in the following subsubsections. 

4.5.2 The obvious fixed point sets 

— ■ — ss ss -ss , _ , - — - 

We put TH 4 = THi x TH TH . We have the substacks M, := TH 4 / GL(V) (i = 1,2). The stack M 2 can 
be easily described. By construction, M 2 gives the moduli stack M s (y, [L],a*,5-) of the tuples (E t , [4>],p, J 7 ), 
where (E* , [</>] , p) is an oriented <5_-stable reduced L-Bradlow pairs of type y, and T is a full flag of H°(X, E{m)). 
It is easily related with the moduli stack M s (y, [L], a*, 5-) of <5_-scmistable oriented reduced L-Bradlow pairs. 
We have the universal sheaf E u over Ai s (y, [L],a*,S-) x X. We obtain the locally free sheaf px *E u (m) on 
A4 s (y, [L],a*,5-). The associated full flag bundle is isomorphic to M 2 . 

Let us sec Mi . In the case (I) , Mi is isomorphic to the moduli stack of the tuples (E 1 * , [</>] , p, T) , where 
(E*, [<j>], p) is a <5 + -semistable oriented reduced L-Bradlow pair of type y, and J 7 is a full flag of H°(X, E(m)). 
It is related with the moduli stack M s (y, [L],a*,6+), as in the case of M 2 . In the case (II), Mi is the moduli 
stack of ((5, 1 )-semistable tuples (E* , [</>] ,p,F). 

We have the restriction of the oriented reduced L-Bradlow pair (E M ,F™ , [<f> M ],p M ) to M { xX. We also have 
the universal objects on Mi x X by the moduli theoretic meaning of Mj. It is clear that they are isomorphic, 
by the construction of E M . It is also easy to observe that the weight of p on E^~ { ^ x is 0. 

4.5.3 Fixed point sets associated to decomposition types 

Let us describe the components of the fixed point set contained in M* := M — (Mi U M 2 ). We use the notation 
in the subsubsection 4.4.2. Let 3 = (y lt y 2 , h, h) be a decomposition type. In the case (II) (the subsubsection 
4.3.1), we assume £ c I\. We put k := min(/ 2 ) — 1. Let Q^\5,k) denote the maximal open subset of 
determined by the (5, fc)-semistability. (It is open due to Proposition 4.15.) Let Q + denote the maximal 
open subset determined by the condition that the reduced 0{— m)-Bradlow pair (L^ 2 \ Tk+i) is e-stable for 
any sufficiently small e > 0. We have the naturally defined morphism Q^(S,k) x Q^} — > Q. Let <5 sp ii t P) 
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denote the fiber product of Q (1) (^k) x Q { + ] and Q over Q. We also put TH^p) := TH* Q split (J). We 

Q 

have the natural GL(V (1) ) x GL(t/< 2 ))-action on TH^ lit (J). The quotient stack is denoted by M Gm (3). Due 
to Proposition 4.35, we have the naturally defined morphism ipj : M Gm {3) — ► M. 

Lemma 4.41 

1. M Gm (3) is isomorphic to the moduli stack of the objects ((Ei 1 ^, <j>, T^), (i?* 2 \ -T 7 ^), p) as follows: 

• (E^\(j)) is 5-semistable parabolic L-Bradlow pair of type y l7 and is a full flag ofpx*E^\m) 
such that (Ei X \ <f>, T^) is (8,k)-semistable. 

• E^ is semistable parabolic sheaf of type y 2 , and is a full flag of p x *E^ 2 \m) such that 
(E^jF^in) is a reduced 0(—m)-Bradlow pair. 

• p is an orientation of E^ © E^ 2 \ 

2. We have the decomposition ip* 3 E*? = E™ © Ef and ip*T M = © Tf. The pull back of the reduced 
L-section [4> M ] of E M naturally gives the L-section (pf of Ef . 

Then, the object ((E^, (j)f , J 7 ? 4 ), (E${, Tf), ^p M ) gives the universal object over M G ™ x X in the 
moduli theoretic meaning above. 

Proof We recall the fibration TH* — ► Q is Op m (— 1)*. Then, the claim is clear by construction. I 

We will later give a more convenient description of M Gm (3) and the restriction of (E M , F» , [<p] , p) to M Gm (3) . 

4.5.4 Statement 

We put as follows: 

{Dec(m, y, a*, <5) (the case (I)) 

{3 = (y 1 ,y 2 ,I 1 ,I 2 ) G Dcc(m, y, a»,<5) \l C h) (the case (II)) 

Proposition 4.42 Let M Gm denote the stack theoretic fixed point set of M with respect to the action p. Then 
we have the following isomorphism: 

M Gm ~ Mi U M 2 U ]J M Gm (3). 

We will prove the proposition in the following subsubsections. 

4.5.5 Ambient stack 

We have the Poincare bundle Voin on Pic(det(y(m))) x X. Then, we obtain the vector bundle Z m := 
Px *(Wom(/\ r Vm.x^Voin)) on Pic(det(y(m))) . Recall that the Gieseker space is the projectivization of Z m . 

We have the natural projection B — ► Z m . Thus, we put B := Z rn x Zm B ss . We have the naturally defined 

GL(V^)-action on B . The quotient stack is denoted by 03'. The G m -action p on B ss induces the action on 

B . Since it commutes with the action of GL(V), we obtain the G m -action p on 03'. 

ss ~ ss 

We have the naturally defined closed immersion TH — ► B , which is GL(V m ) x G m -cqui variant. Therefore, 
we obtain the closed G m -equivariant immersion M — > 03'. Since M is Deligne-Mumford and separated, we can 
take an equivariant open neighbourhood 03 of M in 03', which is Deligne-Mumford and separated. We remark 
that 03 is also smooth. Let <8 G ™ denote the fixed point set of 03 with respect to G m , i.e., the 0-set of the vector 
field induced by the G m -action. Recall that M Gm is defined to be 23 Gm x s M. 
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4.5.6 Fixed point set of the ambient space 

We also put B i := B, xg £> . The quotient stack Sj is denoted by 25^. It gives an open subset of 03 Gm . It is 
easy to see Mi = 23^ x<b M. 

We put AT = H y (m). Let AT = (iVi.A^), r = (ri,r 2 ), fc* := (ki,j,k 2 ,j \ j = 1,. ..,/), J := (-Ti.-k) be a 
datum as follows: 

• iVi are positive integers such that iVi + iV 2 = N. 

• ri are positive integers such that r± + r 2 = r. 

• fcij are positive integers such that kij + k 2 ,j — H y {m) — H y j(m). 

• h U h = N. 

Such a tuple := (N, r, k*, I) is called a decomposition type for A. We remark that a decomposition type 
3 = (y 1 ,y 2 , h, I 2 ) induces the decomposition type 0.(3) for A, as follows: 

^ = 1^1, n = rank(y,), k itj = H yi (m) - H y .j(m). 

We put A := A y. z m Z m . For a decomposition type Q — (N,r, k*, I) for A, the locally closed regular 
subvariety <£i(fl) of A is the set of the points (f, K*, [</>], T) satisfying the following conditions: 

• There exists the unique decomposition V = © V^ 2 \ 

• f e Z m is contained in H° (x,Hom(j\ ri V$P ® f\ 2 V { ^\ L^j for some line bundle L e Pic(det(y(m))) , 
where vg* := V« ®Q X - 

• = (Ki I i = 1, . . . , f) & \\i Q m ,i is compatible with the decomposition V = © V^ 2 \ i.e., we have 
the decomposition Kj = such that are quotients of V^K We also assume dimi^ W = kij. 

• [(f>] is contained in the projectivization of 

• We have the decomposition T — T^®T^ compatible with the decomposition V = V^®V^ 2 \ Moreover, 
Tf ITf_ x ^ if and only if j e ■ 

We put B* := B -\J B t . We put £ 2 (0) := B* xj We have the natural GL(V)-action on £ 2 (0), and 

the quotient stack is denoted by £' 3 (Q.), which is the closed substack of 03'. We put <£a(£l) = £3 (£2) n 23. The 
following lemma can be checked easily. 

Lemma 4.43 <£3(£3) are open subsets of f B Gm . I 

4.5.7 Proof of Proposition 4.42 

We put as follows: 

3eS(m,2/) 

We have the natural morphism M Gm (3) — ► £3 (£2(3)). Therefore, we have the morphism M Gm {3) — ► 03^'". 
We obtain the following morphism: 

V-i :]]_M Gm (3) -^Mx 8 !8 g " 

Lemma 4.44 ipi is isomorphic. 

Proof Let g : T — ► M x<s 03 Gm be a morphism. Then we have the GL(V)-equivariant torsor P(g). We also 
obtain the following data from g : T — ► Q3 Gm . 
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• We have the GL(V)-equivariant decomposition Vi V 2 of Pp^Vx over X x P(f). 

• / : A r V — > dct* Voin, which is contained in Hom(/\ ri Vi ® ^2, det* Voin). 

The composite T — > M x<b 2J Gm — ► M is contained in M*, and hence in Q ss (m, y, L, a*, 8)/ GL(V m ). 
Therefore, we obtain the following data: 

• The oriented quotient parabolic L-Bradlow pair (g, E*{m), p, <fi) 

• q : pp^V m .x — > E(m) satisfies (TFV)-condition. 

We have p o /\ r q = f. Then, we obtain the decomposition £ = © £( 2 ) = g(V (1) ) © <?(V (2) ). The claim is 
clear on the open subset where E is locally free. Since E is torsion-free and q is surjective, the decomposition 
is obtained on the whole space. 

By taking the decent with respect to the GL(V)-action, we obtain ((qi, E^, <j>\, J 7 ^), (q 2 , E^\ J 7 ^), p) on 
T. We remark that the decomposition data is determined on each connected component of T. The conditions 
in Proposition 4.35 is satisfied for the specialization of (q\ , E^, <j>\ , J 7 ^ ) and (q 2 , E^ 2 \ J 7 ^ ) to any closed 
fibers {u} x X. Hence we obtain the morphism T — ► \\M Gm (3). In particular, we obtain the morphism 
ip2 : M x<b Q3 Gm — > []M Gm p). It is easy to see that ipi and ^2 are mutually inverse. I 

Then, we obtain the following: 

Mi UM 2 u]jM G "*(a) = M Gm x<b (<8iU<8 2 U»^) = M Gm x<s <B Gm 

In particular, M U M 2 U ]jM Gm (J) is the closed substack of M. Since 05(0) and 03; are open in <B Gm , it 
is easy to see that Mi and M Gm (3) are unions of connected components of the fixed point set. Thus, the proof 
of Proposition 4.42 is finished. I 

4.6 Decomposition into Product of Two Moduli Stacks 
4.6.1 Statement 

Let 3 = (y 1 , y 2 , h ,^2) be a decomposition type. We would like to decompose M Gm (3) into the product of two 
moduli stacks up to etale finite morphisms. We put k := min(i2) — 1- We use the notation in the subsubsection 
4.5.3. We introduce some more moduli stacks. 

Let M ss (y 11 [L], a*, (8, k)) denote the moduli stack of the objects (E^, [4>^], p (1 \ J 7 ^) as follows: 

• {E^, [<p^], p^) is a (5-semistable oriented reduced L-Bradlow pair of type y 1 , and J 7 ^ is a full flag of 
p x *E^(m) such that (E^ ,[(/>(% J 7 ) is (6, fc)-semistable. 

The universal object over M ss (y 1 , [L],a*, (8, k)) x X is denoted by 0", p" , J 7 ?). 

Let M ss (vi,L, a*, (8, k)) denote the moduli stack of the objects (E^, <j>^ , J 7 ^) as follows: 

• 4>^) is a (5-semistable L-Bradlow pair of type y 1 such that <j)^ is non-trivial everywhere, and J 7 ^ 
is a full flag of px *E^(m) such that (E^, (jy^^J 7 ) is (8, fc)-semistable. 

The universal object over M ss (y-i,L, a*, (8, k)) x X is denoted by (-E 1 " (f) u , J 7 "). 

Let M ss (y 2 , a*, +) denote the moduli stack of the objects {E^\ p( 2 \ J 7 ^) as follows: 

• {E^\ p^) is semistable oriented parabolic sheaf of type y 2 , and J 7 ^ is a full flag of p x *£ (2) M- 

• {E^\ F^in) i s an e-semistable reduced 0(— m)-Bradlow pair for any sufficiently small e > 0. 
The universal object over M ss (y 2 , a*, +) x X is denoted by (E 2 , p 2 , T 2 ). 
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Proposition 4.45 We put n := ranky^ There exists the algebraic stack S with the following properties: 

• There exist the following diagram: 

M Gm (3) <— S — ^"(^.[Ll.tt,.^.*)) xM ss (y 2 ,a*,+) (77) 
TTie morphisms F and G are etale and finite of degree (n • r2) _1 and r^ 1 , respectively. 

• Let Oi iro i(l) denote the tautological line bundle of A4 ss (y~i, [L], a*, 6). There exists the line bundle 
Oi,rci(l/ r 2) on <S such that Oi. rc i(l/r 2 ) T2 = G*Oi, ro i(l) ; and we have the following relations: 

F'E? ~G*E?®0 1M {1), F*Ef ~G*E%®0 1M {-n/r 2 ) (78) 

The weight of the G m -action ~p on Ef 1 and E^ are — 1 and r\/r 2 , respectively. 
Corollary 4.46 We have the following diagram: 

M Gm (3) S — A4 ss (y l7 L,a„(5,fc)) x M ss (y 2 , a*, +) (79) 

Here G' is etale and finite of degree (n ■ r 2 ) _1 . We have the following relations 

F*Ef ~ G'*E™, F*Ef ~ G'*% <g> Or^)- 1 ^ 2 

ffere, we pw£ Or^f)" 1 /^ := 0i, re i(-ri/r 2 ). I 

Before going into the proof, we give some remark on the inductive process to investigate the transition of the 
moduli stacks, heuristically. Let 8 be an element of Cr(y, L, a*). Let 6- and 6+ be sufficiently close to S such that 
6- < 5 < 6+. We will be interested in the difference of Ai ss (y, [L],a*,6-) and A4 ss (y, [L],a*,6+). We make 
the enhanced master space. Then are isomorphic to the full flag variety bundles over M ss (y, [L], a*, S-) and 
M ss (y, [L],a*,6+). So we can derive some information from the fixed point sets M Gm (3) by the localization 
technique, and M Gm {3) is isomorphic to M ss (y 1 , [L],a*,5, £) xM ss (y 2 , a*, +) up to finite and etale morphisms, 
where I = min(/ 2 ) — 1- 

The structure of M s (y 2 , a*, +) can be easily related with the moduli stack M = M s (y 2 , [0(—m)],a*,e), 
where e is a sufficiently small number. We have the universal oriented sheaf E u over Aixl with the universal 
reduced section [</>"]. Then we obtain the vector bundle px * (E u (m)) with the line subbundle Q C px * (E u (m)) 
induced by [cj) u \. We put C := px *(E u (m)) / Q. Then the associated full flag bundle to C is isomorphic to 
M"(y 2 ,[0(-m)],a*,e). _ 

On the other hand, the structure of M ss (y 1 , [L] , a* , 5, £) is not so easy to describe. However, we can make 
the enhanced master space M^> again, so that and M 2 ^ are isomorphic to M ss (y\, [L],a*,S,£) and the 

full flag variety bundle over Ai ss (y 1 , [L], a*, £_). Thus, we can proceed inductively. 

We remark rank(y 1 ) < rank(y). Therefore, the process will stop, and we will arrive the description of 
the difference of M ss (y, [L],a*,6+) and A4 ss (y, [L],a*,5_) in terms of the products of the moduli stacks of 
scmistable objects with lower ranks. We use such an argument in the subsection 7.6. 

4.6.2 Preliminary 

We use the notation in the subsection 4.4. Let Q denote the maximal open subset of Q°(m,y 1 , L) x Flag 1 ' 

~(2) 

determined by the (S, fc)-semistability. Let Q denote the maximal open subset of Q°(m, y 2 ) x Flag'- 2 -', which 

consists of the points (q 2 , E 2 *, p 2 , T^) such that {E 2 *,J r ^ n ) is e-semistable for any small e > 0. We also put 

-(i) -(2) 

T\ := Spec k\t\, t Y ]. We have the Ti-action on Q x Q , given as follows: 

h ■ ((Eh. *, 4>, P, , (E2.,4>, p, T^)) = ((£7i 0, h -p, , (E2.,<t>, -p, T^)) 
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By construction, we have the isomorphism TH lit (3) ~ [Q xQ )/T\. We have the naturally defined actions 
GL(Vi) on Q . We put .M, := Q / GL(Vj). Then we obtain the following description: 



M Gm (3) 



~U) -(2) 

Q x Q 



GL(Vi) x GL(V 2 ) x Ti 



All x 7W 2 



Let us see the right hand side more closely. The stack Mi is isomorphic to the moduli stack of the objects 
(Ei 1} , 0« , p« , J^ 1 )) as follows: 

• (E^ , <f)^ , pW) is a (5-semistable oriented L-Bradlow pair of type y 1 , and J 7 ^ is a full flag of px *E^ (m) 
such that (S^,^ 1 ),^ 1 )) is (<S, fc )-semistable. 

The quotient stack M2 is isomorphic to the moduli stack M ss (y 2 , a*, +)• 

The Traction on is givenbyt 1 -(Ei 1) ,^ 1 \p^\T^'>) = (^ 1) ,^ 1 ),t r p( 1 ),JT( 1 )). The Ti-action on .M 2 
is given by t x ■ (E^ , p( 2 \ T^) = {E<?\t^ -p™ 

4.6.3 Construction of S 

We put T\ := Spec/c[si, s7 ]. Let T\ — ► T\ be the morphism given by t\ — s^ 11 * 2 , where = ranky^ We have 
the naturally induced Ti-action on Mi x .M 2 . Let S denote the quotient stack (Mi x .M 2 )/Ti. Then, we have 
the following morphism: 

S — (Mj x M 2 )/Ti ~ M G -p) 



Here F is etale and finite of degree (n • r 2 ) x . 

Let us see the Ti-action on .Mi (i = 1,2). The induced Ti-action on M2 is trivial, i.e., s± ■ {E^\ p^ 2 \ T^) — 
(Ei 2 \ Si ri ' T2 ■ p( 2 \ F^) ~ (Ei 2 \ p( 2 \ J 7( - 2 ' ) ) . The isomorphism is given by the following diagram: 



E<® det(EW) 

s - ri [ s r ir2 | 

E(2) det(E^) 
The induced Ti-action on Mi is given as follows: 



r l r 2. p (2) 



det* Pom 
id 

det* Voin 



(80) 



The isomorphism is given by the following diagram: 



EW det(£«) s? " 2p(1) ) det* Voin 



id 



s?0 



* det^ 1 )) 



id 

det* "Pom 



(81) 



In particular, since Ti-action on M2 is trivial, we obtain the following morphism G: 

G 



S={Mi/T l ) x M 2 



(M1/T1) x M2 = M ss (y l7 [£],«*, (<5, fc )) x X ss (y 2 , a*, J 2 ) 



The morphism G is etale and finite of degree l/r 2 . 
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4.6.4 The universal sheaf 

We put Mi := M ss (y 1: [L], a*, (S, k )). We remark that tt : Mi x M2 — * Mi x M 2 is isomorphic to 
C l re i(— 1)* — ► Mi x M2, and the Ti-action on Oi. rc i(— 1)* is given by s ■ v = s r2 v on each fiber. We use the 
argument in the subsection 2.7. Let T(n) denote the trivial line bundle on Mi x Mi with the Ti-action of 
weight n. It induces the Ti-line bundle w*T(n) over Mi x Mi- By the descent, we obtain the line bundle I n 
over M1/T1 x M 2 - We put £>i : rci(l/r 2 ) := T x . It satisfies e>i : rd(l/r 2 ) r2 ~ G*Oi, rc i(l), due to Lemma 2.49. 
Let E[ u and E' 2 U denote the pull back of E™ via the morphism Mi x M2 x X — > Mi x A4 2 x I. By 

the construction, we have the Ti-equi variant sheaves E{™ © E 2 Tli on Mi x M2 x X, which is induced by 

ss _ 

the sheaf on TH as in the subsubscction 4.5.1. When we take it into account of the G m -action p, we have 

E[ TR ~ E[ u <8> n*T(r 2 ) and ^ TH ~ £ 2 " <g> 7r*T(-n) due to the diagrams (80) and (81). Therefore, we obtain 

(78). 

We put T 2 :— Spec £;[s 2 ,s 2 and let T 2 — ► G m is a morphism given by t = s r 2 . We have the induced 

^ ss a(l) d(2) 

action p of T 2 on TH . On Q x Q , the induced action is given as follows: 

s 2 • (Ei *,(/>, pi, Ti,E 2 *,p2, F2) = (Ei*,S2 2 (j),pi,J 7 i,E 2ll :,p2,J 7 2)- 

Therefore, the action of Ti and T 2 on Mi x M2 are same. On the other hand, the induced bundles over 
Mi x M 2 x X are E[ u and E' 2 U with respect to the p-action. Therefore, the weight of p on ip*E™ ®X r2 is — r 2 , 
and the weight of p on t£*E 2 ®T_ ri is n, due to Lemma 2.50. Thus, the proof of Proposition 4.45 is finished. I 



4.7 Simple Cases 

4.7.1 The case where the 2-stability condition is satisfied 

We give some indication about what happens when the 2-stability condition is satisfied for (y, L, a*, 5), without 
proof. In this case, we do not have to consider the enhanced master space and (<5, ^)-semistability. Hence the 
problem is simpler. 

We use the notation in the subsubsections 4.1.1 and 4.2.1. We take a positive rational number 71 and a 
negative rational number 7 2 such that |7j| are sufficiently small. We take a large rational number k' such that 
*' ' (7i - 72) - 1. We put & := £®. fe '. We have C 2 = A <8> Op ra (-l)- 

Let us consider B := P(O Pm (0) C Pm (l)) over A. We put Bi = P(O Pm (0)) and B 2 = P(C Pm (l)), which 
are naturally regarded as the closed subscheme of B. We have the tautological line bundle Op(l), and we put 
Ce(l) := Op(l) ® C\. We have the natural SL(y)-action on B, and C?g(l) gives the equivariant polarization. 
Let B ss denote the set of the semistable points of B with respect to Og(l). We put TH SS :=(Jx^ B ss . We 
have the natural SL(]/)-action on TH SS . The following proposition can be shown by an argument similar to the 
proof of Proposition 4.21. In fact, it is much simpler. 

Proposition 4.47 The quotient stack TH SS / SL(V) is Deligne-Mumford. I 

We put flf S := TH SS x Q Q, where we put Q := Q ss (y, [L], a*, S). We put M := TR S /GL(V), which 
is called the master space in the oriented case. We have the G m -action p as in the enhanced case. From 
Proposition 4.47, we obtain the following. 

Proposition 4.48 M is Deligne-Mumford and proper. I 

We put THf := Bf x A TR* , and we put M t := TH-' '/ GL(V). We put M* := M - M x U M 2 . It is easy 
to observe that M* is an open substack of M(m, y, L). 

Due to Lemma 4.14, Mi and M 2 are isomorphic to M ss (y, [L], a*, 6+) and M ss (y, [L],a*,5-) respectively. 
They give the obvious fixed point sets of M with respect to p. 

Let us see the other components of the fixed point set. A decomposition type is defined to be 3 := (yi,y 2 ) & 
Type 2 satisfying y 1 + y 2 = y and Py* ,s = Py* ,s = Py* ■ For such a decomposition type 3 := (y 1 ,y 2 ), we 

consider the moduli stack M Gm (3) of objects (E^, </>, E^\ p) as follows: 
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• (E^, <j>) is (5-stable L-Bradlow pair of type y 1 . 

(2) 

• Ei ' is stable parabolic sheaf of type y 2 . 

• p is an orientation of © i?( 2) . 

Note that the 2-stability condition for (y,L,a*,5) implies the 1-stability conditions for (y 1 ,L,a t ,,S) and 
(y 2 ,a*) if M ss (y 1 , L, a*, S) x M ss (y 2 , a*) ^ 0- We have the naturally defined morphism M Gm (J) — ► M as 
in the subsubsection 4.5.3. 

Let S(y, a*, S) denote the set of decomposition types. Then we can show the following by the same argument 
as the proof of Proposition 4.42. 

Proposition 4.49 Mi U M 2 U U^esry a s) M Gm (3) is the stack theoretic fixed point set of M with respect to 
'P. I 

We naturally have the oriented reduced L-Bradlow pair (E^f , [<j> M ],p M ) on M x X, as in the subsubsection 
4.5.1. The restriction of (E^f , \<j) M \,p M ) to M, x X has the universal property with respect to the moduli 
theoretic meaning above. Let ip : M — > M.(m,y,[L]) denote the naturally defined morphism. Then the 
restriction of (p*0 Te \(l) to M* is canonically trivialized. Therefore, the restriction of [4> M ] to M* gives the 
L-section, which we denote by (j) M . Then, the restriction of (E M ,(j) M , p M ) to M Gm (3) has the universal 
property with respect to the moduli theoretic meaning above. Correspondingly, we have the decomposition 

pM _ rpM as pM 

\M G ™ (3) 9 ^ • 

It is convenient to decompose M Gm (3) into the product of two moduli stacks up to etale finite morphisms. 
By the same argument as the proof of Proposition 4.45, we obtain the following description of M Gm (3) up to 
etale finite morphisms. 

Proposition 4.50 We put T{ := ranky^. There exists the algebraic stack S with the following properties: 

• There exists the following diagram: 

M G ™P) S M ss ( yi ,[L\,a. t ,5)xM ss (y 2 ,a. t ) 

The morphisms F and G are etale and finite of degree (ri • r 2 ) _1 and r^ 1 , respectively. We also have the 
following diagram: 

M G ™{3) «— S M ss ( yi ,L,a*,5) x M ss (y 2 ,a*) (82) 

Here, G is etale and finite of degree (ri^) -1 . 

• Let Oi, re i(l) denote the tautological line bundle of Ai ss (y 1 , [L], a*, S). We use the same notation to denote 
the pull back via an appropriate morphism. Then, there exists the line bundle 0\^ e \(l/r 2 ) on S such that 
Oi^ c \{l/r 2 ) r2 = G f *Oi i rei(l), and we have the following relation: 

f * e m „ G *£u 0l rel (i) ; f * e m „ G * E u o l rel (_ ri / r2 ) ( 8 3) 

Here E\ and E 2 are induced by the universal sheaves over M ss (y 1 ,{L],a*,5) x X and M ss {y 2l a af ) x X, 
respectively. We also have the following relation: 

F*Ef ~ G'*E™, F*Ef ~ G'*E 2 ® Or(E^y 1/r2 

Here, E% denotes the pull back of the universal sheaf over M ss (y 1 ,L,a*,S)xX, and Or(Ef)- 1 ^ 2 denotes 
Oi, ro i(-ri/r 2 ). 

• The weights of the G m -action p on Ef 1 and E^ 1 are -1 and r\/r 2 , respectively. I 
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4.7.2 The case of oriented reduced i-Bradlow pairs 

Let L — (Li, L2) be a pair of line bundles on X. Let 8 = (Si, 82) be an element of (V br ) 2 . We can discuss the 
transition of the moduli stacks M ss (y, L, a*, 8), when Si is moved. For simplicity, we restrict ourselves to the 
case where both of Si are sufficiently small. Recall the results in the subsubsection 3.5.3. Then, the 2-stability 
condition is always satisfied, and the problem is simple as in the subsubsection 4.7.1. We give only an indication 
without proof. 

Let 8 = (<5i , <5 2 ) be an element of V hl 2 such that Si are sufficiently small. Assume that the 1-stability 
condition does not hold for (y,L,a*,S). In that case, we have the positive integers (i = 1,2) satisfying the 
following: 

Si 62 
ri + r 2 = r, — = — 
n r 2 

We take Si,- and <5i ; _|_ such that Si,- < Si < Si,+ , which are sufficiently close to Si. We put 8 K := (Si, K ,S2) for 
k = ±. We would like to compare the moduli stacks M ss (y, L, a*, S-) and M ss (y, L, a*, S+). 

We use the notation in the subsubsection 4.1.1. We put A := A m (y, [L]) and C := C y ^{Py *' S {m), e*, 8(m)) , 
which gives a GL(V)-polarization on A. We put £ 7 := C ® p (i) (7) for rational number 7. Let A ss (Cy) denote 
the set of the semistable points of A with respect to £ 7 . 

We put Q := Q ss (m,y, \L],a*,8). We have the GL(V)-actions on A and Q. We also have the equivariant 
morphism ^ m : Q — > A. The <5 K -scmistability condition determines the open subset Q S K S . The following lemma 
can be shown by the same argument as the proof of Lemma 4.14. 

Lemma 4.51 Assume that the absolute value of j ^ is sufficiently small. 

. Then, we have tf" 1 (A ss (£ 7 )) - Q s % n(7) - 

• The induced morphism ^ m : Q^^) — > A SS (C 7 ) is a closed immersion. Moreover, the image is contained 
inA s (£j). I 

We take a positive rational number 71 and a negative rational number 72 such that \ are sufficiently small. 
We take large number k' such that fc'(7i — 72) = 1. We put d := £® fc . We have £ 2 = £1 <8 C p (i) (— 1)- 

Let us consider B := P(C p <i) (0) © (1)) over A. We put Bi = P(O p a) (0)) and B 2 = P(C p a) (1)) , which 
are naturally regarded as the closed subscheme of B. We have the tautological line bundle Op(l), and we put 
Oisil) := Op(l) ® jCi. We have the natural SL(y)-action on B, and Og(l) gives the equivariant polarization. 
Let B ss denote the set of the semistable points of B with respect to 0g(l). We put TIT" :=Qx^ S ss . We 
have the natural SL(V)-action on TH SS . As in the case of Proposition 4.47, the following proposition can be 
shown easily. 

Proposition 4.52 The quotient stack TH SS / SL(V) is Deligne-Mumford. i 

^55 *s >s -5S 

We put TH := TH SS x Q Q, where we put Q := Q(y, [L], a», <*>). We put M := TH / GL(V), which is 
called the master space. We have the G m -action p as usual. From Proposition 4.52, we obtain the following. 

Proposition 4.53 M is Deligne-Mumford and proper. I 

We put THf := Sf TH^, and we put M t := TH- S / GL(V). We put M* := M - M x U M 2 - It is easy 
to observe that M* is an open substack of the moduli stack M(m,y, L\, [L 2 ]) of the tuple (E*,p,4>i, [fa]) as 
follow: 

• E* is a parabolic sheaf with an orientation p satisfying the condition O m . 

• fa is an Li-section of such that fa ^ 0. 

• [fa] is a reduced L 2 -section of E* such that [fa] ^ 0. 
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From Lemma 4.51, Mi and M 2 are isomorphic to A4 ss (y, [L],a*,5+) and M ss (y, [i],a*,5_) respectively. 
They give the obvious fixed point sets of M with respect to p. 

Let us see the other components of the fixed point set. A decomposition type is defined to be a datum 
3 := (2/1,2/2) e Type 2 satisfying the following: 

Vl +2/ 2 =y, PT= P vl= P vh »-i = rank( Vj ) 

For a decomposition type 3 := (2/1,2/2), let M Gm (3) be the moduli stack of the objects (-E 1 * 1 ^, 0i , E 1 * 2 ^, [02],/f) 
as follows: 

• (-E* 1 **, 0i ) is ^-stable Li-Bradlow pair of type y 1 . 

(2) 

• (El , [4> 2 ]) is c>2-stable reduced L 2 -Bradlow pair of type y 2 . 

• p is an orientation of © E^ . 

Note that Si are sufficiently small, and hence the 1-stability conditions for (y 1 , Li, a*, Si) and (y 2l L 2 , a*, £2) 
are satisfied. We have the naturally defined morphism M Gm (3) — ► M, as in the subsubsection 4.5.3. 

Let S(y, a*, S) denote the set of decomposition type. Then, we can show the following by the same argument 
as the proof of Proposition 4.42. 

Proposition 4.54 Mi U M 2 U U 3e5 ( y a s ^ M Gm (3) is the stack theoretic fixed point set of M with respect to 
P- I 

We naturally have the oriented reduced L-Bradlow pair (E^ 1 , [02*],/?) onMxX, as in the subsubsection 
4.5.1. The restriction of (E^f , [(ftf 1 ], [4>^},p) to Mj x X has the universal property with respect to the moduli 
theoretic meaning of Mj. 

Let O^j(l) denote the line bundle on M(m,y, [L]) which is the pull back of the relatively tautological line 
bundle on M(m, y, [Li]) via the natural morphism A4(m, y, [L]) — ► M(m,y, [Li]). Let <p : M — ► A4(m, y, [L]) 
denote the naturally defined morphism. The restriction of ip*0^(l) to M* is canonically trivialized. Thus, the 
restriction [^f induces the Li-section of E M , which wc denote by (frf . We put 2^ := ip*0^j(—l). Then, 

[(f)^] gives the morphism 1^ ® L 2 — ► E M . The restriction of (E M , (f>f, [<f> 2 ],p) to M Gm (3) has the universal 
property with respect to the moduli theoretic meaning above. Correspondingly, we have the decomposition 

It is convenient to decompose M Gm (3) into the product of two moduli stacks up to etale finite morphisms. 
By the same argument as the proof of Proposition 4.45, we obtain the following description of M Gm (3) up to 
etale finite morphisms. 

Proposition 4.55 We put rt := rankj/j. There exists the algebraic stack S with the following properties: 

• There exist the following diagram: 

M G ™(3) S M"(y 1 ,[L 1 ],a.,6 1 ) x M ss (y 2 ,[L 2 ],a*,6 2 ) (84) 

The morphisms F and G are etale and finite of degree (n • r 2 ) _1 and r 2 x , respectively. We also have the 
following diagram: 

M G ™(3) S — ^— M ss (yi,Li,a*,6i) x M ss (y 2 ,[L 2 ],a*,6 2 ) ( 85 ) 

Here G is etale and finite of degree [rir 2 )~ x . 
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• Let Oj >re i(l) denote the pull back of the relative tautological line bundle of M. ss (y i , [Li], a*, S). There 
exists the line bundle Oi. r oi(l/ r 2) on S such that Oi^ c \(\/r 2 ) r2 — G*Oi jre i(l), and we have the following 
relation: 

f * e m „ G *E^®0 1M {\), F*Ef ~ G*E%®0 1M (- ri /r 2 ), F*rf*> ~ G*0 2 ,rei(-l)®0 1M (-r 1 /r 2 ). 

(86) 

Here Ef denotes the pull back of the universal sheaf over M ss (y i , [Li],a*,5i) x X. We also have the 
following: 

F*Ef ~ G'*Ei, F*Ef ~ G'*El ® Or(E?)-V r ' 

Here, E™ denotes the pull back of the universal sheaf over M ss {y 1 , L\, a*, 5\) x X, and Or(Ei)^ 1 ^ 7 ' 2 
denotes Oi iie \(— r\/r 2 ). 

• The weights ofp on Ef 1 , E^ 1 and l|| Gm are — 1, ri/r 2 and r\jr 2 , respectively. I 

5 Obstruction Theory of the Moduli Stacks and the Master spaces 

In this section, we discuss the obstruction theory of the moduli stack of parabolic reduced Bradlow pairs on 
a smooth projective surface X. We also assume the smoothness of the divisor D, which is the support of 
the parabolic structure. The naive strategy is explained in the subsubsection 2.4.2. We will also discuss the 
obstruction theory for the master spaces. 

Notation Let S be a scheme, Z be a stack over S, and G be a smooth group scheme over S. When G acts on 
Z, the quotient stack is denoted by Zq. 

5.1 Deformation of Torsion-free Sheaves 
5.1.1 Construction of the basic complex 

Let U be any algebraic stack over k, and let E be a torsion-free [/-coherent sheaf defined over U x X. Assume 
that we have a locally free resolution V. = (V-i — > Vo) of E on U, i.e., Vi are locally free sheaves of finite ranks, 
and we have the surjection Vq — ► E whose kernel is V-i. The inclusion V-\ C Vo is denoted by /. We put as 
follows (see the subsubsection 2.1.3): 

q(V.) :=Uom(V.,V.y[-l] 

Let W-i and Wo be vector spaces over k such that rankWi = rankV^. We denote W, ® Ox by Wix- 
We put GL(W.) := GL(VK_i) x GL(W ). We have the natural right GL(VF.)-action on the vector bundle 
N{W-ix, Wox) given by (g~i,go) • f = g^ 1 ° / ° 9-1- Here gi denotes an element of GL(Wi), and / denotes 
an element of N(W-ix, Wox)- The quotient stack is denoted by Y(W.). 

Then, we have the classifying map $(V.) : U x X — ► Y(W.) over X, and thus $(V.)* L Y (w.)/x — * L UxX /x- 
As explained in Example 2.21, $(V.)*L Y (w.)/x is represented by the complex q(V.)<\. We have the naturally 
defined morphism g(V.) — > fl(^)<ii and hence g(V.) — > Ljj x x/x- 

Let uix denote the dualizing complex of X, and we put as follows: 

Ob(V.) :=RpxM V -)® UJ x) 
Then, we have the naturally defined morphism ob{V.) : Ob(V.) — > Ljj. 

Lemma 5.1 The object Ob(V^) and the morphism ob(V.) depends only on E in the derived category D(U), in 
the sense that it is independent of the choice of a resolution V.. 

Proof Let V.^ be another resolution. We would like to compare the two morphisms ob(V.^) and ob(V^) in 
the derived category D{U). We put := Vo ® V^ and V^ := ker(Vg 2 ' — ► E). We have the morphism 
V. — ► V. {2) and V. — > V. {1) . Therefore, we have only to compare the morphisms ob(V.^) and ob(V). Note 
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0,-1) 

(2) (2) 

— V preserving the filtrations. They naturally form the complex of 



that Vi is a subbundle of Vr> , i.e., we have the filtration V. C V (2) . Let Horn! (Vr> , Vf>) 
denote the sheaf of O^-morphisms V i 



sheaves Hom'(V {2 \ V (2) ). We put g(V.,V. {2) ) := Horn {V {2 \ V. {2) ) v [-l}. We have the naturally defined quasi 
isomorphisms Horn {V. {2) , V {2) ) — > Hom{V.,V.) and Horn {V. {2 \ V {2) ) — > Hom{V. {2 \v {2) ) . They induce the 
quasi isomorphisms 71 : g(V.) — ► g(V.,V.^) and 72 : q(V^) — > q{V.,V.^ 



Let be vector spaces such that rankw/ 2 ^ = ranky/ 2 ^ (i = 1,2). We fix inclusions Wj C W i 



(2) 



We denote Wf } ® O x by W>$. We have the filtration W lX C W 7 ^. Let nom'{W^,Wf x ) be the sheaf 

(2) (2) 

of Ojif-niorphisms W 7 ^ — ► W- ^ preserving the filtration. The corresponding vector bundle is denoted by 



N'(W$, Wf x ). We have the natural morphisms N'(W^, wf x ) — ► N(W iX ,W jX ) and N'(W^, wf x ) 



N i W ix> W jx)- Lct Gh'(W[ 2> ) be the subgroup of Gh{W} 2> ), which consists of the elements of GL(W[ 2> ) 



(2) ^ 



r(2) 



preserving the filtration. Then we have the natural right GL'(W^ 2) ) x GL'(T4^ j )-action on N'(W^> ,W t (2 >). 



'(2) U/( 2 h 



The quotient stack is denoted by Y'(W^). We have the homomorphisms GL'(w/ 2 ^) 
GL'(W; (2) ) — ► GL(Wj). Thus we have the morphisms Y'(W^) — > Y(W.) and Y'(W^ 

► F'(VK. 1 



and 



From the tuple (V.,V.^) , we obtain the morphism $(K,V^^) : U x X 



(2h 



(2)> 



♦ GL(wf } ) 

>f(vk. (2) ). 

Then, it can be 



shown by the argument in the subsubsection 2.3.2, that the complex §(V.,V. ) is represented by g(V.,V. ). 
We also have the following commutative diagram: 



<S>(V.)*L nw .)/x 



8{V.) 



<i 



<S>(V.,V m )*L Y , 



Y'(W (2) )/X 



&(v.,v (2) )<i 



Then, we obtain the following diagram: 



J UxX/X 



<S>(V.)*L Y ( W .)/x 



Luxx/x 



$(V V^YL m 



q(V.,V {2) ) 



m {2) rL Y{w v yx 



(^ (2) )<i 



(87) 



Luxx/x 



Y(W (2) )/X 



B(V {2) ). 



9(V.) — 

We put Oh(V. {2 \v.) := Rp x *(g(V. i2) ,V.) (g> lu x ) . Then we obtain the following diagram in D(U): 

Ljj ► Ljj < Ljj 



Oh{V.) — =-> Ob(V. (2) ,V.) Ob(V. (2) ) 

Thus we are done. 3 

If E is a vector bundle of rank R, we may take Vq = E and V-i = 0. In this case, the construction can 
be reworded as follows: We have the classifying map &(E) : U x X — ► ^gl(r)- It induces the morphism 
$(E)*L Xghr)/x — > L UxX / x . We have the expression §(E)* L Xgl{r)/x ~ Hom(E,E). We put Ob(_E) := 
Rp x *(Hom(E , E) ®to x ), and we obtain the morphism ob(_E) : Ob{E) — ► L v / k . 

5.1.2 The trace-free part and the diagonal part 

We have the homomorphism GL(W.) — ► G m given by (/-i,/o) 1 — > det(/_i) _1 • det(/o). It induces the 
morphism ro : Y(W.) — > Xc m - The composite ro o $(V.) : U x X — ► Xc m is same as the classifying map of 
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the determinant bundle det(E) ~ det(Vb) <8> det(V-i) 1 , which is denoted by $(det(i?)). Then, we obtain the 
following commutative diagram: 



*(det(£7))*L Xo „ 



0[-l] 



/x 



<$>{V.)*L Y (w.)/x 



3(V) 



^UxX/X 



Here, the map i : 0[— 1] — ► q{V.) is given as follows: 

O — Wom(F , Vb) © Wom(y_ 1; V_x), / — (/ • id Fo , -/ • idy.J 

On the other hand, we have the trace map tr : g(K) — > C[— 1] : 

Hom(V , V Q ) © Hom(V_i, V_,) — > O, (/ , tr(/ ) + tr(/_i) 

We put Kcr(tr) := 0°(V:), and Q d {V.) := Im(i). We have the decomposition g(V:) = 0°(K) © d (V:), which 
induces the decomposition Ob(V.) = Ob°(V.) © Ob d (K). The complexes g°(V.) and Ob°(V:) (rcsp. Q d (V.) and 
Ob d (K)) are called the trace-free part (resp. the diagonal part). 

The determinant bundle induces the morphism det# : U — > M(l). We also have the following commutative 
diagram: 

U x X * {V) > Y(W.) 

detE.x 



M(l) x X 



X G„ 



The composite to o $(T^) is same as the classifying map $(det(S)) of det(-E). Thus we obtain the following 
commutative diagram: 



->UxX/X 



§{V.)*L Y[W . )/X 



det EX L M ^ xX /x 



— $(det(E))*L XGm/x 
Therefore, we obtain the following commutative diagram: 

Lu < Ob(V.) 



8(V.) 



3 d (V.) 



(88) 



det E L M(1 ) 



Ob d (V.) 



5.1.3 Preparation for Master space 



We also put A(W.) := X GL(Wo) . We have the natural morphism V : Y(W.) — > A(W.). We put V(V.) := 
T o &(V.). Then ty(V.)* La(w.)/x 1S represented by Hom(Vo, Vb) v [— 1]. For these representatives, the natu- 
ral morphism \t '(V.)* L A i w y x — ► &(V.)* L Y (w.)/x 1S expressed by the obvious inclusion of Hom(V ,V ) to 
Hom{V ,V )®Hom(V- 1 ,V- 1 ). We put t){V.) := Hom(V , K) v [-1] and Ob G (V:) := Rp x *(l)(V.) <8> u x ). Then 
we obtain the following diagram: 



^{V.)*L 



A(W.)/X 
G i 



a<y.) 



<£(V.)*L Y 



Therefore, we obtain the morphisms Ob (V.) — > Ob(V.) 



(w.)/x 



J U/k- 



-'UxX/X 



Now, we assume the following condition (C) for E and V.: 



<)<S 



(CI) For any point u £ U, the higher cohomology groups H l (X, -B|{«} x x) vanish. 

(C2) We put V :=p x *(E). Then we have V = p* x V . 

We put B(W.) := Spcc(fc) GL(1Vo) . We remark A(W.) = X x B(W.). Because of V = p* x V, we have 
rank Wo = rankF', and hence we have the classifying map ^f(V) : U — > B(W.) of V . We have the following 
commutative diagram: 

Y(W.) - 



U xX 

*(V')x 

B(W.) x X 



r 

A(W.) 



(89) 



Thus we obtain the following diagram on U x X: 

Luxx/x < ®(V-)*L Y (w:)/x 



^{V') x L B ^ w ,) xX /x *- 
Hence, we obtain the following diagram on U: 

Lu 



*{V.)*L A(W . )/X 

< ob(v:) 

<-2— Ob G (V.). 



8(V.) 



(90) 



(91) 



It is easy to see that both of Ob G (V^) and ty(V')*L B ( W ^ are isomorphic to Hom(V , V')[— 1] under the 
condition (C). 

Lemma 5.2 The morphism t\ in (91) is isomorphic. 

Proof The composite of the following naturally defined morphisms is isomorphic: 

Rpx*((Hom{V ,V )^H(mi{V- U V ))®wx) — > Rp x *(Hom(V ,V ) ® w*) — »Wom(V',V") 
Then, the claim of the lemma immediately follows. i 

5.1.4 Basic complex on the moduli stack A4(m, y) 

Let y £ H*(X) be a Chern character of a coherent sheaf on X. Let H denote the polynomial associated to 
y. We take an iJ(m)-dimensional vector space V m . We have the scheme Q°(m,y). (See the subsubsection 
3.6.2.) We consider the universal quotient q u : PQ°r my \Vm,x — ► E u (m) defined over Q°(m,y) x X. We put 
V U := p* Qa , y) V m ,x and := ker(V " — > E u (m)). The inclusion V\ — ► V " is denoted by f u . We put 
V := y r „ <g> 0Q°( m . y ) =Px*Vo". We have the morphism 7r : Q°(m,y) — ► M(m,y) := Q°(m,y)/GL(V m ). The 
latter is an open subset of the moduli stack of torsion- free sheaves of type y, determined by the condition O m . 
The descent of E u , V. and V with respect to the GL(V m )-action are denoted by £ u , V. and V". The sheaf £ u 
is the universal sheaf. 

We put Wo := V^n, and we take a vector space W-i such that dim W-i — H(m)— rank(y). Applying the result 
in the subsubsection 5.1.1, we obtain the complex Ob(V.) and the morphism ob(V.) : Ob(V.) — > L M ( m . y y k . 
We obviously have ir* Ob(V.) = Ob(V; u ). 

Lemma 5.3 We have the following morphism of the distinguished triangles on Q°(m,y): 

7r*Ob(V.) ► Ob(y M 1 ,/ M ) > Hom{V',V) > 7r*Ob(V.)[l] 



7T*L 



M(m,y) 



L Q°(m,y)/M(m,y) 



7T*L 



M(m,y) 



[!]■ 
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Proof We use the notation in the subsubsection 2.4.3. We have the following commutative diagram: 

Q°(m,y) - 1 >; Y(W.) quo > X 

I -I 1 

M(m,y) > Y(W.) ► X 

The composite tt o $(V r " 1 ,/") is same as Thus we obtain the following morphism of distinguished 

triangles on Q°(m,y) x X: 

3>(V U )*L Y(W . )/X — 2-> $(T/« l7 /«)*L Yquo(w . )/x ► $(F_" 1 ,/")*L rquo(w)/y(w) 

I I -I 

^"^Mfm^JxX/X '' iQ°(m,j)xX/X > iQ»(m,j)xX/A((m,i/)xX- 

Recall that $(K u )*iY(w.)/x and $(V" l5 /")*iy, uo (w)/x are expressed by 0(K u )<i and fl(V r " 1 , /")<i, respec- 
tively. It is easy to see that the morphism a is expressed by the naturally defined morphism fl(V^")<i — ► 
£l(VTi,/")<i We put := Cone( (V; u ) — > g(V^f u )). Then, obtain the following morphism of the 

distinguished triangles on Q°(m,y) x X: 

q(v u ) ► 0(^1,/") > t(v u ) > Q(v u m 

K*L MxX /X * iQ»(m,y)xX/X * i(3»(m,v)xX/M(m,!i)xX * f*iM(m,y)xX/x[l]' 

Hence we obtain the following morphism of distinguished triangles on Q°(m,y): 

Ob(V.) ► Ob(V- U f) > Rpx*(KV.)®w x ) ► Ob(V.)[l] 

II '1 I 

TT*L M * Lqo( to>!/ ) * ^Q°(m,y)/M(m,y) > ^* ^ M(m,y) [1] • 

Recall q(V u ) = Hom(V u , V: u ) V [-l] and q(V^, f u ) = Hom(V^ 1 [l], V U ) V [-1]. It is easy to observe that t(V u ) 
is expressed by the complex 7Yom(Vj 3 tl , V$) — ► 7iom(V r _!* 1 , Vq*), where the first term stands at the degree 0. 
Under the identification, the morphism ip is given by the identity of Ttom(VQ, Vq). Then, it is easy to check 
that Rpx*(i(V.)) and LQo( m y y M ( m y ) are quasi isomorphic to their 0-th cohomology sheaves Hom(V' , V), and 
that the morphism f in the diagram is isomorphic, as in Lemma 5.2. I 

Corollary 5.4 The morphism ob(V.) gives an obstruction theory for M(m,y). I 

We also use the notation Ob(m, y) and ob(m, y) to denote Ob(V.) and ob(V.). 



5.1.5 The case of the moduli of line bundles 

Let Voin denote the Poincare bundle on Pic xX. Then we have the classifying map ^{Voin) : Pic xX — ► Xc m ■ 
We put g(Voin) := <&{Voin)* L XGm /x an d Ob(Voin) := Rpx *(gCPoin) Then we have the morphism 

ob(Poin) : Ob(Voin) ► Lp- lc on Pic. 

Since g(Voin) ~ 0[— 1], we have an isomorphism in the derived category D(Pic): 

Ob{Voin) ~ (H (X, 0) y ® Opic[-l]) © (# Of ® Opic[0]) (# 2 (X, 0) v ® Pic [l]) 

We have to be careful that the decomposition is not canonical, but the morphism Ob("Pom) — ► Lp; c — > 
H 1 (X, 0) v <S> Opic[0] ~ H 1 (Ob(V oinj) induces the canonical decomposition: 

r> Ob(Voin) ~ G) v ® Pic [O]) © 0) v ® Pic [-l]) 

We also remark that the composite r<_i Ob(Voin) — ► Lp; c is trivial. 
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5.2 Relative Obstruction Theory for Orientations 
5.2.1 Construction of the complex 

We use the notation in the subsubsections 5.1.1-5.1.2. Let U\ be an Artin stack. Let F\ : U\ — ► U be a 
morphism. Assume that we have an orientation p of the sheaf F* X (E) over Ui x X. We have the morphism 
dets : Ui — > Pic induced by det(E). We denote det E x id x ■ V\ x X — > Pic xX by det^x- We have 
det* E x Voin ~ det(i?). Then we have the following commutative diagram: 

Ui x X Y(W.) 



dctj 



■4 



It induce the following commutative diagram: 



L 



UrxX/X 



ic xX/X *~ 



<f>(V.)*L Y ( W .)/x 



<i>(det(E))*L XGm/x 



0(V.) 

${det{E))*L XGm/x 



Since we have $(det(S))* L XGm / x = g d (V.), we obtain the following: 

L Vl < Ob(V.) 



det* E Lpi c 



Ob d (V.) 



We put Ob rc i(V:,p) := Conc(Ob d (V:) — >dct* E L Pic ). We have the morphisms Ob rcl (^, p)[-l] — >Ob d (V.) 
Ob(V). 

Let A4(l) denote the moduli of line bundles, i.e., M(l) = Pic/G m . Let ir denote the projection Pic 
M{1). We have the following commutative diagrams induced by det(-E): 





p ic 


Ui x X > 


Pic xX 




"1 


-1 


Fix 








u 


-^*-> Mil) 


U x X > 


M(l) xX — 


— - x G 



Hence, we have the following diagram on Ui x X: 



'C/ixX/X 



det EX L Pic xx/x 



(92) 



F* x L UxX / x * det EX w x L M ^ xX / x 

Therefore, we obtain the following diagram on U\: 

Lu t < dct^ Lpi c 



<f>(det(E))*L XGm/x 



(93) 



F*Lu 



deX* E 7r*L_ M ( 1 ) 



Ob d {V.) 



Thus, we obtain the following commutative diagram: 

Ob re i(^,p)[-l] 



ob(v:) 

F*Lu 



(94) 
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The following lemma can be shown by an argument similar to Lemma 5.1. 
Lemma 5.5 The diagram (94) depends only on (E,p) in the derived category D{U\). I 
The following lemma is easy to see by construction and the argument in the subsubsection 5.1.5. 

Lemma 5.6 Ob re i(^,p) is isomorphic to (h°{X, C) v ® Vl [0]) © [h 2 (X, 0) v ® Vl [2]) . The composite of 
the morphisms (t<_ 2 Ob rc \(V., p)) [— 1] — ► Ob(V.) — > Lu ± is trivial. I 

5.2.2 Relative obstruction property 

For any [/-scheme g : T — ► U, let F\(T) denote the set of orientations of g*E. Then, we obtain the functor F\ 
of the category of [/-schemes to the category of sets. The functor F± is represcntable by the scheme Or{E)* . 
Let 7r denote the projection Or(E)* — ► U. On Or(E)* x X, we have the universal orientation p u of w*E. 
From the resolution V. and the orientation p u , we obtain the morphism: 

ob rol (V^,p") : Ob rc i(^,p u ) — > L 0r(EY/u 

Lemma 5.7 The morphism ob rc \(V.,p u ) gives the relative obstruction theory for Or(E)* over U. 

Proof We have only to show that H° (ob le \(V. , p u )) is isomorphic. From the diagram (93), we obtain the 
following morphisms: 

Ob Ycl (V.,p u ) — ^— > dctj; Cone(7r* J L A1(1) — > L Pic ) V2 > L Qr{E y /v 

Since we have the isomorphism Or(E)* ~ U Xm(i) Pic, the morphism y>2 is isomorphic. We have the following 
commutative diagram: 

H°(Ob d ) > dct E n Pic ► H°(Ob rcl (V.,p u )) > H^Ob 11 ) 

ai { 4 " 2 1 
H°(det E Tr*L M{1) ) ► det* E n Pic > dct* E L Pic /M{1) > dct* E n*H 1 (L M (i)) 

We also have Ti 1 (det* E L P - 1C ) = 0. The morphisms a, (i = 1,3) are isomorphic, by applying Corollary 5.4 to 
.M(l). Thus a 2 is isomorphic. Then, we obtain the claim of the lemma. I 

5.3 Relative Obstruction Theory for L-Section 
5.3.1 Construction of the complex 

We use the notation in the subsubsection 5.1.1. Let I be a line bundle on X. Let P. := (P-i — ^ Pq) — L 
be a locally free resolution, where Pq stands in the degree 0. We have the natural right GL(VF)-action on 
N(Pi,Wj) given by (5-1,30) ■ / = gj 1 /• It induces the GL(VF.)-actions on the varieties 7V(P_i, Wox) , 
X and N(W- 1X ,W 0X ) *x N(P ,W 0X ) *x N{P_ 1 ,W- 1X )- The quotient stacks are denoted by Y (W.,P), 
Yi (W. , P. ) , and Y 2 (W. , P. ) respectively. 

We have the equivariant map h : N(W- 1X , W ox ) *x N(P_ 1 ,W- 1X ) x x N(P ,W 0X ) — ► N(P_ 1 ,W 0X ) 
given by h(f, a_i, a ) = / o a_i — a o d E . Since S^l is injective for any point x e X, the map /i is smooth. It 
induces the smooth morphism Y 2 (W., P.) — > Yo(W., P)- We also have the morphism Yi(W., P.) — ► YoC^-, P) 
induced by the 0-section X — > N(P_i,W 0)X ). We denote the fiber product Yi x Ya Y 2 by Y(W.,P). 

Let [/2 be an algebraic stack with a morphism P2 : U 2 — > U and an L-section <f> : p^ 2 (L) — ► P 2 * x (i?). 
We assume that we have a morphism of complexes <j). = {4>-\, 4>o) ■ Pu 2 {P-) — * ^2x(V-) which gives <j> in the 
cohomology level. Such a <j> is called a lift of <f>. We put as follows: 



Siel (V.,<j>) = Hom(p* U2 P,Fl x V. 



v 
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We have the naturally induced morphism 7(0.) : g IC \{V., </>)[— 1] — ► fl(^) an d l{<t>-)<i '■ 0rei(^, </>)[— l]<i — ► 
0(^)<i. 

We have the classifying map </>) : U 2 x X — ► Y(W., P.) which induces the maps $j(V[, 0) : U 2 x X — ► 
Lemma 5.8 <&(V!, 0)*i'r(v^.,p.)/x * s expressed by the complex Cone (7(0. )<i) . 

Proof We have the induced morphisms Kj : 3>o(^, </ , )*-^yb(VF.,p.)/^ — > &i(V-, 4>)*L Yi (w..p:)/x (* = 1,2). Since 
Y 2 (W.,P.) — ► ^(W.jP.) is smooth, $(K, 4>)* L Y (w.,p.)/x is isomorphic to the cone of the induced morphism 
^(V^^Lyo^p.)/* — ► (Bi=i,2®i( v -><t>)* L Y i {w.,p.)/x- 

Let us see <&j(V!, 4>)*L Y .rw.,p.)/x- We use the argument explained in the subsubsection 2.3.2. We will omit 
to denote p\j^ and F^ x . In the case i = 2, it is expressed by the following complex: 

Hom(y ,y-i) © Wom(VLi, P_i) © Hom(V , P ) —> Hom(V , V ) © Uom{V^ V-x) 

( 95 ) 

(6,c_i,co) 1 — ► (f ob + (f) Q oc , -bof + oc_i) 

Here, the first term stands in the degree 0. In the case i = 0, it is expressed by the following complex: 

Hom(V , P-i) ' — ► Hom(V a ,V ) 8 Wom(VLi, VLi), c 2 — ► (0, 0) (96) 

Again, the first term stands in the degree 0. In the case i = 1, it is expressed by the following: 

— ►Wom(Vb,K))©Wom(V_i,V_i) (97) 

Here the term stands in the degree 0. For the description (95) and (96), the degree 0-part of k 2 is given as 
follows: 

Hom(V ,P-i) — > Hom(V , V-i) ®Ham{V- l ,P-{) ®Hom(V ,P ), a — > (0_i o a, so/, -d L oa). 

The degree 1-part of K2 is given by the identity. On the other hand, the morphism k\ is the obvious one for the 
descriptions (96) and (97). Then the claim of the lemma can be checked directly. I 

We put q(V.,4>.) := Cone(7(^.)). Then, we obtain the following commutative diagram: 

s(v.) ► ^{f* x v.)*l y[w , )/x > f; x l UxX/x 



g(V.,<j>.) > ®(V.,<j>.)*L Y (w.,p.)/x > Ljj 2XX /x 

We obtain the following morphism of the distinguished triangles on U 2 x X: 

Q(V.) ► Q(V.,j.) ► Qrel(V.,j.) ► Q (V.)[1] 



F-zx^uxx/x * L-Uixx/x * L U2XX / UxX » F£ x L UxX / x [l\. 

We put Ob re i(V^, 4>.) ■— Rpx*(0iei(V.,4>-) ® <^x) ■ Then we obtain the following diagram on U 2 : 

Ob rel (^,0.)[-1] > Ob(V.) 



(98) 



Lu 2 /u[-l] * F 2 x L u/k 

Lemma 5.9 The diagram (98) depends only on (E, <fr) in the derived category D(U 2 ) . 

Proof Let (y.^\ P^\ <f>^) be another choice. We take the resolution V.^ of E as in the proof of Lemma 
5.1. We put P (2) = P (1) © P a and P^ = kcr(P (2) — > L). Then the lift <? 2 ) : P {2) — > F* X V {2) is naturally 



we 



obtained from the lifts tj)^ and <f>. We have the compatible inclusions P. — ► P. and V. — > V. . Then 
can show the claim of the lemma by using the filtered objects as in Lemma 5.1. S 
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5.3.2 Relative obstruction property 

For any [/-scheme g : T — ► U, let F(T) denote the set of L-sections of g x E. Thus we obtain the functor 
of the category of [/-schemes to the category of sets. The functor F is representablc by a scheme M(L). Let 
M(L) — ► U denote the projection. On M(L) x A, we have the universal L-section <p of tt x E. Assume that we 
have a locally free resolution P. of L for which we have a lift 4> : P. — ► V. of (f>. Then we obtain the morphism: 

ob rcl (K» : Ob lel (V, cj>) — 
Lemma 5.10 ob rc \(V. , (p) gives the relative obstruction theory for M(L) over U. 

Proof We have only to show the claim on any sufficiently small open subsets U of M(L). Recall that ob rc i(K, (f>) 
is independent of the choice of P. and <f>. Therefore, we may assume H l (X, P ~ (g> Vj \ { u y xX ) = for i = 0, 1, 
I = 0,-1 and for any u Ehl. 

For simplicity of the notation, we put Co := g re i(V.,4>) and Cl := 0rei(^,0)<o- We have the obvious map 
Co — ► C\. By the argument in the subsubsection 2.3.2, the complex Cl expresses ^(V., <j>)* Ly(w.,p.)/y(w.)- 
Thus we have the natural morphism Ci — ► L UxX /uxx- We put Obi := Rpx*(C\ ®ux)- Then we have the 
induced morphisms Ob rc \(V. , <f>) — ► Obi and obi : Obi — > Lu/u- It i s eas y to see that the composite of the 
morphisms is same as ob re i(V!, We use the following lemma. 

Lemma 5.11 The morphism H°(Ob le i(V.,<j))) — >H°(Ob 1 ) is isomorphic, and H 1 (Ob rcl (K, 4>)) — ^(Obi) 
is surjective. 

Proof We have the exact sequence of the complexes — ► Hom(V-i, Pq) [— 1] — > Co — > Ci — > 0. Due to 
our choice of P. , we have H 1 {X,Pq 1 ®V_i {u}xx) = for any u El4. Then the claim can be easily shown. I 

Therefore, we have only to show that obi gives the obstruction theory for U over U. For that purpose, we 
have only to check the conditions (Al) and (A2) in Proposition 2.28. We use the same argument as that in 
the proof of Lemma 2.35. Let T be a scheme with a morphism h : T — ► U. Then, we have the following 
commutative diagram, for any coherent sheaf J on T: 

Ext* (h* Lu/u, J) — ^— > Ext' (ft* Obi, J) 

Jx) > Ext^Ci, Jx) 

Let T be a scheme such that T is a closed subscheme of T whose corresponding ideal sheaf J is square 0. Let h! 
be a morphism T — ► U such that the restriction ftj T is same as ir o h, where tt denotes the projection U — ► U. 

We have the obstruction class o(h, ft') G Ext 1 (h*L u/u , j). We put h x := ®(V.,<j>.) o h x : T x X — > Y{W.,4>) 
and h' x := $(V.) oh' x : T x X — > Y(W). Since the complex Ci expresses ^{V.,4>)* L Y (w..p.)/y(w.), we have 
the obstruction class o(h x ,h x ) E Ext (ft*Ci, J x ). By the functoriality, o(h,h') is mapped to o(h x ,h' x ) in 
the diagram. Hence, <f>{o{h,h')) = implies that h x can be extended to a morphism fti^ : T — ► F(VT. , P.), 
which is a lift of ft^-. Hence, we obtain an L-scction of h' x E. Then we obtain an extension of ft to a morphism 
fti : T — > U which is a lift of ft', due to the universal property of A4(L). Thus the condition (Al) is checked. 
The condition (A2) can also be checked easily, and the proof of Lemma 5.10 is finished. I 

5.3.3 Preparation for the obstruction theory of Master space 

We will use the notation in the subsubsections 5.1.3 and 5.3.1. We have the naturally defined right GL(VFo)- 
action on N (O x ,Wo tX ). The quotient stack is denoted by A(W.,P.). Assume that we have a morphism 
7 : O x — > P . Then we have the induced morphism Y^W^P.) — ► A(W.,P), and thus T L : Y(W.,P.) — > 
A(W.,P). From (F 2 * x V/,</>) on U 2 x X and I, we obtain the morphism : p v JDx — > F^x^o- We put 
t) ie i(V.,<P) :=Hom( Pu O x , F* X V.) V . Then, we have the induced maps 7(0) : t) T e\{V., <f>)[— 1] — * §(V-)- 



104 



We put &(V., <j>.) := T L o $(V.,</>), which is the classifying map of (-F2 x > <A) ■ Then, ^(1^, </>.)* -^'^(ly. ,p.)/Jf 
is expressed by Cone(7(^>)<i). The induced morphism *ff(V., <fi.)* La(w.,p. )/x — ► $(K,(^.)*Iy(n'. j p.)/x is ex- 
pressed by the naturally given morphism Cone(7((/>)<i) — ► Cone(7(<^.)<i) . 

We put ()(V^,0) := Cone(7(0)). Then, we obtain the following commutative diagram: 

W-,4>) ► Q(V.,& > L U2XX/X 

Hv.) ► b(v.) ► f; x l UxX/x 

We put Obf cl (V. , (f>) := Rp x *(t) le \(V.,(j>) ®cu x ). Then, we have the following diagram on \J 2 : 

L U2/u [-l] < Ob rel (^)[-l] < Obf cl (V.J)[-l} 

1 1 1 <"> 

F*L u/k < Ob(V.) < Ob G (V.) 

Now, we assume the condition (C) in the subsubsection 5.1.3. We have the natural right GL(Wo)-action on 
N(k, Wo). The quotient stack is denoted by B(W. ,R). We have the natural isomorphism Jl : B(W. , P. ) x X — ► 
A(W.,R). From : p* U2 O x — > V'o, we obtain the morphism E(V.,~<f>) : U 2 — > B(W.,R). Note that the 
composite of H(V!, 4>) x and Jl is same as ^(V., 4>). Therefore, we have the following commutative diagram: 

U 2 xX > B(W.,P.)xX ► A(W.,R) 

UxX > B(W.)xX > A(W.) 

Thus, we obtain the following commutative diagram: 

FlL u/k < m.)*L B{w . yk <-^— Ob G (V.) 

Lu 2 /u[-l] < m-^rL B{ w.,p.)/B { w.)[-n <- 2 — Obf cl (V.,^) 

Lemma 5.12 The morphism t 2 is isomorphic. 

Proof The complex t) le \(V., <f>) is quasi isomorphic to (Hom(Vo,0) — > Hom(V-i,0)) , where the first term 
stands at the degree 0. And the degree 0-part of the morphism i) T ei{V.,4>)<i — > ^{Yi4')x^ j b(w.,p.)/b(w.) — 
Hom(Vo, O) is given by the identity of Hom(Vo, O). Hence, the claim can be shown as in Lemma 5.2. I 

5.3.4 Preparation for Proposition 6.23 

We have the morphism of the complexes f : Q Te \(V.,(f>) — ► Ou 2 xx given as follows: 

Hom(F* x V ,p* U2 P )®Hom(F* x V- ll p* U2 P- 1 ) — ► UaxX , (a ,o_i) 1 — ► tr(cfo o a ) + tr(0_i o a_i) 
It is easy to check that the following diagram is commutative: 

g lel (V.,j)[-l] ► s(K) 

f tr 

0(/ 2 xx[-l] — ^ U2XX [-1] 
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It induces the following commutative diagram: 

Ob rcl (T/,0)[-l] 



Ou 2 xx[-l] 



Ob(V.) 



(100) 



Ou 2 



xX 



5.4 Relative Obstruction Theory for Reduced L-Section 
5.4.1 Construction of the complex 

We use the notation in the subsubsection 5.3.1. The weight (— l)-action of G m on Pj induces the G m -action 
on Yi(W.,P.) (i = 0,1,2) and Y(W.,P.). The quotient stacks are denoted by Yi(W.,[P.]) (i = 0,1,2) and 
Y(W., [P.]). We have the morphism tt 3 : Y(W., [P.]) — ► X Gm induced by Y(W.,P.) — > X. 

Let U3 be a stack with a morphism F 3 : U3 — ► U and a reduced L-section [<p] : pj^ (L)(g)p^-(M) — * f 3 *x(^)i 
where M denotes a line bundle on U3. Let $m '■ U3 — ► Spcc(k)o m denote the classifying map for M. 



Notation 5.13 When we have a map g : U3 — ► T, then $m induces the morphism U3 
which is denoted by gu in the following argument. 

We assume that we have a morphism of complexes [<j>.] — ([<j>-i], [<f>o]) '■ Pu 3 (P-) ® P*x^ — > 
gives [</>] in the cohomology level. Such a map [(f)] is called a lift of [4>] . We put as follows: 

qUV., m - Hom&P. ®p\M, Fl x V.) y 

BUV; M)[-l] — fl'(K) and 7 [£]<! : 



T x Spec(fc) G , 
I 

-» F; X {V.) which 



<i 



We have the naturally induced morphism j[(f. 
3'(V.)<i- 

We have the classifying map &(V., [(f)]) : U3 x X — ► 5^(W!, [P.])- We consider the trivial G m -actions on 
U x X, Y(W.) and X, and the quotient stacks are denoted by (U x X)a m , Y{W.)c m and ^G m respectively. 
Then, we have the following commutative diagram: 



U 3 xX 

F3XM l 

(U x X) Gn 



*(V. ,[<*>.]) 



r(^.,[p.]) 



The composite 7r 3 o$(]/, [0.]) is same as &(F£ x V.)m- The following lemma can be shown by the same argument 
as the proof of Lemma 5.8. 



Lemma 5.14 $>(V., [<t>.])* Ly(w. ,[p.])/x G * s expressed by the complex Cone(7[<^.]<i) . 

We put g'(V., [(j).]) := Cone (7 [0.]). Then we obtain the following commutative diagram: 



I 



s?<y.,[<t>.]) 



$(V.,< 



<*Y(W.,[P.])/X a „ 



F 3,X,M L (UxX) Gm /X c 



'U 3 xX/X Grt 



We remark F* XM L (UxX)Gm/XGm and <S>(F* x V.y M L Y (w.)a m /x Gm are naturally isomorphic to F* X M L UxX/x 
and ^(F^ X V.) L Y (w.)/x, respectively. Then, we obtain the following morphism of the distinguished triangles 
on U 3 x X : 



B(V.) 



F 3X L (UxX) Gm /X Gv 



Lu 3 xx/x G „ 



L U 3 xX/(UxX)o„ 



S(V.)[1] 



F 3X L (UxX) Gm /X Gm [!]• 
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We put Ob' rcl (V. } [(f)]) := R-Px *{q[ c \{V., [(/)}))■ Then we obtain the following diagram on U3: 



oiUtf,M)[-i] 



Ob(V.) 



J u s /u Gr , 



-1] 



F 3,M L U Gm /k 



(101) 



F 3,M L U Gm /U 



We obtain the morphism ObJ. ol (V^, [0.]) [—1] — ► F£ M L UGm / u , by taking the composite of the morphisms in the 
diagram above. We put as follows: 



Ob lel (V, [</>]) :=Conc(Ob; cl (K,[0]) 
We obtain the following morphism of the distinguished triangles: 

F* M L UGm/u > Ob iel (V.,[$\) > Ob' iel (V.M) 



Fi M L UGm/u [l})[-l}. 



F 3,M L U Gm /U 



J U 3 /U 



' ^U 3 /U Gm 

Therefore, we obtain the following commutative diagram on £/ 3 : 

Ob re i(T/,$)[-l] ► Ob(V.) 

ob rol (y.,[0]) 



F 3,M L U Gm /u[t] 



F 3,M L U Gm /u[ l ] 



(102) 



j u 3 /u[ 



-1] 



FSL 



u- 



Lemma 5.15 The diagram (102) depends only on (E, [(f)]). 

Proof By an argument similar to the proof of Lemma 5.9, we can show that the diagram (101) is independent 
of a choice of (V^, [P.], [(j)]). Then the diagram (102) is also independent. I 

5.4.2 Relative obstruction property 

For any [/-scheme g : T — > U, let F(T) denote the set of the reduced L-sections of g* x E. Thus, we obtain the 
functor of the category of [/-schemes to the category of sets. The functor is representable by a scheme M[L] . Let 
7r : M[L] — ► U denote the projection. We have the line bundle T on M[L] 1 and the universal reduced L-section 
[4> u ] : p x T<E>p* M ^L — ► tt x E over M[L] x X . Assume that we have a locally free resolution P. of L for which we 

have a lift [(f)] : p* x l C 



J M[L\ 



P. — ► k* x V. of [(f)]. Then, we obtain the morphism ob re i(VZ, [(f).]) : Ob ro i(V, [(f).]) 



J M[L\IU 



. We also have the complex Ob' Ici (V. } [(f).]) and the morphism Ob' Icl (V. } 



L 



M[L]/U Gn 



Let M(L) be as in the subsubsection 5.3.2. It is easy to observe that M(L) is isomorphic to I*. We have 
the smooth projection 7r 2 : M(L) — ► M[L]. The pull back of [(f)] via ir 2 x is denoted by (p. 

Lemma 5.16 We have the following commutative diagram: 

TrSOb^V.M) — Ob rcl (V,£) 



(103) 



7T 2 L M[L]/U Gm 

Proof We have the following commutative diagram: 



M(L) x X 



Y(W.,P.) 



J M(L)/U 



Y(W.) 



X 



M[L] xX Y(W.,[P.]) — ^— > Y(W.) Gm ► X Gn 
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Therefore, we obtain the following: 



J M(L)xX/UxX 



^2,X^M[L]xX/UxX Gri 

Then the claim is clear. 



*(</>)* : Ly(w.,p.)/y(w.) 



®{[4>])*Ly{W.,[P.])/Y(W.) c 



Qrel(V.,<p) 



We have the morphisms Ob re i(^ , <P) — > ^m(l)/C7 — * ^m(l)/m[l] ) where the latter is the projection. 



Lemma 5.17 We have the commutative diagram: 
7r|Ob rel (K,M) ► Oh leX {V.,4>) - 



ttSL 



2- L/ M[L]/U 



L 



M(L)/U 



J M(L)/M[L] 

~-l 

J M(L)/M[L] 



7r;oiw(v:,M)[i] 



(104) 



In particular, tt| Ob rcl (V:, [0]) ~ Conc(Ob rcl (V:, [</>]) — ► L M{L y M[L] ). 

Ua m , induced by X. Then we have the following isomorphism 



Proof Let F3.1 denote the morphism M[L] 
of the distinguished triangles on M(L): 



^2^M[L]/U 



^2^M[L]/U 



^2 L M[L]/U G „ 



J M(L)/U 



7r 2 F 3,X L U Gm /uW 

Lm(l)/m[l] 



7I"2-^M[L]/C/[1] 
7T2-^M[I,]/C/[1] 



(105) 



We obtain (104) from (103) and (105). I 
Lemma 5.18 ob ro i(K, [(f).]) gives a relative obstruction theory for M[L] over U . 

Proof The complex Lm(l)/m[l] is quasi isomorphic to the 0-th cohomology sheaf, and we know that ob rc i(K, 4>) 
gives the obstruction theory for M(L) over U (Lemma 5.10). Then, the claim of the lemma follows from the 
diagram (104). I 

5.4.3 Preparation for the obstruction theory of Master space 

We will use the notation in the subsubsections 5.4.1 and 5.1.3. We have the weight (— l)-action of G m on Ox- 
It induces the G m -action on A(W.,P.). The quotient stack is denoted by A(W., [P.]). We have the induced 
morphism r [L] : Y(W., [P.]) — ► A(W., [P.]). From {F£ X V., [0]) on U 3 x X and [t], we obtain the morphism 
\4>] : P* U3 Ox ®p* x M — ► F* X V . We put \)' iel (V., [0]) := Hom(p* U3 O x ® P* x M, F '* x V.) V . We have the induced 

map 7 P) = Vr*(V.J$\)[-l] — f)(K), and 7 ($)<i : ^(tf , $)[-l]<i — f)(^)<i- 

We put ^(K, [(f).]) := T[ L ] o $(K, [0]), which give the classifying map of the tuple {F x D Vo, [<j>]). Then, 
*S?(V.,[(I).])*La(w.,[p.])/Xc i s expressed by the complex Cone ( 7 ( [</>])< 1) , and the naturally defined morphism 
Cone( 7 ([^])< 1 ) — > Conc( 7 ([0.])<i) expresses *(V!, [0.])*iA(W'.,[P.])/x Gro — ► $(Vi , [0.])*L r (w.,[P.])/x Gm • 
We put ty(V.,(f>) := Cone ( 7 ( [</>])). Then, we obtain the following commutative diagram: 



Q'(V., 



S(V.) 



^U 3 xX/X Grl 



F£ x L UxX / x 
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We put Ot>r cl (K, [(j)]) := Rpx *(ty rcl (V., [0]) <S>uix)- Then, we have the following diagram on U 3 : 



L 



u 3 /u G „ 



-1] 



F 3^U/k 



We obtain the composite ObJ. G (V, 



Ob' G {V., 



■1] 



(106) 



L 



the morphism. Then, we obtain the following diagram: 

L U3/U [-1] < Ob rel (^, $)[-!] 



Ob(V:) < Ob G (V.) 

u 3 /u Gm — " F 3,M L u Gm /u[i\- Let Obf cl (V., [<f]) denote the cone of 



Ob r G el (l/,[0])[-l] 



F 3 L U/k 



Ob(V.) 



Oh G (V.) 



(107) 



Now, we assume the condition (C) in the subsubsection 5.1.3. We have the weight (— l)-action of G m on 
the one dimensional vector space k. It induces the G m -action on B{W. , P.). The quotient stack is denoted 
by B(W.,[P.]). Similarly, we obtain A(TT r .,[P.]) from A(W.,P.). We have the natural isomorphism Jj^j : 
B(W., [P.]) xX — ► A(W.,[P.}). From ffl : p* x M®p* U3 O x — ► V , we obtain the morphism E(V, $]) : U 3 — > 
B(W.,[P.]). Note that the composite of S(V[,[0])x and J[ £ ] is same as ^(V. } [4>]). Therefore, we have the 
following commutative diagram: 



U 3 xX 



B(W.,[P.]) x X 



(UxX) Gm > (B(W.)xX) Gn 

Therefore, we obtain the following commutative diagram: 



A(W.,[P.\) 



A(W.) C 



F 3,M^U Grrl /k Grl 



J U 3 /U G , 



§{V.)* M L B ( W .) Gm /k c 



E(V., W\)*L B{W . [P] y B{w )Gm [-1] 



Ob G (^) 



Ob' G (V.,[<P}) 



The following lemma is similar to Lemma 5.12. 
Lemma 5.19 The morphism t 3 is isomorphic. 

By the standard modification, we obtain the following commutative diagram: 

*(V.)*L B(w . )/k < Oh G (V.) 



F 3*Lu/k 



(108) 



E(V, [4>])*L B{w ^ P])/B{W) [-l] 



Ob r G el (K, [</,])[-!] 



The following lemma immediately follows from the previous lemma. 

Lemma 5.20 The morphism t 3 is isomorphic. I 
5.4.4 Preparation for Proposition 6.23 

We use the notation in the subsubsection 5.4.1. As a preparation for the proof of Proposition 6.23, let us see 
the morphism (pi : ObJ. el (K, [</>]) — > F^L UGm /u on U 3 , more closely. We recall $(V, [4>])* L Y (w. ,[p.}) /y (w.) Gm — 

aUv.,$\)<o- 
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Lemma 5.21 We have the following commutative diagram: 

®( V , [4>])*L Y {W.,[P.])/Y(W.) Gm > ^( F lx V -)*M L Y(W.) Gm /Y(W.)W 



qUV-M) o 

Here, the morphism f is given as follows: 

Hom(F* x V , p* u Po®p* x M)®Hom(Fl x V , PuP ®PxM) — ► O, (a ,a_i) i— » tr([fo]oao)+tr([£_i]oa_i). 
Proof It follows from Corollary 2.15. I 
The morphism f induces the following morphisms: 

Ob^tf, [0]) - i?Px*(flrel(K, [0]) ® Wx) — > Rpx*{p* U3 0J X ) — > CV,. 

It is easy to check that the composite is same as </?i. 

5.5 Relative Obstruction Theory for Parabolic Structure 
5.5.1 Construction of the complex 

We use the notation in the subsubsection 5.1.1. Let F4 : U4 — ► U be a morphism, and let F* be a quasi- 
parabolic structure of F\ X E at D. We denote the kernel of F£ X V \ D — > Cok/j_i(F) by vjj h K Since the 

smoothness of D is assumed, are locally free. The filtered vector bundle D D ■ ■ ■ D V^ +V> is 
denoted by V£. 

We put := W and := Let W^ (h = 2,..., I) be vector spaces over k such that 

dim WW = rank . Let D be a smooth divisor of X. We denote ® C D and W t ® O d by D and 
respectively. We have the natural right GL(W.)-action on N{W-\ i d,Wq.d) given by (go,9-i)-f = % °f°9-i- 
The quotient stack is denoted by Yd(W.). Similarly, we have the natural right GL(W^) xGL(T4 / (' l + 1 )) -action on 
N(W£ +1 \ W^ ) given by {g {h \ g {h+1) )- f = g {h) ^ofog^+V. Thus we obtain the right nLt\ GL(W< h ))-action 
on nL=i N(Wp +1 \ wffl), where the latter fiber product is taken over D. The quotient stack is denoted by 

Y D {W.,W*). The composition of the morphisms induce the map JlLi N(W^ +1) ,W^ ) ) — > N(W- 1D , W 0D )- 
It induce the morphism Y D (W.,W*) — > Y D (W. ) . 

We have the classifying map $d{V., F*) : U4 x L> — ► 5 / b(W'., W*) over D obtained from the tuple Vg- We 
also have the classifying map $(Va d ) : U x D — ► Yjj(W.). Thus, we obtain the following diagram on U4 x D: 

LU4XD/D < &d(V., F*)*L Yd (W.,W)/D 



F 4,D L UxD/D < *(F 4 * z ,(V:| D ))*Ly D (vi/.)/_D. 

We use the notation in the subsubsection 2.1.5. Wc put D (V;,F*) := Ci(Vp, Vg) v [— 1] and re iO^,F*) := 
C 2 (V3,V3) V [-1]. We also put q{V.\ d ) := Hem{V.\ D , V.\ D ) y [-l). We have the morphism 7D : q{V.\ d ) — > 
qd(V.,F*) induced by <p given in 19. It is easy to see that re i(^, F») is quasi isomorphic to Cone(7£>). 

By an argument explained in the subsubsection 2.3.2, we can show that &d(V.,F*)*L Yd (w.,w)/d an d 
&{V.\d)* Ly d (w.)/d are expressed by Qd(V., F»)<i and q{V.\d)<i- Under the identification, the natural mor- 
phism $d(V., F^)*L Yd (w .,w)/d — > ®(V. \ d)*L Yd (w.)/d is given by the restriction 7d<i- Then we obtain the 
following commutative diagram: 

&(V.\ D ) ► 0(^|d)<i ► FlL u/k 

8d(V., F») > 0d(U,F*)<i > L Ui/k 
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Then we obtain the following morphism of the distinguished triangles on U4: 

B(V.\ D ) ► Bd(V.,F*) ► 6rei(V.\ D ,F.) ► a(v.\ D )[i] 



Fax^uxx/x 



J U 4 xX/X 



-'UaxX/UxX 



Fax^uxx/x 



Let cod denote the dualizing complex of D. We put Ob ro i(K, F*) := Rpo * (&iei(V., F t 
RpD*(${V. | d) ® wd)' Then, we obtain the following commutative diagram: 



Ob rc i(T/,F*)[-l] 



Oh{V.\ D ) 



oh(V. ]D ) 



J Ui/U[ 



andOb(Km) := 



(109) 



FtL v / k . 



We have the following exact sequence of complexes: 

— » fl(V:) ® lo — > g(V.) ® w(D) 



0(^12,) ®Wzj[1] 



0. 



Thus we obtain the morphism Rpd *{q{V.\d) — > that is, r\ : Ob(V!|£>) — ► Ob(V^). 

We have the morphism ob(V.) : Ob(V.) — ► Lu, and hence the composite ob(V;) o rj : Ob(V.\ D ) — ► £[/• On the 
other hand, we have the morphism ob(V.\ D ) in the diagram (109). 

Lemma 5.22 Two morphisms ob(V.) o r\ and ob(V. | D ) are same in the derived category. 

Proof It is easy to observe that q(V.\d) — ► ^{V.\d)*L UxD / d is the restriction of q(V.) — ► &(V.)*L UxX /x to 
D. Then the coincidence ob(V.) or) = ob(Vb ■) follows from the compatibility of of the traces for u>x and ujd- 



(See [1], for example). 

Thus, we obtain the following commutative diagram: 

Ob rol (T/,F»)[-l] ► Ob{V.\ D ) 

ob re l(V:,F») 

Lr 



I 



J Ut/U[ 



-1] 



FtL v / k 



Ob(V.) 



(110) 



The following lemma can be shown by an argument to use the filtered objects as in the proof of Lemma 5.1. 
Lemma 5.23 The diagram (110) depends only on {E,F*{E)~). I 

5.5.2 Relative obstruction property 

For any [/-scheme g : T — ► U, let F(T) denote the set of the parabolic structure of g* x E of a fixed type. Thus, 
we obtain the functor of the category of [/-schemes to the category of sets. It is easy to see that the functor F 
is representable by a scheme M via the method of the quot schemes. 

Let 7r : M — ► U denote the projection. On M x X, we have the universal parabolic structure F" of 
n x E. From the resolution V. and F", we obtain the complex Ob re i(V^,F") and the morphism ob rc i(V.,F™) : 
Ob le \(V.,F") ► L m /jj. 

Lemma 5.24 ob vc \(V. , F™) gives an obstruction theory of M over U. 

Proof It follows from Lemma 2.41. Note that g le \(V.,F™) is naturally isomorphic as the complex considered 
there. 1 
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5.5.3 The decomposition into the trace-free part and the diagonal part 

Lemma 5.25 The morphism Ob re i(V, F*)[— 1] — ► Ob(V;) factors through the trace free part Ob°(T^). 

Proof We have the trace map tr : 0d{V., F*) — ► Ou\— 1] given as follows: 

^Hom(V^,V^) — O, (/<) — £tr(/0 

i=l 

We also have the map i : Od[— 1] — ► Sd^F,,) given as follows: 

l 

° — » Wom(t4 4) , V^), t .— (i • id v( i, , 0, . . . , 0, -t • id v( ,+i) ). 

We put g£,(V;,F*) := Ker(tr) and g^,(V^,F*) := Im(i). We also have the decomposition q(V.\ d ) = Q°(V.\ D ) © 
Q d (V.\ D ) as in the subsubsection 5.1.2. We have the following commutative diagrams: 

0[-l] > 0[-l] g(V lD ) > a D (V,F.) 

i i tr tr 

9(V.\ D ) > &d(V.,F*) 0[-l] > 

Therefore, the decomposition is compatible with g(V.\ D ) — ► Qd{V.,F*). It follows from Q Te \(V., F*)[— 1] — ► 
S(V.\ D ) factors through fl°(V:| D ). Therefore, Ob re i(V, F*)[-l] — > Ob(V.\ D ) factors through Ob°(V:| D ). It is 
easy to see that the morphism Ob(V.\ D ) — > Ob(V.) is compatible with the decomposition into the trace-free 
part and the diagonal part. Thus we are done. I 

As an immediate corollary, we obtain the decomposition of the cone: 

ConefObreiO^F*) — > Ob(tf)) ~ Cone(ob rol (T/, F*) — > Ob°(K)) © Ob d rcl (V.) (Ill) 

5.6 Obstruction Theory for Moduli Stacks of Stable Objects 
5.6.1 Relative complexes 

Let y be an element of H*(X). Let y be an element of Type whose £P(X)-component is y. Let M.(m,y) be 
the open subset of M(y) determined by the condition O m . We have the natural morphism pi : M(m,y) — ► 
A4(m, y). On M(m, y) x X, we have the universal sheaf p* x £ u over -A4(m, y) x X with the parabolic structure 
F" at D. From the resolution V. of £ u (m) and the parabolic structure F, we obtain the complex Ob re i(V., F») 
and the morphism: 

ob rc i(m,y) : Ob rol (m,y) — ► L M ^ y)/ <M(m,y) 

Let A4(m, y, L) denote the open subset of M(y, L) determined by the condition O m . The natural morphism 
A4(m, y, L) — ► M(m, y) is denoted by p2- We have the universal L-section <j) u of p2 X £ u - ^ induces the L(m)- 
section of p2 X £"(m), which is also denoted by <f) u . We fix an inclusion i : O(-m) — > L. If m is sufficiently 
large, we may assume that L(m) has a locally free resolution P. = (F_i — » F ) such that F is a direct sum of 
some Ox- Since we have the isomorphism px * (£"(m)) ~ p x *(Vo), the L(m)-section is canonically lifted to 
the morphism <fi u : p* M ^ m y L )F. — > p2X^ - Then we obtain the morphism: 

ob rc i(m,y,L) : Ob rcl (m, y, L) — > L M {m.,y,L)l M( m , y ) 



112 



Let M.(m,y, [L]) denote the open subset of A4(y, [L]) determined by the condition O m . The natural mor- 
phism M(m,y,[L}) — ► M(m,y) is denoted by p%. Then we have the universal reduced [L]-section [<p u ] of 
p% x £ " over M{m, U 7 [L] ) x X. As before, we obtain the morphism: 

ob rc i(m,y, [£]) : Ob rol (m, y, [L]) — > £.M( m , y ,[L])/.M(m, ! /)- 



Let M(m,y) denote the open subset of M(y) determined by the condition O m . The natural morphism 
M(m, y) — ► M(m, y) is denoted by p4. Then we have the universal orientation p u of p\ x £ u over M(m, y) xX. 
From the resolution V. and the orientation p u , we obtain the morphism: 

ob re i(m,y) : Ob rc i(m,y) — > L M ( m .yy M ( m . y) . 



5.6.2 Construction of the complexes and the morphisms 

We have the naturally defined morphisms of M(m,y, [L]) to M(m,y), M(m,y), M(m,y 7 [L]) and M(m,y). 
The pull back of the complexes Ob(m,y), Ob re i (m,y), Ob re i(m, y, [L]) and Ob re i(m,y) are denoted by the 
same notation. Then, we put as follows on A4(m,y, [L]): 

Ob(m, y, [L]) := Conc(ob rc i(m, y) [-1] © Ob rc i(m, y, [£,]) [-1] © Ob rc i(m, y) [-1] — > Ob(m, ;■ 



Proposition 5.26 We have the naturally defined morphism ob(m, y, [L]) : Ob(m, y, [L]) — ► L M ^ m y ^y 

Proof We put C := Ob rol (m, y) © Ob rcl (m, y, [L]) © Ob re i(ra,y). Due to the diagrams (94), (102) and (110), 
we have the following commutative diagram: 

C[-l] ► Ob(V.) 

LM{m,y,[L])/M(m,y)[-]-] > ^M(m,y)lk 

It induces the desired morphism. I 
Similarly, on the moduli stack M(m,y,L), we put as follows: 

Ob(m,y,L) := Cone(ob rc i(m, y, L)[-l] © Ob rc i(m, y) [-1] — > Ob(m,y)). 

By using the sequence of the morphisms, Ai(m,y, L) — ► M(m,y) — > A4(m,y), we obtain the morphism: 
6b(m,y,L) :Ob(m,y,L) — > L M{m ^ y . L)/k . 

We put as follows on the moduli M(m, y): 

Ob(m,y) :=Cone(ob re i(m,y)[-l]©Ob re i(m,y)[-l] — ►Ob(m,y)). 

Then we obtain the morphism ob(m,y) : Ob(m,y) — > ^Mim^lk- 

Let i = (L 1 ,L 2 ) be a tuple of line bundles on X. We put as follows, on A4(m, y, [L]): 

Ob(m,y, [£]) := Cone(ob re i(m,?/)[-l] © Ob re i(m,y)[-l] © Ob rc i(m,y, [Li])[-1]. — ►Ob(m.y)). 

i=l,2 

Then we obtain the morphism ob(m,y, [L]) : Ob(m,y, [L]) — > iA4(m,g.[i])/fe- 
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5.6.3 Obstruction theory of the quot scheme and the moduli stacks 

Let Q°(m, y, [L]) be as in the subsubsection 3.6.7. Let tt : Q°(m 7 y, [L]) — > M(m, y, [L]) denote the projection. 
On Q°(m 7 y, [L]), we put as follows: 

Ob Q (m, y, [L]) := Conc(V Ob rol (m, y) © tt* Ob rcl (m, y, [L]) © tt* Ob rol (m, y) — > Ob(V_i, /)) 

Then we obtain the morphism o\fi{m,y,[L\) : Ob^(m, y, [L]) — > LQ°( m .y.[L])/k by an argument as in the 
subsubsection 5.6.2. 

Proposition 5.27 The morphism ob^(ra,y, [L]) gives an obstruction theory of Q°(m,y, [L]). 

Proof It follows from Proposition 2.38, Remark 2.40, Lemma 5.24, 5.18, and Lemma 5.7. 1 

Proposition 5.28 The morphism ob(m, y, [L]) gives an obstruction theory of M(m,y, [L]) over ft. 

Proof Wehave^*W l (Ob(m,y,[L])) ^W(Ob Q (m,y, [L])) for i < 0. We also have the following diagram from 
Lemma 5.3 and the construction of the complexes: 

ir*H°(Ob(m,y,{L})) ► H°(Ob Q (m, y, [L])) > Hom(V',V) > ^H 1 (Ob(m, y, [L])) 



TT*H°{L M ^ m y [ L ]y k ) ► ^°(iQ°(m,gJL])/fe) '' Hom(V',V') > 7T*7i 1 (L jV1 ( m $,[L])/k) 

We also remark that TL 1 {0\fi{m, y, [L])) = 7i 1 (igo( m y t [L])/k) = an d W _1 (-kQ(ro)/.M(m)) = 0. Therefore, the 
claim follows from Proposition 5.27. 1 

By a similar argument, we obtain the following: 

Proposition 5.29 ob(m, y, L), ob(m, y) and 6b(m,y,[L]) give obstruction theories of M(m,y, L), A4(m,y) 
and M(m,y,[L]) respectively. I 

5.6.4 Obstruction theory of the moduli stacks of stable objects 

Let a* be a system of weight, and let S be an element of V hr . Take a sufficiently large integer m. Then 
M s (y, [L], a», 5) is the open substack of _M(m, y, [L]). 

Proposition 5.30 The restriction ofob(m,y, [L]) gives an obstruction theory of M s {y 1 [L],6,a*). It is inde- 
pendent of a choice of m. 

Proof The first claim follows from Proposition 5.28. The second claim follows from Lemma 5.5, Lemma 5.15 
and Lemma 5.23. I 

By the same argument, we can show the following proposition: 

Proposition 5.31 Let y be an element of Type. Let a* be a system of weights. We take a large integer m 
appropriately in the following claims. 

• The morphism ob(m, y) : Ob(m, y) — ► AM s (S,a»)/fc gives an obstruction theory. 

• Let 5 be an element of V hl . The morphism ob(m,y,L) : Ob(m,y,L) — ► £.M s (y,L,a»,,c5) gives an obstruc- 
tion theory. 



Let S = (81,82) be an element of V hr . The morphism ob(m, y, [L]) : Ob(m,y, [L]) — ► LM s (y,[L].a t .S)/k 
gives an obstruction theory. I 
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5.7 Obstruction Theory for the Enhanced Master Space and the Related Stacks 
5.7.1 The enhanced master space 

Take a sufficiently large number m. We put N := H y (m). We take an iV-dimensional vector space V m . We 
put P m := P(V^). We put Z 1 := P(O Pm (0) © Op m {l)) over P m . We have the natural right GL(V m )-action 
on Z 2 := Z\ x Flag(V m , TV), where Flag(V^,,iV) denotes the full flag variety of V m as in (54). The quotient 
stack is denoted by Q. The quotient stack (P m )GL(v m ) is same as B(W., [P.]) in the subsubsection 5.4.3, when 
Wq = V m - So we use the notation. 

Let us fix an inclusion l : O(-m) — > L. Since reduced L-sections induce 0(— m)-sections, we obtain 
the morphism 5(V., [4>]) ■ M(m,y, [L]) — ► B(W., [P.])- For simplicity of the notation, we use instead of 
5(V., [<j>])- We use the following lemma in the construction of the deformation theory of the enhanced master 
space. 

Lemma 5.32 We have the morphism <p : ty*Lgny. ,[P.])/fc — * Ob(m,y, [L]) such that the composite of ip and 
ob(m,y, [L\j is same as the naturally defined morphism ^\LB(w.,[P.])/k — * -^M(m,S,[L])/fe- 

Proof Recall the complexes Ob G (V.) and Ob G [(V., [<j>]) constructed in the subsubsection 5.1.3 and the subsub- 
section 5.4.3 respectively We put Ob G (V., \$\) = Cone^b^V., $])[- 1] — ► Ob G (V)). Then we obtain the 
following commutative diagram from (107) and (108): 

Ob G (V.,[0]) > Ob(m,y,[L}) 

_ -1 1 

^*^B(W.,[P.])/k '' ^M(m,y,[L])/k- 

It is easy to show that tpi is isomorphic due to Lemma 5.2 and Lemma 5.20. I 

The fiber product M(m,y, [L]) *b(w.,[p.]) Q. is denoted by M . By construction, the enhanced master space 
M is an open subset of M . The induced morphism M — ► Q is denoted by \&2- Let p denote the naturally 
defined morphism of M to M(m 7 y, [L]). Then we obtain the following morphism of the distinguished triangles 
on M: 

*2 L Q/B(W.,[P.])[ _1 ] " P*^* L B(W.,[P])/k > *2 L Q/fe > ^2 L Q/B(W^[P.]) 



(112) 

L M/M(m,y,[L])\.~l\ > P* L M(m,y,[L])/k * L M/k > L M/M(m.,y,[L]) 

From Lemma 5.32 and the diagram (112), we obtain the morphism ^2^q/b(w [p.]) I - ■*■] — > P* Ob(m, y, [L]). 
The cone is denoted by Ob(ikf). We have the induced morphism ob(ikf) : Ob(ikf) — ► L-^^. 

Proposition 5.33 The morphism ob(M) gives an obstruction theory of the master space M. 
Proof We put M. := A4(m, y, [L]). By construction, we have the following morphism of distinguished triangles: 
L^ /M [-l] ► p*Ob(m,y,[L]) > Ob(M) > L Tl/M 

(113) 

L M/m\~ 1 ^ * P* L M/k ► i M/fc > L M/M 

Then the claim follows from Proposition 5.28. I 



115 



5.7.2 The substack M* 

We have the natural GL(V m )-action on x Fl&g(V m ,N_). The quotient stack is denoted by Q* . We put 
B(W.,P.) := (V^)GL(y m )- We have the natural morphism Q* — ► B(W.,P.) which is a full flag bundle. Since 

naturally gives the open subset Z 1 - P(O P (0)) U P(C P (1)) of Z u the stack Q* naturally gives the open 
subset of Q. ^ ^ ____ ^ 

Recall that we put M* := M - (Mi U M 2 ) (the subsection 4.3). The stack M* is an open subset of 
M(m,y,L) Xb(w.,p.) Q* by construction. We have the commutative diagrams: 



M* 
P2 { 



M{m,y,L) 



Q* 



B(W.,R] 



^t L Q*/B(W.,P)l !] 



^M* /M(m,y,L)l 1] 



p2^3 L B(W..P) 



p2^M(m,y,L) 



Lemma 5.34 ip factors through p 2 Ob(m, y, L). 



Proof Recall the complexes Ob G (V.) and Obf cl (V. , <j)) constructed in the subsubsection 5.1.3 and the subsub- 
scction 5.3.3, respectively. We put Ob G (V.,4>) := Cone(Ob° 1 (V., 4>)[-l] — >Ob G (V.)). We obtain the following 
commutative diagram on M.{m 1 y, L): 



Ob G (V.,<j>) 



Ob(m, y, L) 



J M(m,y,L) 



It is easy to show (p 2 is isomorphic by using Lemma 5.2 and Lemma 5.12. 

Since ip factors through Ob(m, y, L), we obtain the morphism ^\Lq^ b( ^ w p ^ [—1] 
is denoted by Ob(M*). Then we obtain the morphism ob(M*) : Ob(M*) — > L^„. 



I 

Ob(m, y,L). The cone 



Lemma 5.35 There exists the quasi isomorphism u : Ob(M)^, — > Ob(M*) such that ob(M*) o u = ob(M). 

Proof Let tti denote the natural morphism M.(m,y, L) — > Ai(m,y,[L]). By construction of Ob G (V.,[0]) 
and Ob G (V., 0), we have the following commutative diagram on M(m,y, L): 



^2^B(W,P)/k 

7r 1 $*L B ( Wj [p])/fe 



Ob G (V,0) 
IT*, Ob G (V, [4>]) 



Ob(m, y, L) 
irl Ob(m,y,[L]) 



(114) 



Moreover, the induced morphisms Cone(ip 2 ) 
following commutative diagram on M*\ 



^t L Q*/B(W,P)\- 1 1 



Ml 



^t L Q*/B(W,[P])i M 



■ Cone(V-'i) (i — 1,3) are isomorphisms. Hence, we obtain the 
P2^*3 L B(W,P) ► P2 Ob(™, y, L) > p* 2 L M(m,y,L) 



l'2 



p*^lL B (w,[p]) 



p* Ob(m,y,[L}) 



P*LM(m,y,[L]) 



Moreover, the induced morphisms Cone(^i) — ► Cone^) — ► Cone(^ 3 ) are quasi isomorphic. Then the claim 
of the lemma is clear. I 
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We have another description of Ob(M*). When V m = Wo, we have B{W.) :— Spec(k) GL ( Vm )- We put 
F := Flag(\^ Tl ,iV) G L(y m ). We have the following commutative diagram: 



M 

P2 



M{m,y,L) 



Q* 



B(W.,P.) 



(115) 



r 2 



b(w: 



Then, we have the isomorphism ^4^q*/b(w p) ~ ^ i^i^T / B(w )■ We a ^ so obtain the following morphisms: 



^2^B{W.,P.) 



Ob(ra,y,L) 



Therefore, we obtain the morphism a : ^T*Lp, B , w [—1] — ► p£ Ob(m, y, L). We naturally obtain the follow- 
ing quasi-isomorphism: 

Conc(a) ~ Ob(M*) (116) 



5.7.3 The moduli stack M(m,y, [L]) 

Let M(m,y, [L]) be the moduli stack of the tuple {E*,p, [</>], J 7 ) as follows: 

• (.E 1 *, p, [(j)]) is an oriented reduced L-Bradlow pair of type y, satisfying the condition O m . 

• T is a full flag of H°(X, E{m)). 

By an argument in the subsubsection 5.7.1, we can obtain the obstruction theory of M(m,y, [L]). We also 
use the notation M and M to denote M(m,y, [L]) and M(m,y, [L]), respectively. When V m = W , we have 
B(W.) := Spec(/c) GL (y m ). We also put F := Flag(V r m ) G L(y m )- The following diagram is Cartesian: 



M(m,y,[L}) 

'i 

M(m,y,[L}) 



F 

I 

B(W.) 



Then, we obtain the following morphism of distinguished triangles on M(m, y, [L]): 

<p 



^ll L F/B(W.) 



L 



M/Mi 



L 



M/k 



L 



M/M 



Lemma 5.36 ip factors through p* Ob(m,y, [L]) 



Proof It can be shown by using the complex Ob (V.) and the argument in the proof of Lemma 5.32. 



I 



Then, we obtain the morphism &*iLp/B(w )[ — ^ — * P* Ob(m, V> [-^D- The cone is denoted by Ob(m, y, [L]). 
We obtain the natural morphism: 



ob(m,y, [L]) : Ob(m,y, [L]) — > L 



M(m,y,[L])/k 



By the same argument as the proof of Proposition 5.33, we can show the following. 
Proposition 5.37 ob(m, y, [L]) gives an obstruction theory for M(m,y,[L]) . 
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We have the equivalent obstruction theory. Let Qi denote the quotient stack of P m x Flag(V, N) via the 
natural GL(Vm)-action. Then, the following diagram is Cartesian: 



M(m,y,[L]) — 
Pi 

M(m,y,[L\) — 
Then, we have the following diagram on M(m, y, [L]): 

^13 L Qi/B(W,[P])[-l] > P*^14 L B(W,[P]) 



J MjM 



hi] 



Pi^M/k 



Qi 
B(W,[P]) 



^13 L Qi/B(W,[P]) 



J M/M 



By an argument similar to the proof of Lemma 5.32, we can show that ipi factors through Ob(m, y, [L]). Let 
Ob 2 (m,y, [L]) denote the cone of '^*3.t<Q 1 /B(w,[P])[ — 1] — > p\ Ob(m, y, [L]), and then we have the naturally 
defined morphism: 

ob 2 (m,y, [L]) : Ob 2 (m,y, [L]) — ► L M{ m ,a,[L]) 



Lemma 5.38 We have the natural quasi isomorphism ip : Ob(m, y, [L]) 
composite ob 2 (m,y, {L}) o ip is same as 6b(m,y, [L]). 



Ob 2 (m, y, [L]) such that the 



Proof Let V. be the canonical resolution of £ u (m) over M(m,y, [L]). We obtain the complexes Ob G (V.) and 
Ob G j( V., [4>]) by the constructions in the subsubsection 5.1.3 and the subsubsection 5.4.3. Let Ob G ( V. , [</>] ) 
denote the cone of the morphism Ob G j(V., [</>])[— 1] — > Ob G (V.). We have the following commutative diagram 
on M(m,y, [L]): 

**i 2 Lb(w) ► Ob G (V.) > Ob(m,y) 



®*4 L B(W,[P]) 

We have the commutative diagram: 



M(m,y, [L]) 



M(m,y,[L}) 



Ob G (V.,[0]) 



Qi 



Ob(m,y, [L]) 



B(W,[P\) 



B{W) 



We obtain the following diagram on Ai(m, y, [L]): 

^h L Qi/B(W,[P])[-l] " Pl^li L B(W,[P}) 



Then, the claim is clear. 



P*^12 L B(W) 



ptOb(m, y,[L}) 



PlOb(m,y, [L]) 



P*LM(m,y,[L]) 



P*LM(m,y,[L]) 



I 



Recall that the moduli stack A4 s (y, [L], a*, (S,£)) of (S, ^-stable objects is the open substack oiM(m, y,[L\). 
By restricting ob(m,y, [L]), we obtain the obstruction theory of M s (y 1 [L],a*, (S,£)). 
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5.7.4 The moduli stack M (to, y, L) 

Let A4(m, y, L) be the moduli stack of the tuple (E*,(f>, T) as follows: 

• (E*,(f>) is an L-Bradlow pair of type y, satisfying the condition O m . 

• T is a full flag of H°(X, E{m)). 

We use the notation in the subsubsection 5.7.3. We have the following Cartesian diagram: 

M(m,y,L) F 
Pi 

M{m,y,L) —^2— B(W.) 
By using the construction in the subsubsection 5.7.3, we obtain the obstruction theory: 

ob(m,y,L) : Ob(m,y,L) — > L M {m . v ^ L) 

The moduli stack M ss (y, L, a*, (5, £)) (the subsubsection 3.3.3) is the open substack of M(m,y,L). By 
restricting ob(m, y, L), we obtain the obstruction theory of M BS (y, L, a*, (S,£)). 

5.7.5 The moduli stack M s (y, a*, +) 

Let A4(m, y) denote the moduli stack of the objects (E*,T) as follows: 

• E* is a parabolic torsion- free sheaf satisfying the condition O m . 

• T is a full flag of £(m)). 

We use the same notation in the subsubsection 5.7.3. In this case, we have the following Cartesian diagram: 

M(m,y) — F 

I 1 

M(m,y) B(W.). 
By using the construction in the subsubsection 5.7.3, we obtain the obstruction theory: 

ob(TO,y) : Ob(TO,y) — > L^ {m ^ 

Recall M s (y,a*,+) denotes the moduli stack of the objects (i?*,^ 7 ) as follows (the subsubsection 4.6.1): 

• E* is a parabolic torsion- free sheaf of type y with weight a* . 

• T is a full flag of £(m)). 

• (E*, JFmin) is e-semistable reduced C(— TO)-Bradlow pair, where e denotes any sufficiently small positive 
number. 

Since M s (y, a*, +) is the open substack of M(m, y, a*), we obtain the obstruction theory of M s (y, a*, +) 
by restricting ob(m,y). 
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5.7.6 The case where the 2-stability condition is satisfied 

Let us construct the obstruction theory of the master space in the case where the 2-stability condition is satisfied 
for (y, L, a*, 5). It can be done by the way given in the subsubsection 5.7.1, so we give only an indication. We 
use the notation in the subsubsections 4.7.1 and 5.7.1. 

We have the natural GL(V)-action on the P 1 -bundle P(O Pro (0) Cp m (l)) over P m . The quotient stack 
is denoted by Q. We have the map ^f 2 : A4(m,y,[L]) — ► B(W.,[P]), and M is an open substack of 
M(m,y, [L]) x B (w,[P]) Q- 

M Q 



M(m,y, [L]) 



B(W, [P]) 



We obtain the following morphism of distinguished triangles on M: 

^iLq/b{w,[p])[-~\] > P*^2 L b(w,[p]) > ^*Lq 



[-1] 



J M/M{rn,y,[L}) 



P*L M (m,y,[L]) 



®* L Q/B(W,[P]) 



M 



J M/M(m,y,[L]) 



Since ip factors through p* Ob(m, y, [L]) (Lemma 5.32), the morphism ^\LQ/ B rw,[p])\—^} — > Ob(m, y, [L]) is 
obtained. The cone is denoted by Ob(M). We have the naturally defined morphism ob(M) : Ob(M) - 



M" 



By an argument similar to the proof of Proposition 5.33, we can show that ob(M) gives an obstruction theory 
of M. 



Recall we put M* 



M — Mi U M 2 . It is an open substack of M(m, y, L). We put Ob(M*) := ob(m, y, L), 



and then we have the obstruction theory ob(M*) : Ob(M*) 
Lemma 5.39 There exists the quasi isomorphism u : Ob(M)^, — ► Ob(M*) such that ob(M*) o u = ob(M). 
Proof We have the commutative diagram: 

M* ^ ) B(W,P) 

'I 1 

M(m,y,[L}) B{W,[P]) 
From the diagram (114), we obtain the following diagram: 



^1Lb(w,p) 



^*^2 L B(W,[P]) 



Ob(m, y, L) 



ir* Ob(m,y, [L]) 



M* 



TT*L 



M(m,y,[L]) 



Moreover, the induced morphisms Cone(/tti) 
of the lemma is clear. 



Cone(/i2) — ► Cone(/X3) are quasi isomorphic. Then the claim 

I 



5.7.7 The case of oriented reduced i-Bradlow pairs 

Let L = (Li,L 2 ) be a pair of line bundles over X. Let us construct the obstruction theory of the master space 
for the moduli stacks of the oriented reduced X-Bradlow pairs, under the setting in the subsubsection 4.7.2. We 
give only an indication. We use the notation in the subsubsection 5.7.6. 
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We construct the master space M as in the subsubsection 4.7.2. Let us take an inclusion l\ : O(-m) — ► L\. 
Then the universal reduced Li-section [(/>"] induces the reduced Ox-section [<f>^\. Therefore, we obtain the 
morphism ^ 2 : M(m, y, [L]) — > B(W, [P]). By construction, M is an open subset of M(m 7 y, [L]) Xb(w,[p]) Q- 

M Q 
p 

M(m,y,[L]) -?2_> B(W,[P}) 
We obtain the following morphism of distinguished triangles on M: 

^1 L Q/B(W,[P])[-~L] > P*^2 L B(W,[P}) > **Q > ^1 L Q/B(W,[P]) 

£ M/M(m,9,|I])r 1 l > P* L M(m,y,[L]) > > L M/M(m,y,[L]) 

By an argument similar to the proof of Lemma 5.32, it can be shown that <p factors through p* Ob(m,y, [L]). 
Hence we obtain the morphism ^'ii'Q/B(w,[P]) [ — 1] — > Ob(m, y, [L]). The cone is denoted by Ob(M). We have 
the naturally defined morphism ob(M) : Ob(M) — ► Ljj. By an argument similar to the proof of Proposition 
5.33, we can show that ob(M) gives an obstruction theory of M. 

Recall we put M* := M — Mi U M 2 . It is an open substack of the moduli stack M(m, y, L\, [L 2 \). (See the 
subsubsection 4.7.2 for A4(m,y, L\, [L 2 ]).) On M(m,y,Li, [L 2 ]), we have the following morphism: 

Ob re i(m,y)[-l]eOb r ei(m,2/,i 1 )[-l]eOb r ei(m,y,[i 2 ])[-l]eOb re i(m,y)[-l] — ► Ob(m,y) 

The cone is denoted by Ob(m, y, L\, [£ 2 ]). As in the subsubsection 5.6.2, we can naturally construct the 
morphism ob(m,y,ii, [L 2 ]) : Ob(m,y,Li, [L 2 ]) — ► ^A^(m,«,ii,[L 2 ])- By an argument similar to the proof of 
Proposition 5.30, it can be shown that ob(m, y, L\, [L 2 ]) gives an obstruction theory. 

Lemma 5.40 There exists the quasi isomorphism u : Ob(M)^, — ► Ob(M*) such that ob(M*) ou = ob(M). 
Proof It can be shown by the same argument as the proof of Lemma 5.39. 1 



5.8 Moduli Theoretic Obstruction Theory of the Fixed Point Set 
5.8.1 Statement 

Let 3 — (y 1 , y 2 , h, I2) be a decomposition type as in Definition 4.33. We use the notation in the subsubsection 
4.6.1. We put A4 sp iit := M ss (y 1 , L, a*, (S, ko)) x M ss (y 2 , a*, +)■ Recall that we constructed the obstruction 
theory Ob(m,y 1 , L) of M ss (y 1 , L, a*, (S, fco)) (the subsubsection 5.7.4) and the obstruction theory Ob(m,y 2 ) 

of M 8S {y 2 , a*, +) (the subsubsection 5.7.5). The direct sum Ob(A4 sp iit) gives the obstruction theory of M sp nt- 
The affine line Specfc[i] is denoted by A 1 . 

Proposition 5.41 We have the obstruction theory ob(M Gm (3)) : Ob(M Gm (3)) — ► ^M G ^p) an ^ ^ e defor- 
mation ob(M Gm (3)) : Ob(M Gm (3)) > L^ Gm ^ xA1 ^ A1 with the following property: 

• We have the following commutative diagram: 

^Ob(M) ► ^Ljj 

Ob(M G ™p)) > L^ Gm0) 
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• Let ob a (M Gm (3)) : Ob a {M Gm {3)) — ► Lg Cin(3) denote the specialization of ob(M Gm (3)) at t = a. At 

t = 1, we have obi(M Gm (3)) = ob(M Gm (3)). At t — 0, we have the following commutative diagram in 
the diagram (79): 

F*6b (M G ™(3)) ► F*L^ Gm{3) 

^ ~[ (118) 

G>*Ob(M split ) > G>*L^ Ht 

On each a, we have the following distinguished triangle: 

G'*Ob(m, yi ,L) ► F*0b o (M G -p)) > G>*6b(m,y 2 ) ► G'*Ob(m, yi ,L)[l} (119) 

We will prove Proposition 5.41 in the subsubsection 5.8.6, after some preparation. 

5.8.2 The moduli stack of split objects with an orientation 

We put Mi := M(m,y 1 ,L) and M 2 := M(m,y 2 ). We put M 3 := Mi x Mi- 

Let us consider the moduli stack M-& of the objects (Ei , i*\ * , (^>, £2 , -F2 * , p) as follows: 

• (Ei,Fi*,4>) E Mi and (£ 2 , ^2 *) e M 2 - 

• p denotes an orientation of Ei © E 2 ■ 

We have the obstruction theory Ob(A / (3) := Ob(m,y 1 ,L) © Ob(m,y 2 ) of M3. The relative obstruction 
theory of M3 over M3 is constructed in the standard manner, which we explain in the following. Let ir : 
M3 — ► M3 denote the projection. We have the universal objects (£ F^, (f> u ) over Mi x X and (£%, F 2jf ) over 
M2 x X. We also have the canonical resolutions V.^ of £f{m). We denote the induced objects over M3 x X 
by the same notation. Then we have the orientation of £" © £ 2 over M3. Therefore, we obtain the following 
diagram: 

9 d (V {1) © V. (2) ) ► (V. (1) ) © (V (2) ) 



d et *£?(B£Z,X L PicxX/X > L M 3 xX/X 

Therefore, we obtain the following: 

Ob d (V. (1) © V. (2) ) ► Ob(m,y 1 ,L)eOb(m,y 2 ) 



det £-re£ 2 " X Pic > L M 3 

We put Ob rc i(A1 3 /X3) := Cone(Ob d (V. (1) © V. (2) ) — > detg« ef t, L Pic ). We have the natural morphism: 
7 : Ob lel (M3/M 3 )[-l] — » Ob(m, y l5 L) © Ob(m, y 2 ) = tt* Ob(M 3 ) 

The cone of 7 is denoted by Ob(A / f 3 ). Then we have the natural morphism ob(.M 3 ) : Ob(.M 3 ) — ► ^m 3 
We have the following commutative diagram as in the subsubsection 5.2.1: 

l m 3 * det £»e^ Lpic 
n*L M3 < $(det(£?®£$))\tL M(1) < Ob d (V (1) © V. (2) ) 
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Here, m denotes the projection Pic — > -A^(l). Therefore, we have the following commutative diagram: 

Ob re i(A? 3 /M 3 )[-l] ir*Oh(M 3 ) 

ob rol (M 3 /M 3 ) 

L M 3 /M 3 \-~^ > n*L M3 

By the same argument as the proof of Lemma 5.7, it can be shown that ob rc i(M 3 /M 3 ) gives a relative obstruc- 
tion theory of M 3 over M 3 . Therefore, Ob(M 3 ) gives an obstruction theory of M 3 . 

5.8.3 The embedding into the moduli stack of non-split objects 

We put Mo := M(m,y, L) and Mo := M(m,y, L). The projection Mo — > -Mo is denoted by 7r Let V. 
denote the canonical resolution of px*£ u (m) on Mo x X. We put Vq := px*Vo = Px *£ u (m). We have the 
naturally defined morphism f : M 3 — > Mo- We have the decomposition f* x £ u = £\ © £ 2 U , f^V. = V. (1) © V. (2) 
and fVg = Vq' 1 ^ © Vo' 2 ''. We have the naturally defined projections: 

&fl(V.) — fl(V. (1) ) ©0(V. (2) ), f x Qrel(V.A) — > flrcl (V (1) ,0), 

fx9(V.\ D ) — fl(V^) eg(V^), fxflrd(V.,F:) — 0rc i(V (1) ,Fr (1) ) © 0rcl (V. (2) ,Fr (2) ). 
They induce the following morphisms: 

f* Ob(V.) — Ob(V. (1) ) © Ob(V. (2) ), f Ob rcl (V.,0) — > Ob rel (V«,^) 

r ob(v.p) — > ob(v.^) © ob(v ( g), r ob(v.,Fr) — > ob rcl (v. (1) ,F: (l) ) © ob rcl (v. (2) ,F: (2) ) 

Therefore, we obtain the morphism: 

: f Ob(m, y, L) — > Ob(m, y l5 i) © Ob(m, y 2 ) 
Lemma 5.42 TTie following diagram is commutative: 

rOb(m,y,L) > f*L Mo 

(120) 

Ob(m,y 1 ,i)©Ob(m,y 2 ) > Lm 3 

Proof We take an iJ y (m)-dimensional vector space Wo = V m with a decomposition Wo — W^ 1 © Wq 2 \ where 
dim Wq^ = Hy.(m). We also take a (H y (m) — rank(y)) -dimensional vector space W-\ with a decomposition 
W-x = W1V © Wl 2) , where dim = H v% (m) - rank(y 4 ). We put Y(W {1 \ W {2) ) := Y~(1T. (1) ) x Y{W (2) ). We 
have the naturally defined morphism Y(W^\ W^) — ► Y(W.). By considering the classifying map of V. and 
V. (1) © V. (2) , we obtain the following commutative diagram: 

Mo x x — ^— U y(w) 



By the argument in the subsubsection 2.3.2, we can show that f x S{V-)<i — y £)(V-^)<i ® 8(V^)<i expresses 
the morphism f x $(V.)*L Y (w.)/x — * 3>(V.^, V.^)*L y ^(i) w (2)^ x - Therefore, we obtain the following com- 
mutative diagram: 

f*x L M xx/x < f x $(V.)*L Y(w . )/x < fl(V.) 

L M3 xx/x < 3>{V {1) M 2) )*L nwm wm)/x < 0(V. (1) )© (V. (2) ) 
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Therefore, we obtain the following commutative diagram: 

f*LM„ < f Ob(m,y) 



(121) 



Lm 3 



Ob(m,yi)©Ob(TO,y 2 )- 



Let P. be a locally free resolution of L(m), as in the subsubsection 5.6.1. We put Y {W [1 \w (2 \ P.) := 
Y(W (1) ,P) x Y{W {2) ). Then, we have the naturally defined morphism Y (W {1 \w {2 \ P.) — ► Y(W.,R). Then 
we have the following diagram: 



M x X 



fx 



M 3 xX 



*(V.,0) 



Kv (1 \v <2) » 



Y(W.,P.) 



Y{W {1 \W (2) ,P.) 



Then, we obtain the following commutative diagram: 

Fx L M xX/X < fx*(V-»*iy(H'.,p.)/X 



$(V. (1) ,V. (2) ,0)*L y(M/(1 ,^ ( ^ p) 



fxfl(V.^) 



£^(V. (1) ,</>)ffi (V. , 



(2)> 



It is easy to observe that Rpx *&(V.,4 
following diagram: 

f*L Mo < f*Ob(m,y,L) 



u>x is naturally isomorphic to Ob(m, y, L). Then, we obtain the 



(122) 



Lm 3 



Ob(m,yi,L) 0Ob(m,y 2 ) 



We have the natural morphism Ob(m,y) — > Ob(m,y, L) and Ob(m,yi) © Ob(m, j/2) — > Ob(m,yi,L) © 
Ob(m, y 2 ). The diagrams (121) and (122) are compatible for the natural morphisms in the sense of the subsub- 
section 2.1.4. 



We put Vjj^ := Ker(VQ|^) — ► Gok^\ which are locally free sheaves on M.3 x D. Let V^* denote the 



vector bundle V$ with the filtration V D 



>(*)* 



W(i) 



3 y W( 2 ) . . . 3 y^ Al_l ~ i; . Similarly, we have the filtered vector 



,W(M-i) 



bundle on .Mo x D. 

We put IfWt 1 ' := W W and l^WO+i) = W^\. We take vector spaces W« (i = 2,..., I) with decom- 
positions W« = © W«( 2 ), where rankWW = rankV^ and rankW^W = rank v£ )W) . We use the 
notation in the subsubsection 5.5.1. We put Y D (W.,W^ * ,W^) := Yb(W. (1) , IV* 1 )*) x Yd(W (2) , W^ 2 )*), and 
*d(W. (1) , W {2) ) := Y" D (W. (1) ) x r D (T4^. (2) ). We have the naturally defined commutative diagram: 



Y D {W.,W*) 



Y D (W.,WW*,WM*) 



Y D (W.) 



r D (T^. (1) ,T^. (2) ) 



By considering the classifying maps of Vp and (V^ 1 '*, vffi*), we obtain the following commutative diagram: 

$D(V *^ ) " - - ► Y D (W.) 



M xD 



M 3 xD 



Y D (W.,W*) 



^!Y D (W.,W^*,W^*) 



Y D (W {1) ,W (2) ) 
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Therefore, we obtain the following: 

FdLmoxd/d < ¥b®D{V.,F?)*L YL) (w.,w)/D 



f*D®(V-\D)*L Y D(W.)/D 



L, M 3 xD/D < 

Then, we obtain the following: 

fh^MaxD/D <— 



^\Ly d (W. ,WW* ,W^)") I 'D 



fofl(V.,i?) 



$(V.|D © vi \D)* L Y D (W m M 2) )/D 



Td*0>-\d) 



J M 3 xD/D 



q d (V {1 \f: w )® Qd (V^,F^>) 



(2) F «(2)x 



8(vS)e 8 (vg) 



We put Ob D (V,F?) := Rp D *(g(V.,F?) ®lu d ). Similarly, we obtain Ob D (V {l \ F" {t) ). Then, we obtain the 
following commutative diagram: 



Am 3 



f Ob D {V.,F?) 



ob D ( v. (1) , f: {1) ) Ob D (V. w , ) 



(2) F «(2)x 



f ObOV) 



Ob(V ( , 1 2) © Ob(V ( , 2 >) 



We remark that the cone of Ob(V.m) — ► Ob(V.) © Obu(V, F») is naturally isomorphic to Ob(m, y). Thus, we 
obtain the following commutative diagram, which is compatible with (121): 



f* L M 



L M 3 



f* Ob(m,v) 



Ob(m,y 1 ) ©Ob(m,y 2 ) 



(123) 



From (121), (122) and (123), we obtain the desired diagram (120). Thus the proof of Lemma 5.42 is finished. I 

We have the naturally defined morphism f : M 3 — ► Mo- By construction of the obstruction theories, we 
have the following commutative diagram: 



f Ob rel (m, £)[-!] 



Ob rel (M 3 /M 3 )[-l] 



f*n* Ob(m,y,L) 



in 



ir* 0b(m,y 1 ,L)8 0b(m,y 2 ) 



Therefore, we obtain the following commutative diagram: 

f Ob(m,y,L) -t 



f*L 



M 



Ob{M 3 ) 



J M 3 



5.8.4 Some compatibility 

We take H y (m)-dimensional vector spaces W (l) . We put B(W {1 \W Q {2) ) :-- 
V' ^ := px*Vq^ . Then we have the classifying map <&(Vq^ 
have the morphism ip : $(V' (1) © V' ( 2) )* L B(yv w ^w^)) 



Vf >) : M 3 



W^VGLfwf)- We P Ut 

B(W {1) ,W {2) ). Therefore, we 



L Ms . 
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Lemma 5.43 The morphism factors through Ob(m, y\,L) © Ob(m, y 2 )- In particular, it factors through 
Ob(m,y 1 ,L)©Ob(m,y 2 ). 

Proof We have the following commutative diagram: 

fl(V. (1) ) © (V. (2) ) < f)(V. (1) ) © f)(V (2) ) 



It induces the following diagram: 



Ob(m,j/i) ©Ob(m,y 2 ) 

I 



*(^ 1) ,^ 9) )^ flW ci),^) )xX/JC 



0b G (V (1) )©0b G (V (2) ) 

*(v5 (1, yo (J) ) , i fl( ^ ) 



It is easy to check ipi is isomorphic. Then the claim of the lemma is clear, 
bundles Vq and , we obtain the following commutative diagram: 



We put Wo := Wq 1 ^ and B(Wq) := &gl(w )- By considering the classifying maps of the vector 



M 3 

1 



M 3 * (V " V " 2)) : B(<\Wi{ a >) 



(124) 



17 "2 kA *(V ) 
.Mo > Alo > 



B(Wb) 



Lemma 5.44 VFe /iawe i/ie following commutative diagram: 



Lm 3 < Ob(M 3 ) < n*$(V^M 2) )*L B{<)i<2)) 



fOb(m,y,L) 



(125) 



' Mo 

Here, the composite of the horizontal arrows are the naturally defined morphisms from the diagram (124). 



Proof We have the following commutative diagram: 



&b(v.; 



f)(V. (1) ) © f,(V. (2) ) > S (v. (1) ) © s(V (2) ) 



Therefore, we obtain the following: 



f* Ob G (V.) 



f Ob(m,y) 



Ob G (V. (1) ) ©Ob G (V. (2) ) ► Ob(m,yi) 80b(m,y 2 ) 

On the other hand, we have the following commutative diagram: 

r x m) — ► rx$(v y x L B{Wo)xX/x 



(,(V. (1) )ffiO(V. (2 ► HV^'X^'YxLB^y^x/x 



'(1) v'( 2 )^* 
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Therefore, we obtain the following: 

fOb G (V.) — r$(V )*L B{Wo) 



Ob G (V. (1) )ffiOb G (V. (2) ) 



B(W£\W<?) 



The morphisms Tj are isomorphic. Thus we obtain the claim of the lemma. i 
5.8.5 Deformation 

As explained in the subsubsection 5.5.3, we have the decomposition Ob(m, y 2 ) = Ob°(m, y 2 ) ©Ob d (m, y 2 ). We 
put Ob(m, y 2 ) ■= Ob°(m, y 2 ) © t<o Ob d (m, y 2 ). We have the following commutative diagram: 



Ob re i(V (1) ©V.^)[-i] 



(2h 



Ob(m, y l7 L) © Ob(m,y 2 ) 



r<_! Ob a (V (1) ffiV. l " J ) Ob(m, Vl ,L)eOb(m,y 2 ) 

We put Obi(Af 3 ) := Cone(Ai). Then we have the morphisms Obi(A4 3 ) — ► Ob(A / l 3 ) - 
first morphism is quasi isomorphic, the composite obi(A^3) of the morphisms gives an obstruction theory 



;( 2 h 



J M 3 



Since the 



of M3. We remark we have the following commutative diagram (We put C\ := t<_i Ob d (V.^ 



C 2 := Ob(m,y 1 ,L) © Ob(m,y 2 ) in the diagram, to save the space.): 



n-\c 2 ) 



n°(c 2 ) 



n°(n*L M3 ) 



► h-^Lm,) 

W°(Obi(A4 3 )) ► 



H- 1 (Ob(M 3 )) - 
I 

► W 1 (C 2 ) 



-» 



V (2) ) and 



(126) 



H^OHMa)) 



(127) 



— W°(^ 3 ) > H°(^ 3/A43 ) — — WV^s) ► HHL^) 

We would like to deform obi(A43). Let i\, i 2 and r\ denote the following naturally defined morphisms: 



h :r<_iOb d (Vi) -^Ob(m, yi ,L), i 2 : t<^ Ob d (V 2 ) 



Ob(m,y 2 ), 



r? : r<_i Ob d (Vi © Va) — » r<_i Ob d (Vi) © r<_i Ob d (V 2 ) 
The following is a special case of Lemma 5.6. 
Lemma 5.45 The composite i\ o ob(m, y 1 ,L) and i 2 o ob(m, y 2 ) are trivial. 



I 



For any a G fc, let ^ a : r<_i Ob d (V (1) 



V. 



(2)> 



Ob(m, Ui,L) © Ob(m, y 2 ) be the morphism given by 



(f a := (a ■ ii, i 2 ) o 77. Then the following diagram is commutative for any a, due to Lemma 5.45: 



r<_iOb a (V. (1) ©V. w ) 



Ob(m,y 1 ,L) © Ob(m,y 2 ) 



ir*L Ms 



(128) 



We put Ob a (A^3) := Cone(<p a ). From the commutativity of the diagram (128), we obtain the morphism 
ob a (M 3 ) : Ob a (A4 3 ) — ► for any a. The choice of a does not have any effect on the diagram (127). Hence, 
it is easy to observe that {ob a (A^3) | a e fc} gives an obstruction theory of ob(Mz) : Ob(M 3 ) — ► L-, 
of Ai 3 x A 1 over A 1 . At a = 1, Obi(.M3) is same as Ob(.M3) in the derived category. 



J M 3 xA 1 /A 1 
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Lemma 5.46 We put M 2 ■= M(m,y 2 )- There exists an algebraic stack S' with the following diagram: 

M 3 S' — Mi x M 2 



M G ™(3) ^J— S M split 

//ere f/ie bottom horizontal arrows are given in (79). 77ie morphisms F\ and G[ are etale and finite of degree 
Oi • r 2 ) _1 . 

Proof Similar to Proposition 4.45 and Corollary 4.46. 1 
Lemma 5.47 For each a, we have the following distinguished triangle: 

G'i Ob(m,y 1 ,L) ► F?6b a (M 3 ) ► G[* Ob(m,y 2 ) ► G[* Ob(m, Vl , L)[l] (129) 

We also have F?db (M 3 ) = G[* Ob(m,y 1;J L) © G[* Ob(m,y 2 ). 

Proof We have the following naturally defined distinguished triangle on M 3 : 

Ob(m, yi ,L) ► 6b a (AT 3 ) ► Conc(« 2 ) > Ob(m,y lt L)[l] (130) 

In the case a = 0, it splits. It is easy to see Fj" Ob(m, y\,L) ~ Gi* Ob(m, Vi,L) and F* Cone(z 2 ) — Ob(m, y 2 ). 
Hence wc obtain (129) from (130). I 

Lemma 5.48 TTie composite of the following morphisms is independent of the choice of a, and it is same as 
the naturally defined one: 

7r*$(V^ ©V^r^a,^ — »7r*(Ob(m,v 1 ,L)eOb(m,y 2 )) — » Ob„(A^ 3 ) ^ i^s ( 131 ) 
Proof It is clear from the construction. i 

5.8.6 Proof of Proposition 5.41 

Let us construct an obstruction theory of M Gm (3). We take H y . (m)-dimensional vector spaces V$. Let F 

r M Wg p U ^ ~p i J? ... TT,^ iCfG 

rW W(2) 



denote the full flag variety of Vm ■ We put Fi :— F. GL / V (0\- Then, M Gm (J) is an open subset of the fiber 



product of F\ x F2 and M 3 over B(Wq , H 7 ^ J ). Hence we have the following commutative diagram: 

M G ™{3) — 2— > Fi x F 2 

9 (132) 
A? 3 ► B(W (1) ,W (2) ) 

Then we have the isomorphism g*L^^-^^ ib(w {1) w {2) ) ~ ^m g ^(3)/m : ,- ^ ue to Lc-nmm 5.43, we have the 
following morphisms: 

9*h' 1 xFi/B<w< L \w$'>)[- 1 l S*q*L B(w w w i2 )) - Jf ^ 7r*Ob(X 3 ) 

We put Ob(M Gm (a)) := Cone(^ 2 o tp^. Then we obtain the morphism ob(M G ™ (3)) : Ob(M G "*(a)) — > 
L-foGmQy By the same argument as that in the subsubsection 5.7.1, it can be shown that ob(M Gm (3)) gives 
an obstruction theory for M Gm (3). 

We put N := H y (m). Let Flag(Vm\ Jj) denote the moduli of nitrations T*^ of Vm as follows: 
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We put V m := Vm^ © Vm \ Recall that Flag(V^ n ,^V) denotes the full flag variety of V m . We have the naturally 
defined inclusion Flag(V^, I\) x Flag(V^ 2 \ I 2 ) — > Flag(V r m , N_). Clearly, Flag(V^\ 7j) is naturally isomorphic 
Fj. We use the notation in the subsubsection 5.7.2. Then, the diagram (132) is compatible with the following 
diagram, which is given by (115): 

M* > F 



Mo > B(W ) 

By using the description (116) of Ob(M*), we also obtain (117) from (125). 

We would like to construct Ob(M G "*p)). Corresponding to the equivalence Obi(.M3) ~ Ob(A4^), we 
have the equivalent obstruction theory Obi(M Gm p)) ~ Ob(M Gm (3)). Due to Lemma 5.48, we obtain the 
deformation ob(M G -(3)) : Ob(M G -p)) — » L^ Gm{J)xA1/A1 from ob(M 3 ) : 6b(M 3 ) — ► ijCj 3xA i /i4 i- We 
also obtain the distinguished triangle (119) and the splitting (118) at t — from Lemma 5.47. Thus the proof 
of Proposition 5.41 is finished. I 

5.8.7 The case where the 2-stability condition is satisfied 

Let us describe the obstruction theory of the fixed point set of the master space, when the 2-stability condition 
is satisfied. We use the notation in the subsubsection 4.7.1. We give only the statement. We put M sp m := 
M a {y 1 ,L,a l ,,5) x M s (y 2 , a*). 

Proposition 5.49 We have the obstruction theory ob(M Gm (3)) : Ob(M Gm (3)) — ► L^ Gm ^ and the defor- 
mation ob(M Gm (3)) : Ob(M Gm (3)) — ► ^JS^^^xA 1 /A 1 ^ e following property: 

• We have the following commutative diagram: 

^Ob(M) ► v *Ljj 

(133) 

Ob(M G ™(3)) > L SGmp) 

• Let ob a (M Gm (3)) : Ob a (M G ™(J)) — ► L m g ™.(3) denote the specialization of ob(M Gm (3)) at t = a. At 

t = 1, we have obi(M Gm (3)) = ob(M Gm (3)). At t = 0, we have the following commutative diagram in 
the diagram (82): 

F*6b (M G -p)) > F*L TlGm0) 



(134) 



G'* Ob(A^ S piit) ► G'*L Ms 

On each a, we have the following distinguished triangle: 



G'*Ob(m, yi ,L) > F*Ob a (M G ™p)) ► G'*Ob(m,y 2 ) > G'* Ob(m, Vl , L)[l] (135) 

Proof It can be shown by an argument similar to the proof of Proposition 5.41. In this case, M Gm ( r 3) 
is an open substack of M 3 . The obstruction theory ob{Mz) : Ob{Mz) — ► M Gm (3) and the deformation 
ob(M 3 ) : Ob(M 3 ) — 

I j m g ™(3)xA 1 /a 1 gi yes the desired objects. I 
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5.8.8 The case of oriented reduced i-Bradlow pair 

Let L = {L\, L 2 ) be a pair of line bundles over X. Let us describe the obstruction theory of the fixed point set 
of the master space for the moduli stack of the oriented L-Bradlow pairs, under the setting in the subsubsection 
4.7.2. We give only the statement. We put M sv ,ya := M a {y 1 ,Lx,a t ,5{) x M s (y 2 , [L 2 ],a*,5 2 ). 

Proposition 5.50 We have the obstruction theory ob(M Gm (3)) : Ob(M Gm (3)) — ► L-^ Gm ^ and the defor- 
mation ob(M Gm (3)) : Oh(M Gm (3)) — ► ^jjGmfjjxi 1 / 41 with the following property: 
• We have the following commutative diagram: 

^Ob(M) > v *Ljj 



(136) 

Ob(M G -(3)) > L SGmp) 

• Let ob a (M Gm (3)) : Ob a (M G ™(J)) — > L-^ Gm ^ ) denote the specialization of oh{M Gm (3)) at t = a. At 

t = 1, we have obi(M Gm (3)) = ob(M Gm (3)). At t — 0, we have the following commutative diagram in 
the diagram (82): 

F*6b (M G "P)) > F*L^ Gm{3) 

4 (137) 

G'* Ob(M sp u) ► G'*L Mspnt 

On each a, we have the following distinguished triangle: 

GfObKyi.Li) > F*Ob Q (M G -p)) > G'* Ob(m,y 2 , [L 2 ]) > G'* Ob(m, y t ,L\)[l] 

(138) 

Proof We put Mi := M(m, y 1 , L\), M 2 := M(m,y 2 , [L 2 ]) and M3 = Mi x M 2 . We consider the moduli 
stack M3 of the objects (E\ , F\ * , fa , E 2 , F 2 * , [fa] , p) as follows: 



• [E u F^,fa) G Mi and (E 2 , F 2 *, [fa]) G M 2 . 

• p denotes an orientation of E\ © E 2 . 



Then M Gm {3) is the open substack of M3. 

We can construct the obstruction theory ob(M.3) : Ob(M.3) — > Lj^ by the argument in the subsubsection 

5.8.2. We can also construct the deformation ob(.M3) : Ob(A^3) — ► ^ j m g ^(3)xA 1 /a 1 ^he ar g umen t m the 
subsubsection 5.8.5. It can be checked that they give the desired objects by an argument similar to the proof 
of Proposition 5.41. I 

5.9 Equivariant Obstruction Theory of the Master Space 
5.9.1 Statements 

In this subsection, we would like to explain the following claim, first. 

Proposition 5.51 We have the G m - equivariant lift of the obstruction theory ob(M) of the enhanced master 
space M. 

The construction is explained in the subsubsection 5.9.2-5.9.3. We explain that Ob(M*) can also be lifted 
equivariantly, in the subsubsection 5.9.4. 

We will later apply the localization formula of Graber and Pandharipande ([24]). For that purpose, we have 
to see the induced obstruction theory and the virtual normal bundle at the fixed point set. Let Li : Mi — ► M 
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denote the inclusion (i = 0, 1). We have the decomposition of i* Ob(M) into the invariant part t* Ob(M) lnv 
and the moving part l* Ob(M) mov . We put 9t(Mj) := (l* Ob(M) mov ) v [l], which is called the virtual normal 

bundle. We have the induced obstruction theory obi(Mj) : l* Ob(M) lnv — ► Lj^ ([24]). We will prove the 
following proposition in the subsubsection 5.9.5 

Proposition 5.52 The induced obstruction theory obi (Mi) is equivalent to the moduli theoretic obstruction the- 
ory ob(Mj) : Ob(Mj) — ► given in the subsubsection 6.3.3. The virtual normal bundle 91(Mj) is isomorphic 
to O rc i((— and the weight of the induced G m -action is (—1)*. 

Let 3 = (y 1 ,y 2 , Ii, h) be a decomposition type. Let tpj : M Gm (3) — ► M denote the inclusion. Sim- 
ilarly, we have the decomposition of tp^ Ob(M) into the invariant part ip^ Ob(M) mv and the moving part 
</?50b(M) mov . We obtain the virtual normal bundle <Jl(M Gm (3)) := (</?$ Ob(M) mov ) V [l], and the obstruction 
theory obi(M G ™(3)) : <p* Ob(M) inv — L^ Gm{3) . 

To describe < Xt(M Gm (3)), we prepare some notation. In the if -theory of coherent sheaves on M Gm (3), we 
put as follows: 

Vl{E? ,E?) := - {-l) l R l Px*nno m {Ef ,Ef) (139) 

i=0,l,2 

W(L,Ep):= ^2 {-l) i R i p x *'Hom{L,E% i ) (140) 

i=0,l,2 

m D (Efi,Ef«) :=-J2 {-iyR l PD,nno m ' 2 {Ef D „E%,) (141) 

1=0,1 

Here E^ Dt denotes the restriction Ef 1 ® Om g ™(3)xd w ^ n tne induced filtration. (See the subsubsection 
2.1.5 for TZ7iom' 2 -) Let Mo and M3 be as in the subsubsections 5.8.2-5.8.3. It is easy to observe that 
M Gm (3) — ► M x^j o M3 is a regular embedding. The normal bundle is denoted by N . 
We will prove the following proposition in the subsubsection 5.9.6. 

Proposition 5.53 

• The induced obstruction theory ip^ Ob(M*) lnv is naturally isomorphic to Oh{M Gm {2)), and the induced 
obstruction theory <p* 3 Ob(M*) inv > Lj Cm(3) is equivalent to ob(M Gm (3)) : Ob(M Gm (3)) — ► Ljjj Gmp) . 

• The virtual normal bundle < R(M Gm (3)) is K -theoretically given as follows: 

fJl(E^,Ep) ® I 1+ri/r2 + Vl(Ep, Ef) ® I^ ri/r2 + m(L, Ef) ® I 1+ri/r2 

+ m D (Eg,Eg) ® I 1+ri/r2 + m D (Ei, Eg) ® /_i- ri/r2 + No (142) 

Here, I n denote the trivial line bundle on M Gm (3) with the G m -action of weight n. 

Before going into the proof, we give a remark. Recall the diagram (77). We put A = l + rx/r 2 . Let Oi, re i(l) 
denote the tautological line bundle obtained from M[y 1 , [L],a*, (S, k)). On S, wc have the following: 

F*m(Ep,Ep) = G*Vl(E?,E$) ® e>i, re i(-A), F*?fl{Ef,Ef) = G*m(E^,E^) ® Oi, re i(A) (143) 

F*m(L, Ef 1 ) = G*m(L, E$) ® Oi >re i(-ri/r 2 ) (144) 

F*m D {Eg,E£) = G*(m D (E^,El)®0 1 , iel (-A)), F*<JI d (e£, Eg) = G* (m D (E%„ E^)®0 ltiel (A)). (145) 

Here, W(E%,E%), m(L,E%) and m D (E^,E^) are elements of the K(M(y l7 (S,£)) x M(y 2 ,a*)), given 

as follows: 

m{E?,EV):=- J2 {-^) l R l Px*nnom{E^Ef) (146) 

i=0,l,2 
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m(L,E%):= J2 (-l) l i?>x*Wom(L,%) (147) 

i=0,l,2 

9M%,%) ~ - E (148) 

i=0,l 

Here E^ Dt denotes the restriction Ef <g> Cm g ™(3)xd w ^ n * ne induced filtration. 
5.9.2 G m -equivariant lift of Ob(M) and ob(M) 

We would like to obtain the G m -equivairant structure of Ob(M). We use the notation in the subsubsection 
5.7.1. We have the following commutative diagram: 

M Q 



M(m,y,[L]) B(W.,[P.}) 

We have the G m -action on Z\ given by t[u : m] = [t-u : iti] . It induces the G m -action on Q. We remark that ^2 
is G m -cquivariant map. We have the natural G m -equivariant structure of p* Ob(m, y, [L]) and ^2^q/b(w [P])- 
Let d (i = 1,2) be a bounded G m -complex on M. We have the induced G m -action on Ext°(Gi, G2), where 
Ext°(Gi,G2) denotes the vector space of the homomorphisms of C\ to G2 in the derived category D(M). In 
the following, we say that a morphism if : C\ — * C2 is contained in the G m -invariant part of the Ext°-group, 
if if is contained in the G m -invariant part of Ext (C\, G2). 

Lemma 5.54 The morphism ^2^- , q/b(w j p ^[— 1] — ► p* Ob(m, y, [L]) is contained in the G m -invariant part 
of the Ext -group. 

Proof By using Remark 2.18, we obtain the natural G m -equivariant representatives C'(Q) and C'(B(W. , [P.])), 
G3 of *2^q> ®2P'*Lb(w.,[p.]) an d ^2^q/b(w [P.]) res P ec ti ve ly- We regard them as G m -equivariant complex. 
We have the natural G m -equivariant morphism a : C(B{W.,[P.))) — > C{Q). We put C'(Q/B(W.,[P.])) := 
Cone(a). Then, we obtain the G m -equivariant quasi isomorphism G3 ~ C'(Q/B(W., [P.]))- Then the morphism 
^2^q/b(w [p.])[ — 1] — > ^2p'*^B(w..[p.]) can be expressed by the G m -equivariant morphism: 

C'(Q/B(W.,[P.]))[-1] — C'(B(W., [P.])) 

On the other hand, the morphism p*u : P*^2^b(w.,[p.]) — * P* Ob(m, y, [L]) is contained in the G m -invariant 
part of the Ext°-group. Then the claim of the lemma is clear. I 

By applying the general non-sense in the subsubsection 2.5.2, we obtain G m -equivariant representative C(M) 
of Ob(M). 

Recall that we need only the (— l)-truncated cotangent complexes for the construction of the virtual classes, 
and the complex C(M) above are used for the localization theory by Graber and Pandharipande ([24]). Since 
^M/M(m y [l]) 1S isomorphic to the 0-th cohomology sheaf, we have the distinguished triangle: 

T>_ip*L M(miSi[L]) >T>_iL^ ► L M/M{m,y,[L]) * T > -lP* L M(m,y,[L]) [1] 

Since the morphism p* Ob(m,y, [L]) — ► t>-iP* LM(m, y ,[L]) is contained in the G m -invariant part of the Ext°- 
group, the morphism Lj^^ M ^ ny ^[— 1] — * P*L>M(m, y ,[L]) is also contained in the G m -invariant part of the 
Ext°-group, due to Lemma 5.54. Therefore, we also obtain the G m -equivariant structure of t>_!Ljj. 

By construction, ob(M) : Ob(M) — > t> -lL-jfi is contained in the G m -invariant part of the Ext°-group. 
Therefore, we can take the G m -equivariant representatives of Ob(M), t>-iLj^ and ob(M). 
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5.9.3 Equivalent G m -equivariant structure of t>-\L^ 

On the other hand, we have the G r „-cquivariant structure of T>_iLjp obtained from the G m -equivariant 
embedding into a smooth Dcligne-Mumford stack. We use the notation in the subsubsection 4.3.1. 

Let Z m be the vector bundle as in (38). Then we put B :— B Xz m Z m . We have the natural morphism 
TH — ► B which is GL(V m ) x G TO -equivariant. Therefore, we obtain the G m -equivariant immersion i : M — ► 
^GL(y m )- Since M is Deligne-Mumford, we can take a smooth Deligne-Mumford open substack P of £>GL(v m )> 
which contains M . 

Let / denote the ideal sheaf of P corresponding to M. We put C(M) := Conc(/// 2 — > l*C{P)) on M, 
where we put C(P) := flp/k- It is naturally G m -complex, and it is the representatives of the (— l)-truncated 
cotangent complex r> _i£j^ fe . 

Lemma 5.55 The above two G m -equivariant structures of t> -\L^ are equivalent. 

Proof We have the complex C'(B) := Cone(fig — ► fK^)[— 1] on B. It is naturally G~L{V m ) x G m -cquivariant, 
and thus it induces G m -equivariant complex C'(P) on P. We have the natural Gm-equivariant quasi isomor- 
phism C(P) — ► C'(P) on P. We put C'(M) := Conc(/// 2 — ► i*C'(P)) on M, then we have the natural 
Gm-equivariant quasi isomorphism C(M) — ► C'(M). 

We put A := A x z m Z m . We have the natural GL(Kn)-action on A. The quotient stack is denoted by 0. 
We have the GL(V^„)-equivariant map Q°(m,y, [L]) — ► A, and hence M(m,y, [L]) — > Q. 

Let p 3 : B — ► A denote the projection. We put C'(A) := Cone^Q^ — ► pgQ^^j) [— 1]. The complex is 
provided with the natural GL(V^)-action. Hence, it induces the complex G'(Q) on P. We have the natural 
morphism G'(0) — ► C"(P). 

It is clear that the morphism I / 1 2 — > l*C(P) factors through t*C'(Q). We put C'(M) = Conc(/// 2 — ► 
l*C (£}))■ We have the exact sequences of the Gm-equivariant complexes: 

— ► G'(£2) — ► C'(P) — ► n P/Q — > on P 

C'{M) — > C'(M) — > Q^ /M — on M 

We put C'{P/il) := Cone(G'(0) — > C'{P)). We have the G m -cquivariant morphism C'{P/Q)[-l] — > 
G'(Q) on P. We have the natural G m -equivariant morphism t*G'(P/0)[-l] — > t*C"(Q) — > C'(M) of the 
G m -complexes on M. We put Ci(M) := Cone(**G(P/0)[-l] — ► G'(A4)). 

Let us show that Gi(M) is G m -equivariant quasi-isomorphic to C'(M). We put Go := Cone(/// 2 — ► I/I 2 )- 
We have the composite of the morphisms C'(M) — ► 7// 2 [l] — ► Go[l]. We have the naturally defined Gm- 
equivariant quasi isomorphism Cone (C'{M) — > Go[l])[— 1] — ► C'{M). We have the morphism J// 2 — ► 

t*G'(Q). It induces the G m -equivariant quasi isomorphism Cone(C(M) — > Go[l])[— 1] — > C\{M). 
We have the following commutative diagram: 

M > P > Q 



M ► Q ► B(W.,[P.\) 

It induces the following commutative diagram: 

C'(Q) > C'(P) 



C'(B(W.,[P.})) ► C'(Q) 

Hence, we obtain the isomorphism C'(Q/B(W., [P.])) ~ C'(P/£2). We also have C'(M) ~ P*t<_iLm. There- 
fore, two Gm-equivariant structures are equivalent. S' 
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5.9.4 G m -equivariant structure of Ob(M*) 

Since we have the quasi isomorphism Ob(M)^* ~ Ob(M*), we have already obtained the G m -equivariant 

structure of Ob(M*). We give another description of the G m -equi variant structure. We use the notation in the 
subsubsection 5.7.2. 

We have the natural G m -equivariant structure on the sheaves E M over MxX. It induces the G m -equivariant 
structure on p 2 Ob(m,y,L). On the other hand, the morphisms ^3 and p 2 are G m -equivariant. Therefore, we 
have the G m -equi variant representative of Lb(w. .p. ) ■ 

Lemma 5.56 The morphism p2^%^B{w.,p.) — * P2 Ob(m,y,L) is G m -equivariant. 

Proof Let V. denote the canonical resolution of E M (m). By the remark 2.18, f)(V.,0)<i gives the Gm- 
equivariant representative of ^ x L Y (w.,p.)/x, where the G m -equivariant structure of f)(V., 4>) is induced by the 
G m -equivariant structure of E M . Therefore, the G m -equivariant representative of $> x L Y (w.,p.)/x is given by 
Ob G (V.,0). On the other hand, the morphism Ob G (V.,</>) — ► Ob(m, y,L) is G m -equivariant, because their 
G m -equivariant structures are induced by that of E M . Thus we are done. I 

Then, the morphism ^\Lq, j B ^ w p)\~ -*-] — * p2 0b(ra,y, L) is contained in the G m -invariant part of the 
Ext°-group. Therefore, we can take the G m -equivariant representative of Ob(M*). 

Lemma 5.57 Two G m -equivariant structure o/Ob(M*) are equivalent. 

Proof We have the following diagram: 

*i L fr/Y(w., p.)^ 1 ] > Ob{m,y,L) 

b 

*i L Q*/Y(w.,[p.])[- 1 ] * Ob{m,y,[L\) 

The morphisms are contained in the G m -invariant part of the Ext°-groups. Therefore, the induced Gm- 
equivariant structures on Cone(a) and Cone(&) are equivalent. I 

5.9.5 Proof of Proposition 5.52 

We use the notation in the subsection 4.5 and the subsection 5.7. We put F :— Flag(V^„, N_)GL(v m ) an d 
Z\ ■= Z 1 G L(v m )- Since we have Q = Z t x B(w) F, we have L q/ B (w,[p}) = L ~Zn 'b(w,[p]) ® L f/b(w)- 

Recall Ob(M) is given by Conc(**ig /B(vv [p]) — > p* Ob(m, y, [L])). The moving part 1* Ob(M) mov is 
given by the following: 

L i% L Z 1 /B(W,[P]) — L M l /M — ^^(-l) 1 )!!] 

Then, it is easy to see that the virtual normal bundle ^d^(Mi) is given by the line bundle (9 re i((— l) l_1 ), and 
that the weight of the induced G m -action is (— 1)'. By construction, we have the following: 

1* Ob(M) inv := Cone(** 13 L T/B{w) [-l] Ob(m, y, {L})) ~ Ob(M,) 

It is easy to observe that we have the following commutative diagram: 

tJOb(M) — ^i-> Ob(Mi) 



1* ob(M) 



ob(Mi) 



,*T— V ' 2 > T — 



Here, ip 2 is the naturally defined one, and <pi is the projection onto the invariant part. Thus the induced 
obstruction theory is given by ob(Mj). 
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5.9.6 Proof of Proposition 5.53 

We use the notation in the subsubsections 5.7.2 and 5.8.4. Recall the expression of Ob(M*) as in (116). Let 

J F/B(W ) 

T (i) „, . ^ 



us describe the decomposition of ^\Y* L-p , B , w y We take a decomposition W a — © as in the 



subsubsection 5.8.4. We put F, L := Flag(VFj ,Ii) Gh ( W Wy We also put F := Flag(W ,iV) GL( (i ))xGL( (2)^ 
Then we have the regular immersion F\ x F2 — * F . We have the following commutative diagram: 

M G "(J) — ) FixF 2 > F 

M 3 ► B(W (1) ,W (2) ) > B(W ) 

Therefore, we have the isomorphism: 

*4 r * L F/S(W.) - ^21 L F'/B(W^,W^) 

The invariant part of ^T*Lp^ B ^ w ^ is isomorphic to the pull back of the relative cotangent bundle of F\ x F 2 

over B{Wq 1 \w^). The moving part is same as the pull back of the conormal bundle of F\ x F 2 in F' , which 
is naturally isomorphic to Nq [1] . 

Let us see the decomposition of Ob(m, y, L). Corresponding to the decomposition <PjE M = Ef 1 © E^ 1 , we 
obtain the decomposition of the resolution V. = Vi . © V2 ■■ It induces the following decompositions: 

g (V.) inv = (V. (1) ) © fl(V (2) ), fl(V.) mov = Hom{V (1 \ V (2) ) V [-1] ®Hom{V {2) , V. (1) ) V [-1] 
0rcl (V.,0) inv - rcl (V (1 U), rcl (V.,0) mov - Hom(P.M 2) Y 

Q D (V,F*)™ = gD (VW,FP)®g D (VW,FM), g D (V, F*) mOT = C^V™*, V<> 2) *) v [-1] © d (v£ } *, v£ } *) V [-l] 
(See the subsubsection 2.1.5 for C\.) 

0(V.| D ) inv = fl(V$) ©fl(V$), 0(V.| D ) mov = Ho moD (V^, V$) v [-1] ®Uom OD (vf w V$) v [-1] 

We also have d (V.) lnv = Q d (V.). The contribution to the virtual normal bundle can be calculated formally. We 
can also easily observe that Ob(m, y, L) lnv is naturally isomorphic to Ob(M3) given in the subsubsection 5.8.2. 
Then t* Ob(M*) lnv is obtained as the cone of the composite of the following morphisms: 

^FiXFa/BlW 1 ),^ 2 ))! -1 ] * Ab(W(!),W( 2 )) * Oh(Mz) 

Namely, it is same as Ob(M Gm (3)). (See the subsubsection 5.8.6.) We also have the diagram (117). Then it is 
easy to observe that the induced obstruction theory is given by ob(M Gm (3)). 

5.9.7 The case where the 2-stability condition is satisfied 

We give only the statement about the G m -equivariant obstruction theory of the master space in the case where 
the 2-stability condition is satisfied. The proof is similar to those of Proposition 5.51, Proposition 5.52 and 
Proposition 5.53. 

Proposition 5.58 Under the setting in the subsubsection 4.7.1, the following claims hold: 
• We have the equivariant obstruction theory of the master space M. 
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• The induced obstruction theory of the fixed point sets Mi and M Gm (3) are equivalent to the moduli theoretic 
obstruction theory. 

• The virtual normal bundle ^(M,) of Mi in M is given by O rol ((— with the G m -action of the weight 
(-1)*. 

• The virtual normal bundle < yi(M Gm (3)) of M Gm (3) in M is given by the following: 

K{Ef,Ef) ® 7 1+ri/r2 + Dl(£f , Ef) ® /_!_ ri/r2 + m(L, Ef) ® I 1+ri/r . 2 

+ K D (Ef,Ef) ® I 1+ri/r2 + m D (E^,E^) ® /_i_ ri/ra (149) 

Here, I w denotes the trivial line bundle with the G m -action of weight w, and the terms are as in (139), 
(140) and (141). (See also (143), (144) and (145).; I 

5.9.8 The case of oriented reduced L-Bradlow pairs 

We give only the statement about the G m -equivariant obstruction theory of the master space in the case of 
the oriented reduced _L-Bradlow pairs, under the setting of the subsubsection 4.7.2. We prepare some notation. 
For any decomposition type 3, the elements <R{Ef ,Ef), <Jl D {E%,Ef) and yi(L u Ef) of K G ™{M(3)) are 
given as in (139), (140) and (141). (Sec also (143), (144) and (145).) Let ip : M — > M(m,y, [L]) denote the 
naturally defined morphism. We put := ip*0^(—l), which is naturally provided with the G m -action. We 
have the following element of K Gm (M Gm (3)): 

Vl{L 2 ®l {2 \Ef ):= {-l) l R t PxMom(L 2 ®l( 2 \Ef) 

Lemma 5.59 Under the setting in the subsubsection 4.7.1, the following holds: 

• We have the equivariant obstruction theory of the master space M. 

• The induced obstruction theory of the fixed point sets Mi and M Gm (3) are equivalent to the moduli theoretic 
obstruction theory. 

• The virtual normal bundle 9T(Mj) of Mi in M is given by 0^ x ((— 1)* _1 ) with the G m -action of the weight 

(-iy. 

• The virtual normal bundle f Xl[M Gm (3)) of M Gm (3) in M is given by the following: 

9t(£f , Ef ) ® I 1+ri , r2 + m(Ef , Ef ) ® I_ ! _ ri /r2 + m(L ! , Ef ) ® I 1+ri /r2 +m(L 2 <E>I {2 \Ef)(g>I^ ri/r2 

+ m D (Ef,Ef) ® I 1+ri/r2 + m D (Ef,Ef) ® 7_!_ ri/r2 (150) 

• We have the following equality on S: 

F*m(L 2 ® I (2 \Ef) - G* (m(L 2 , E?) (g) 1>rel (l + n/r 2 ) (8) 2 , Icl (l)) 
Here, we put m(L 2 ,E^) := Rp x *Hom(L 2 , E?). I 



6 Virtual fundamental Classes 

6.1 Perfectness of the Obstruction Theories for some Stacks 
6.1.1 The moduli stacks 

Let y be an element of Type, and let a* be a system of weights. Let L be a line bundle on X. We use the 
notation in the subsection 5.6. The proof of the following propositions will be given in the subsubsection 6.1.4 
after the preparation in the subsubsection 6.1.3. The expected dimensions can be calculated formally. We give 
the results in the subsubsection 6.1.5. 
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Proposition 6.1 Let m be a sufficiently large integer. 

• The obstruction theory Ob(m,y) of M ss (y,a*) is perfect in the sense of Definition 2.29. 

• Let S be an element of V hr . The obstruction theory Ob(m,y,L) of M ss (y,L,a*,8) is perfect. 
Proposition 6.2 Assume rank(y) > 1. Let 5 be an element of V hr . Let m be a sufficiently large integer. 

• The obstruction theory Ob (m,y, L) of M ss (y,L,a*,S) is perfect. 

• The obstruction theory Ob(ra,y, [L]) of A4 ss (y, [L],a*,6) is perfect. 
Proposition 6.3 Assume rank(y) = 1. Let m be a sufficiently large integer. 

• We have the vanishing W(Ob(m,y, [L])) unless i — 0. Ln particular, the moduli M(y) is smooth. 

• If the 2-vanishing condition is satisfied for (y,L), then the obstruction theory Ob(m,y, L) of M.(y, L) is 
perfect, and the obstruction theory Ob(m, y, [L]) of A4(y, [L]) is perfect. 

We remark Ob(m, y,L) is always perfect as in Proposition 6.1. 

Proposition 6.4 Let L = (Li,L 2 ) be a pair of line bundles on X. Let 6 = (Si, 82) be a pair of sufficiently 
small parameters Si as in Lemma 3.63. Let a* be a system of weights. Assume that the 2-vanishing condition 
holds for (y, L 2 , a*). Then, the obstruction theory Ob(m, y, [L]) is perfect on M ss (y, [L], a*, S). 

Notation 6.5 Due to Proposition 6.1-6.4, we obtain the perfect obstruction theories of the moduli stacks M 
of the corresponding stable objects, which induces the virtual fundamental classes due to Proposition 2.30. They 
are denoted by [M] ■ We use the notation j M $ for the evaluation of a cohomology class via [M] ■ ( See the 
subsection 7.1.) I 

6.1.2 The master space and the related stacks 

We also obtain the following propositions. 

Proposition 6.6 The obstruction theory Ob(M) of M is perfect. (See the subsubsections 5.7.1, 5.7.6, 5.7.7 for 
Ob(M).) 

Proof We consider the obstruction theory for the enhanced master space M given in the subsubsection 5.7.1. 
We have the naturally defined smooth morphism p : M — ► M(m, y, [L]). We remark that the image of p is 
contained in the open substack M. := Ai ss (y, [L], a*, 5). Then, the claim immediately follows from the diagram 
(113) and Proposition 6.2. 

We obtain the perfectness of the obstruction theories Ob(M) (subsubsection 5.7.6) by the the same argument. 
We obtain the perfectness of the obstruction theories Ob(M) in the subsubsection 5.7.7 by using the same 
argument and Proposition 6.4. I 

The following claims can be shown by a similar argument. 
Proposition 6.7 

• The obstruction theory ob (m,y) of M. s (y, a*, +) is perfect. 

• The obstruction theory ob(m, y, L) of the moduli stack A4 S (y, L, a*, (S, £)) is perfect. 

• Assume one of the following: 

— rank(y) > 1. 

— rank(y) = 1 and the 2-vanishing condition holds for (y, L,a*,S). 

The obstruction theory ob(m, y, [L]) of the moduli stack M s (y, [L], a*, (S, £)) is perfect. 1 
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Recall that we obtained obstruction theory ob(M Gm (3)) of M Gm (3) x A 1 over A 1 in Proposition 5.41. The 
specialization at t = a is denoted by oh a {M Gm {3)). 

Proposition 6.8 The obstruction theories Ob a (M Gm (3)) are perfect for any a G k. 

Proof Due to the distinguished triangle (119), we have only to show that Ob(m,y 1 ,L) and Ob(m, y 2 ) gives 
the obstruction theories of A4 s (y 1 , L, a*, (S, ko)) and M s (y 2 , a*, +) as in Proposition 6.7. I 

Notation 6.9 We obtain the virtual fundamental classes of M Gm (3) with respect to the obstruction theories 
Ob a (M Gm (3)) for each a E k. It is independent of a choice of a (See Proposition 7.2 of [5].) Therefore, we 
denote it by [M Gm (3)]. I 

We use the notation in the subsubsection 4.6.1. Wc put M sp ut := A4 SS [y 1 ,L, a*, (8, fc )) x M. ss (y 2 , a*, +)• 
Proposition 6.10 In the diagram (79), we have the relation F* ([M Gm (3)}) = G'* ([M sp ut\) . 
Proof It follows from the diagram (118). II 

We can show the following propositions by the same argument. 
Proposition 6.11 Assume that the 2-stability condition holds for (y, L,a*,5). 

• We have the perfectness of the obstruction theories ob a (M Gm (3)) in Proposition 5.49. 

• They give the virtual fundamental class [M Gm (3)\. 

• We have the relation F*([M G ™(3)}) = G'*([M s {y l ,L,a*,5) x M s (y 2 , a*)]) in the diagram (82). I 
Proposition 6.12 Under the situation of the subsubsection 5.8.8, the following claims hold: 

• We have the perfectness of the obstruction theories ob a (M Gm (3)) in Proposition 5.50. 

• They give the virtual fundamental class [M Gm (3)\. 

• We have the relation F*([M Gm {3)]) = G'*([M s (y 1 ,L, a*, S) x M s (y 2 , a*)]) m the diagram (85). I 
6.1.3 Vanishing of some cohomology groups 

We use the notation in the section 5. Let E be a torsion-free sheaf on X. Let V. = (V-i — * Vo) be a locally free 
resolution of E. Then we put C(E) :— g v (V.), where g v (V.) denotes the dual of g v (V.) as Ox-complexes. We 
also put C°(E) := Q oV {V.) and C d (E) := Q dv (V.). 

Let .F* be a quasi-parabolic structure of E at D. We have g(V.\n) and qd{V-, F*) with the natural morphism 
Qd(V., F*) — ► g(V.\r>) on D. (See the subsubsection 5.5.1.) We have the dual complexes Q v (V.\d) and Qjj(V., F*) 
as Oc-complexes. We have the natural morphism C(E) — > Q v (V.)\d = Q v (V.\d)- Thus we have the morphism 
a : C(E)®qI(V.,F*) — > & V {V. ]D ). Wc put C(E,F*) := Conc(a)[-l]. 

Recall we have the decompositions q(V.\ d ) = 0°(^|£>) © Q d {V.\ D ) and g D (V.,F*) = g° D (V.,F*) © Q%(y.,F t ). 
(See the subsubsection 5.5.3.) Thus, we obtain the complexes C°(E,F it ) and C d (E 1 F st ). It is easy to see 
C d {E,F*) = C d {E). 

Lemma 6.13 Let (E,F*) be as above. The hyper- cohomology group W % (X, C°(E, F»)) vanishes unless i = 
— 1, 0, 1. If (E, F*) is stable with respect to some system of weights a*, we also have M^ 1 (X, C°(E, F*)) = 0. 

Proof The i-th cohomology sheaf H. Z (C°(V., F*)) vanishes unless —2 < i < 1 by construction. It is easy to see 
that the morphisms C°(E)- 2 — ► C°(E)- 1 and Q%{V., F*)" 2 — ► 2d(V., F^ 1 are injective. Therefore, we 
have H- 2 (C°{E,F*)) = 0. Since the morphism C^E) 1 — > g^iV.) 1 is surjective, we have H 1 (C°(E, F*)) = 0. 
Let P £ D be a point where E is locally free. Then we have H°(C°(E, F*)) =0 around P. Thus the support 
of the sheaf H°(C°(E,F*)) is 1-dimensional. 
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Then, we obtain the vanishing H*(X, C°(E, F*)) unless i = — 1, 0, 1 by using the spectral sequence. It is easy 
to see that H _1 (X, C°(E, F*)) is the set of endomorphisms of (F, F*) whose trace is 0. If (F, F*) is assumed 
to be stable with respect to some weight a*, we obtain HI _1 (X, C°(E, F*)) =0. I 

In the rank one case, we have the following result. 

Lemma 6.14 Lef (E,F*) be as above, and we assume rank(F) = 1. Then, we have HP(X, C°(E, F*)) = 
unless 2 = 0. 

Proof Let x be a point of X with one of the following: 

• x is contained in X — D, and E is locally free around x. 

• x is contained in D, E is locally free around x as Ox-module, and Coki(F) are locally free around x as 
0£>-module. 

Around such a point, we can compute the cohomology sheaves of C°(E, F*) in the case Vb = E and V_i = 0. 
Hence it is easy to check C°(F, F*) ~ around such a point. 

We know W (C° (E , F*)) = unless i = —1,0, in general. By the above consideration, we know that the 
support of W(C°(E, F*)) is 0-dimensional. Therefore, we obtain that HP(X C°(F, F»)) = unless i = -1,0. 
Since (F, F*) is always stable in the case rank(F) = 1. we also obtain the vanishing H _1 [X, C°(E, F*)) = 0. 
Thus we are done. 1 

Let L be a line bundle on X. Let be an L-section of E. We take a locally free resolution P. = (P_i — ► Po) 
of the line bundle L so that we have a lift : P. — ► V! of 0. We have the complex g re i(V^, (f>) = Hom(P.,V.) v 
and the dual complex q^ c1 (V. , <f)) . We have the natural morphism g le \(V. , <f))[—l] — ► 3(V)- Thus we have 
the morphism j L : C(E) — ► fl v cl (V!, ^)[1]. It induces the morphisms a L : C(E, F*) — > flXi(^> 0)W anc ^ 
o£ : C°(F,F*) — » g r v cl (U, 0)[1]. We put C(F,F*,<£) := Cone(a L )[-l] and C°(F,F*,0) := Cone«)[-l]. It 
is easy to see that C(F, F*, 0) and C°(E, F*, 0) are well defined in £>(W). 

Lemma 6.15 Lef (F, F*, </>) &e as above. Assume <fi ^ 0. T/ien t/ie hyper- cohomology groups M Z (X, C(F, F*, ^)) 
vanish unless i = — 1,0,1. J/ (E,F*,(fi) is (a*, 5) -stable for some S G P br and some weight a*, we have 
m- 1 (X,C(E,F.,<f>))=0. 

Proof We have H l (C(E, F*,<f>)) = unless -2 < i < 1 by construction. Wc also have H~ 2 (C(E, F*, </>)) = 
as in the proof of Lemma 6.13. Since the morphism Hom(Po, Vq) — ► Hom(P-i, Vq) is surjective, we obtain the 
vanishing H}(C(E, F*, 0)) = 0. Let s be a point of X — D with <j>(x) ^ such that F is locally free around x. 
Then, it is easy to show the vanishing of H°(C(E, F*, (/))) around x. Therefore, the support of H°(C(E, F*, </>)) 
is one dimensional. Then we obtain HP(X, C(F, F*, </>)) = unless i = —1, 0, 1 by using the spectral sequence. 
Since H _1 (X, C(F, F», 0)) is the set of endomorphisms of (F, F*, <j>), we obtain H" 1 ^, C(F, F*,<j>)) = from 
the stability assumption of (F, F* , (f>) . I 

Lemma 6.16 Let (F, F*,</>) be as above. We assume (j> ^ and rank(F) > 1. Then, the hyper- cohomology 
groups HP (X, C° (F, F* , </>)) varasft unZess i = -1, 0, 1 . 

Proof The i-th cohomology sheaf 7i % (C°(E, F*, 0)) vanish unless —2 < i < 1 by construction. We also have 
the vanishings of W (C°(F, F*,<f>)) j = -2, 1, as in the proof of Lemma 6.15. Let a; be a point of X — D with 
4>(x) 7^ such that F is locally free around x. Under our assumption rank(F) > 1, we can easily check the 
vanishing H° (C° (F, F* , 0)) = around such a point x. Thus the claim can be shown by using the spectral 
sequence. I 

In the rank one case, we have the following: 

Lemma 6.17 Let (E,F^,<j>) be as above. We assume 0^0 and rank(F) = 1. Moreover, we assume 
H 2 (X, L~ x (g) F) = 0. Then, the hyper -cohomology groups EP(X, C°(F, F„, (f>)) vanish unless i = 0, 1. 



139 



Proof We have the distinguished triangle r v cl (V, </>) — ► C°(E,F t ,<j>) — ► C°(E,F*) — ► r v cl (V, <f>)[l]. Hence 
we obtain the long exact sequence: 

> H l {X,L- x ®E) ^H 4 (X,C°(£;,F,,0)) — ► HP(X, C(.E, F*)) — » (X, L" 1 ® £) — » ••• 

Then the claim follows from the assumption and Lemma 6.14. I 

Let L = (Li, L2) be a pair of line bundles on X . Let <pi be Li-sections of E. By taking appropriate resolutions 
of Li and lifts : P^ — > V. of fa, we obtain the complexes C(E, F*, <pi, (j> 2 ) and C°(E, L 1 ,, 0i, $2) as 
above. They are well defined in D(X). 

Lemma 6.18 Assume H 2 (X, L^ 1 <8> -E) = and ^ 7^ /or j = 1, 2. FFe a/so assume rank(E) > 1. Then, we 
haveW[X,C°(E,F i ,,(pi,<p2)) = unless i = —1,0,1. If (E, F*, <f>\, (f> 2 ) «s (a*, <5i, <5 2 )-sta6/e, then we also have 
E.- 1 (X,C°(E,F*,<f> 1 ,<f> 2 ))=0. 

Proof We have the exact sequence: — > Uom(P (2 \V) — > C{E,F if ,4> 1 ,(j) 2 ) — > C(E, F*,^) — > 0. Then 
the claims can be reduced to Lemma 6.15 and Lemma 6.16. 3 



6.1.4 Proof of the propositions in the subsubsection 6.1.1 

Proposition 6.1 immediately follows from the following lemma. 

Lemma 6.19 The obstruction theory Ob(ra,y) of A4(m,y) is perfect in the sense of Definition 2.29. The 
obstruction theory Ob(ra,y, L) of M{m,y,L) is perfect. 

Proof Let us discuss Ob(m,y). We would like to show Ob(m, y) is quasi-isomorphic to a complex E^ 1 — > 
E Q — > E 1 of locally free sheaves on M(m,y). Since Ob(m, y) is obtained from the push- forward of perfect 
complexes on M(m, y) x X and M(m,y) x D, it is easy to show that Ob(m, y) is quasi isomorphic to a 
bounded complex of locally free sheaves by using the projectivity of X and D. 

Therefore, we have only to check H l (i* z Ob(m, y)) = unless i = —1,0,1 for any point z € M(m,y), 
where i z denotes the inclusion of z to M.(m,y). Let (E,F*,p) be the parabolic oriented torsion- free sheaf 
corresponding to z. Then the dual of W(i* z Ob(m, y)) is isomorphic to H _i (X, C or (E, F*)) © /^(X, 0)[O]. 
Therefore, the claim follows from Lemma 6.13. 

The perfectness of Ob(m, y, L) can be shown similarly, by using Lemma 6.15. SI 

Lemma 6.20 Assume rank(y) > 1. The obstruction theory Ob(ra,y, L) of M{m,y,L) is perfect. The ob- 
struction theory Ob(m,y, [L]) of M(m,y, [L]) is perfect. 

Proof We have the following commutative diagram: 

Ob re i(m,j/)[-l] > Ob rol (m, y, L) © Ob re i(m, y)[-l] > Ob re i(m, y, L)[-l] 

I I I 

Ob d (m,y) > Ob(m,y) > Ob° (m,y) 

We put Ci := Cone(Ob re i(m,y)[-l] — > Ob d (ro,y)) and C 2 := Cone(Ob re i(m, y, L)[-l] — > Ob°(m,y)). We 
have only to show that C\ and C 2 are perfect of amplitude in [—1,1]. It is easy to see that C\ is isomorphic to 
H 1 (X, 0) v <g> O[0]. To check the claim for C 2 , we have only to see i* z C2 as in the proof of Lemma 6.19. Then 
the dual of TL l (i* z C 2 ) are isomorphic to H~*(X, C°{E, F», </>)) . Thus the claim for C2 follows from Lemma 6.16. 
Therefore, we obtain the first claim of the lemma. 

Let us show the second claim. We have only to show the vanishing of W(Ob(m, y, [L])) = for i < —1. Let 
7r : M s (y, L, a*, 5) — ► M s (y, {L],a*,5) be the natural morphism, which is smooth. Hence, we have only to 
show W (tt* Ob(m, y, [L])) = for i < -1. Since we have W(tt* Ob(m, y, [L])) ~ H J (Ob(m, y, L)) for i < -1, 
the claim follows from Lemma 6.19. 8 

Let us see Proposition 6.3. The first claim can be shown by using Lemma 6.14 and the argument in the 
proof of Lemma 6.19. The second and third claims can be shown by using Lemma 6.17 and the argument in 
the proof of Lemma 6.20. 

Proposition 6.4 can be shown by using Lemma 6.18 and the argument in the proof of Lemma 6.20. I 
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6.1.5 Expected dimension 

We put p g := dimH 2 (X,0) and x(®x) ■= 1 - dimH 1 (X,O x ) + d\mH 2 (X,O x )- It is easy to obtain the 
formulas of the expected dimension in the non-parabolic case. Let y be an element of H ev (X). The degree 
2i-part of y is denoted by y,. We put as follows: 

d(y) := (y? - 2y ■ y 2 ) D [X] - ^ . 
For a line bundle L, we put as follows: 

d lel (y, L) := (chLL" 1 ) ■ y ■ Td(X)) n [X] 
Proposition 6.21 For t/ie moduli of the non-parabolic objects, the expected dimensions are as follows: 

• dim / M(y) = d(y) + 1 +p g . 

• dim 7 M(y,L,S) = d(y) + d re i(y,L). 

• dim 7 M(y,L,5) = d(y) + 1 + p g + d lel (y, L). 

• dim 7 M(y, [L},5) = d(y) +p g + d Te \(y, L). 

Proof Let us consider the first case. For any (E,p,F*) G M(y), the virtual tangent space is JT-theoretically 
given by C°(E)) + Ox)- The Euler number can be easily calculated, and it is given by 

d(y) + x(®x) + dimH 1 (X, Ox) — d(y) + 1 + p g . The second and third cases can be discussed similarly. 

Let p denote the natural morphism M(y,L,5) — ► M(y,[L],5). We have the distinguished triangle on 
M(m,y,L). 

LM(m,y,L)/M(m,y,[L\)[-t] > P* Ob(m, y, [L] ) > Ob(m, y, L) > LM(m,y,L)/M(m,y,{L\) 

Then the fourth claim is obtained. I 

The contribution of the parabolic structure can also be calculated formally. Let y = (y, y\, y 2 , . . . , yi) be an 
element of Type. In this case, yi can be regarded as elements of H CV (D). We put Sj + Wi := X^<i Vh where Sj 
(resp. Wi) denotes the element of H°(D) (resp. H 2 (D)). Let g denote the genus of D. Let d le \(y, y) denote the 
Euler number of the complex g rc i(V.,F*) for (E, F„) of type y. The result is as follows: 

/ l-i r 

d re \(y,y) :=2g-2^2si(si-s i+ i) + ^2 / (s i+1 ■ Wi - s, • w i+1 ). 
i=i i=i Jd 

Proposition 6.22 

• dhn f M(y, a*) = d(y) + 1 + p g + d lei (y,y) 

• dim 7 M {y , [L] , a* , S) = d(y) + p g + d ie \ (y,y) + d iei (y,L). I 

6.2 Comparison of the Oriented Reduced Case and the Unoriented Unreduced 
Case 

6.2.1 Statements 

We have the natural morphism k : M(m 7 y, [L]) — > M(m, y, L) which is etale and finite of degree rank(y) -1 . 
But the obstruction theories are not same, in the case p g := dim. H 2 (X,0) > 0. We would like to compare 
them. 
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Proposition 6.23 We have the following commutative diagram in the derived category D(M(m,y, [L])): 

K*Ob{m,y,L) ► Ob(m, £,[£]) 



K*LM(m,y,L) * ^A4(m,g,[L]) 

We also have the following distinguished triangle: 

K*Ob(m,y,L) ► Ob(m,y,[L}) ► H 2 (X, C>) v ® M(mML]) [l] > k* Ob(m, y, L) [1] 

A proof will be given in the next subsubsection. Before going into the proof, we give some consequences. 

We have the natural morphism M s {y, [L], a*, 8) — > M s (y,L,a*,5) which is etale and finite of degree 
rank(y) -1 . It is also denoted by n. 

Proposition 6.24 Assume rank(y) > 1. In the case p g > 0, we have the vanishing [M s (y, L, a*, 5)] = 0. In 

the case p g — 0, we have the following relation: 

K*([M s (y,L,a*,S)]) = [M s (y, [L], a*, 5)] 

Proof Under the assumption rank(y) > 1, the obstruction theory 6b(m,y, [L]) of M s (y, [L],a*,6) is perfect. 
From Proposition 6.23, we have the relation: 

Eu(H 2 (X, O) ® O) n [M s {y, [L], a», 6)] - [M s {y, L, a*,5)] 

Then the claim is clear. 1 

When rank(y) = 1, the obstruction theory of M(y, [L]) is not perfect, and hence, a similar vanishing result 
does not hold, in general. But, wc obtain the following proposition by the same argument. Since the stability 
condition is trivial, we omit to denote "s" , a* and 5. 

Proposition 6.25 Let y be an element of Type such that rank(y) = 1. 

• In the case p g > 0, we assume H 2 (X, L~ x <S> E) = for any L-Bradlow pair (E t , <j>) E A4(y, L). Then we 
have [M(y,L)] = 0. 

• In the case p g — 0, we have n*[M{y 1 L)\ = [M(y, [L])]- 

We remark that the assumption in the first claim always holds in the case p g = 0. I 

Similarly, we have the natural morphism k : M s (y, [L],a*,6,£) — ► Ai s (y,L,a*,5,l), which is etale and 
finite of degree 1/ rank(y). By the same argument, we obtain the following propositions. 

Proposition 6.26 Assume rank(y) > 1. In the case p g > 7 we have the vanishing [M s {y, L, a*, 5, £)] = 0. In 
the case p g = 0, we have the relation n*[M s (y,L, a*, 5, £)] = [M s {y, \L], a*, S, £)] . I 

Proposition 6.27 Assume rank(y) = 1. 

• In the case p g > 0, we assume H 2 (X, L^ 1 (g> E} = for any (E*,<f>) E M(y,L). Then, we have the 
vanishing [A4 s (y, L, a*, S, £)] = 0. 

• lfp g = 0, we have the relation n*[M s (y,L, a,, S, £)] — [M s (y,[L],a*,5,£)]. I 

We obtain the following vanishing result for the virtual fundamental class of the fixed point set of the master 
space. 

Proposition 6.28 Let 3 = (y 1 , y 2 , h, h) be a decomposition type (Definition 4.33/ Assume p g > 0. 

• In the case rank(y 1 ) > 1, we have [M Gm (3)] = 0. 

• In the case rank(y 1 ) = 1, we assume H 2 (X, L^ 1 ®^) = for any torsion-free sheaf E of type y, moreover. 
Then we have [M G ™(3)] = 0. 

Proof It follows from the propositions 6.10, 6.26 and 6.27. S 
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6.2.2 Proof of Proposition 6.23 

The canonical resolutions of the universal sheaves on M(m, y, [L]) x X, M(m, y,L) x X and M(m, y, [L]) x X 
are denoted by V[L], V(L) and V[L], respectively. 

Let us see Ob(m, y, L). From (100), we obtain the following diagram: 



Ob rel (V(L),<£)[-l] 
fi 



Ob(m,y) 



(151) 



We put as follows: 

Ob rcl (V(L),0) := Cone(Ob re i(V(L),£) — > 0)[-l], Ob(m,y) := Conc(Ob(m,y) — » 0[-l])[-l] 
Then we obtain the following commutative diagram: 



Ob rel (V(L),0)[-l] 



Ob(m,y) 
Thus we put as follows: 



Ob rel (V(L), <£)[-!] 



Ob(m,y) 



M(m,y,L)/M{m,y) I 



-1] 



J M(rn,y) 



Ob{m,y,L) :=Cone(Ob re i(V(L),0)[-l] — ►Ob(m,y)) 

Then we obtain the morphisms Ob(m, y, L) — > Ob(m, y, L) — ► LM(m.y.L)- Since the first morphism is quasi 
isomorphic, the composite gives the equivalent obstruction theory. 

On the other hand, let 7r 2 : M(m,y, L) — > M(m,y 7 [L]) denote the natural projection. Due to Lemma 
5.21, we have the following commutative diagram on M(m,y, L) from the diagram (151): 



7r 2 *Ob: el (V[L], [<£])[- 1] 



L 



M{m,y) Gm / M(m,y) 



Ob re i(V(L), <f>)[-l] 



0[-l] 



Ob(m, y) 



0[-l] 



In particular, we have the isomorphism 



7r 2 *Ob rel (V[L],[^])~Ob(V(i),^ 



(152) 



On M.{m,y, [L]), we have Ob rol (V[£], p u ) := Cone^Ob d (V[L]) — > L Pic ^j. The trace map induces the following 
commutative diagram: 

Ob iel (V[L],p u )[-l] ► Ob(m,y) 



0[-l] 



tr 



We put Ob rc i(V[L],p") := Cone(ob re i(V[L], p u ) — -» o) [— 1] . Then we have the following commutative diagram: 

«*7r*Ob rc i(V[L],[0])©Ob rcl (V[L],p") ► Ob(m,y) 



Ob rel (V[L],[0])©Ob rel (V[L],//' 



Ob(m,y) 
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We put as follows: 



Ob(m,y, [L]) := Conc^K*n*Ob Icl (V[L} 7 [<j)}) (B Ob Icl (V[L} 7 p u ) — ► Ob(m,y)) 

Then we have the morphisms Ob(m, y, [L]) — > Ob(m, y, [L]) — > ^Ai(m,3/,[L])- Since the first morphism is quasi 
isomorphic, the composite gives the equivalent obstruction theory. 
By the construction, we have the following isomorphism: 

Ob Ici (V[L],p u )~H 2 (X, Oy ®0[2] 

Then the claim of the proposition immediately follows. I 

6.3 Rank One Case 

6.3.1 The moduli of i-abelian pairs 

Let L be a line bundle on X. An L-Bradlow pair (E, (f>) is called an i-abelian pair, if E is a line bundle. 
Similarly, a reduced L-Bradlow pair (E, [<fi]) is called a reduced L-abelian pair, if E is a line bundle. 

Let c be an element of H 2 (X). We denote by M(c,L) the moduli of L-abelian pairs (E,(f>) such that 
Ci(E) = c. We denote by M(c, [L]) the moduli of oriented reduced L-abelian pairs (E, [<j>],p) such that C\{E) = c. 
We have the isomorphism M(c, [L]) ~ M(c, L) of schemes. We have the projection M(c, L) — ► Pic(c), which 
is a projectivization of a cone over Pic(c). 

The universal object on M(c, [L]) x X is denoted by (£", [0"]). The line bundle C u is the pull back of the 
Poincarc bundle on Pic(c) x X . On the other hand, the universal object on M(c, L) x X is denoted by (£", <j> u ). 
We have the relation C u = C u <g> re i(l). 

The obstruction theories of M(c,L) and M(c, [L]) are denoted by Ob(M(c, L)) and Ob (M(c, [L])) respec- 
tively. They are not equivalent in general. In fact, Ob(M(c, [L])) is not perfect in the case p g > in general, 
unless H 2 (X, £) = for any £ such that ci (£) = c. 

In the case H 1 (X, Ox) = 0, we have a simple description of the moduli of abelian pairs. We work on the 
complex number fields. Let c be an element of H 2 (X 7 Z). Let £ be a line bundle on X such that c\{C) = c. 
Due to the assumption H 1 (X, Ox) — 0, any line bundle £ with ci(C') is isomorphic to C. Hence, the moduli 
M(c,L) is isomorphic to the projective space F(H°(X, L~ x <x> £) v )- 

Since the moduli is smooth, the obstruction theory of M(c, L) is given by the obstruction bundle 0(c), and 
the virtual fundamental class is the Euler class of 0(c). The vector bundle 0(c) is obtained as follows: We 
have the universal sheaf C u = C <S> O yc i(1) and the universal L-section <fi : p* M , c L \L — ► C u over M(c, L) x X. 
We have the cokernel sheaf Cok := Cok(</>). Then the sheaves px*{Gok) and i? 1 px*(Cok) are locally free 
Cm(c, L)" m odules. The vector bundle px*(Cok) gives the tangent bundle of the moduli, and i? 1 7rx*(Cok) gives 
the obstruction bundle O(c). The virtual fundamental class is given by the Euler class Eu(0(c)) !~l [M(c, L)]o, 
where [M(c, L)]o is the ordinary fundamental class of the smooth variety M(c, L). 

Let d(c, L) denote the dimension of the smooth variety M(c, L), which is same as dim(H°(X, L~ x <x> £)) — 1. 
We put x(L _1 C) := dim#°(X, L~ x ® C) - dimH 1 (X, L^ 1 ® C) + dimH 2 (X, L' 1 ® C). 

Proposition 6.29 Assume i? 1 (X, Ox) = and p g = dimH 2 (X,Ox) > 0. Moreover, we assume that the 
virtual fundamental class of M(c,L) is not 0. Let £ be a line bundle such that C\{C) — c. Then, we have 
x(L _1 <8>£) = x{Ox), and the expected dimension of M(c,L) is 0. 

The total Chern class of the obstruction bundle O(c) is (l + ci(O rc i(l))) d ' c ' L ' Pg , and the virtual fundamental 
class is as follows: 

ntt\j-p g ) lp] 

d(c,L)\ m 

Here [p] denotes the cohomology class of a point M(c,L). We also have the inequalities d(c,L) < p g and 
dimHHX^L- 1 ®^ < dimH 2 (X,L- 1 ^,C). 
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Proof Since we have assumed H 1 (X, Ox) = 0, the obstruction bundle 0(c) can be decomposed on M(c, L) as 
follows: 

0— ►ir 1 (X,L- 1 <8> J C)®0 re i(l) — »0(c) -^ff 2 (X,0)®0 M ( c ,L) — »H 2 (A-,L- 1 ®r)®O re i(l) — ►(). 

Thus the total Chern class of the vector bundle 0(c) is (l + Cl(0rol(1 ))) dim ( ffl (^ i ~ 1 ® £ ))- dim ( ff2 (^ i " 1 ^)). 0n 
the other hand, the rank of 0(c) is dim( J ff 1 (X, L' 1 ® £)) - dim(H 2 (X , Thus, if dim(i? 1 (X, L" 1 ® 

£)) — dim(i/ 2 (X, L _1 (g> £)) > 0, the Euler class of O(c) is due to our assumption p g > 0. It contradicts 
with our assumption that the virtual fundamental class is not 0. Therefore, we have — e = dim(H 1 (X, L~ x ® 
£)) - dim(H 2 (X,L- 1 ® £)) < 0. Then, the coefficient of ci(0 rc i(l)) d(c ' L) in the polynomial (l + ci(0) rol )~ e 
is not 0. Thus, the rank of the 0(c) must be d(c,L) = dim(H°(X, L^ 1 ® £)) — 1. Therefore, we obtain 
x{Ox) = xi^ 1 ® an d the expected dimension of the moduli is 0. By a formal calculation, we obtain the 
virtual fundamental class. I 

Remark 6.30 In particular, we have the vanishing of the virtual fundamental class in the case H 2 (X,L~ l ® 
C) = 0. We can derive it also from Proposition 6.25. I 

Let us consider the virtual fundamental class of M(c, [L]) when H 2 (X, L~ x ® C) = holds for any line 
bundle C such that a(C) = c. We have M(c, [£]) ~ M(c,L) ~ P(# (X, L" 1 <g> £) v ) for such a line bundle 
C. The obstruction theory of M(c, [L]) is perfect (Proposition 6.3). Since the moduli is smooth, we have the 
obstruction bundle 0(c), and the virtual fundamental class is the Euler class of O(c). The following proposition 
can be checked directly from the construction of the obstruction theory. 

Proposition 6.31 We assume H 1 (X, O) = and H 2 (X, L~ x ®C) — for any line bundle C such that C\(C) = 
c. Let C be a line bundle such that C\(C) = c. The expected dimension of M(c,[L}) is x(£ _1 <£>£). The obstruction 

bundle 6(c) is given by H^XX) <8> O re i(l). T/ie total Chern class of 6(c) is (l + ci(O ro i(l))) dimHl(X:£) . 

In particular, the virtual fundamental class is given by ci(O rc i(l)) dimff n [M(c, [L])] , where [M(c, [L])] 

denotes the ordinary fundamental class. 1 



6.3.2 Parabolic Hilbert scheme 

Let y be an element of Type such that rank(y) = 1. We assume that the first Chern class of y is trivial. Then, 
let X^ denote the moduli of the oriented parabolic sheaves E* of rank one such that det(E) = Ox- In other 
words, X^ denotes the moduli space of ideal sheaves of 0-dimensional schemes with parabolic structure of an 
appropriate type. We call X^ the parabolic Hilbert scheme of type y. The universal sheaf X" over X^ x X 
can be regarded as the ideal sheaf of the relatively 0-dimensional scheme Z(y). The relative length is given by 
— j/2, where yi denotes the i? 4 (X)-component of y. 

Proposition 6.32 When D is smooth, the parabolic Hilbert scheme is smooth. The expected dimension is same 
as the ordinary dimension. 

Proof [ y l is the fiber of the smooth morphism A4(y) — ► Pic. Hence the claim follows from the first claim 
of Proposition 6.3. I 

Due to Proposition 6.32, the obstruction theory of X^ is obvious. But, we give another expression of the 
obstruction theory of X^ for later use. 

Let V. = (V-i — » Vq) be a locally free resolution of the universal sheaf E over XMxX. We take vector 
spaces Wi such that rankWi = rankV,. We put SGL(py.) := {(g-i,g ) e GL(W.), \ det(#_i) det(g ) = l}. We 
put Y(W) := N(W- 1X , W 0X )sGh(w.)- Then, we have the classifying map $(E) : x X — > Y(W.). Thus, 
we obtain the morphism ^(E)*Ly^ w y x — > L x iv] x x/x- We can show that $(E)*Ly(wyx xs expressed by 
3°(V.)<i. Therefore, we obtain the morphism g°{V.) — ► L X [ y ] xX , x , and it induces Ob°(V^) — > L x \ y \. Since 
it is uniquely determined in the derived category D(X^), we denote it by Ob°(y). 
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We put Y D {W.) := N(W- 1D , W d)sgl(w.)- We have the naturally defined right action of ]J l i=2 GL(W&) x 
SGL(VK.) on ni=i N(W (l+1 \W (i '>). The quotient stack is denoted by Y D (W.,W*). We have the naturally 
defined morphism tt : YoiW^W*) — > Y D (W.). 

We have the morphisms $(V.\ D ) : X™ xD — ► Y D (W.) and &d(V.\ d ,V£) : X^ xD — > Y(W.,W*). We 
have 7r o &d(V.\d,V*) = $(V.\ D ). Thus, we obtain the morphisms: 

LxMxD/D * ®d(V\ D , V£)*Ly D ( W iW ,y D < $(V.\ D )*Ly D {w )/D 

It is easy to see that ®D(V\ D ,V£)*Ly D ( WiW ,y D and §{V.\ D )* Ly D (w.)/D are expressed by 0° D (V., F*)<i and 
Q°(V.\d)<i- Thus, we obtain the morphisms: 

LxMxd/d * 9°d( v -, f *) < 9°{V.\ D ) 

We put Ob^(y) := Rpn * F*)®ujd). We also put Ob° D (y) := Rpo *Q° {V.\d)®^d- They are independent 

of the choice of V. in the derived category. Then, we obtain the following commutative diagram: 

Ob° D (y) Ob°(y) 

-I I 

0b zj(y) > l xm 

The cone of —i 2 ) : Ob^(y) — ► Ob(y) © Ob^(y) is denoted by Ob°(y). We obtain the morphism ob°(y) : 
Ob°(y)^L xly] . 

Lemma 6.33 The morphism ob°(y) is quasi- isomorphic. 

Proof We have the inclusion X^ — ► A4(y). We take a locally free resolution of the universal sheaf on 
M(y) x X. The restriction to X^ x X gives the locally free resolution of the universal sheaf on I'M x X. 
Then, we obtain the following naturally defined commutative diagram: 

XM x X 31 > M{y) x X n > Pic xX 

Y(W.) ► Y(W.) - 

Then, we can obtain the following commutative diagram on X\v\ 

L X [y) < 3*Lm(v) 

Ob°(y) < Ob(y) 

By the construction of Ob(y), we can obtain the following: 

L X [ V ] < 3*Lm(v) 

Ob°(y) < Ob(y) < fitiLpic 

It is easy to observe that the both of the horizontal rows are distinguished. 
We also have the following diagram: 

X M xX > Y D (W.,W*) > Y D (W.) 

M{y) > Y D (W.,W*) > Y D (W.) 



-» X G , 
3i32 L Pi' 



Ob d (y) 

iril^pic 
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We remark Ob(y) ~ Cone(Ob£>(y) — ► Obo(y) © Ob(j/)). Then, we can derive the following commutative 
diagram by construction of the complexes: 

%[»] * 

Ob^(y) < Ob° D (y) 

3* L M(y) < Ob D (y) < Ob D (y) 

Here, Ob D (y) :— Rpd*8d(V,F*) ® lj d and Obz^y) := Rpd*q{V.\ d ) <S> cj d on .M(y). Then, we obtain the 
following morphism of the distinguished triangles: 

L X [v] < 3lL M {y) ilil-^Pic 

ai a2 

Ob°(y) < Ob(y) < .?i*.? 2 *ipic 

The morphisms (i = 1, 2) are isomorphic. Therefore, the claim of the lemma follows. 1 

6.3.3 Splitting into the moduli of the abelian pairs and the parabolic Hilbert schemes 

Let y be an element of Type such that rank(y) = 1. We have the following description of M(y,L). Let c 
denote the H 2 (X)-pa,rt of y, and y(—c) := y ■ exp(— c). We have the universal line bundle C c on M(c, L) x X. 
We also have the structure sheaf Oz( y (- c )) 01 the subscheme Z(y{— c)) C X^(~ c )] x X. The pull back of them 
via the projection M(c, L) x X^ y( -~ c ^ x X onto M(c, L) x X and JSfM - ^ x X are denoted by the same notation. 
We put as follows: 

K:=CZ®L- 1 ®O z{y{ - c)) . 

It is easy to see that 93 := px*fc is a locally free sheaf on M(c,L) x X^~ c ^. We have the natural morphism 
px *£" ® — > We also have the natural section of px *(L~ X (g> £") induced by the universal section 
for M(c,L). Therefore, we obtain the section ^ : M(c,L) x X^~°^ — ► 23. It is easy to observe that ?/> _1 (0) 
is isomorphic to the moduli M(y, L). 

We have the following Cartesian diagram: 

M(y,L) F > M(c,L) x X^- c ^ 

j { V (153) 

M(c,L) x X^- c ^ — *—> 93 
Here i denotes the 0-section. Since i is a regular embedding, we can define the Gysin map v . 
Proposition 6.34 

• We have the relation i ] ([M(c,L)] x [X^~ c ^]) = [M(y, L)] among the virtual fundamental classes. In 
particular, we have i*[M(y,L)] = Eu(93) fl ([M(c, L)] x [X^~ c ^]), where Eu(93) denotes the Euler class 
o/93. 

• Assume H 2 (X,C) = for any £ e Pic(c) . Then, we have the relation v([M(c,L)\ x LY^"^]) = 
[M(y, [L])] and i*[M(y, [L])] = Eu(93) n ([M(c, [L])] x [xM-<®]). 

The proof will be given in the next subsubsections 6.3.4-6.3.7. 

Before going into the proof, we remark that the study of [A1(y, L)] is reduced to the study of X^~°^ by 
Proposition 6.29 and Proposition 6.34, when we assume H^iX, O) — and p g > 0. We are mainly interested 
in the cap product of some cohomology class $ and the fundamental class [M(y, L)] . In the interesting cases, 
the cohomology class $ is defined on M(c,L) x X^~°^\ and thus we have only to consider the product of <& 
and z* [M(y, L)] . Let C be any line bundle on X such that c\(C) = c. We put K, := Z ( V {- C )) ® £ ® L~ x . We 
put 93 := px*K> which is the vector bundle on X^~ c ^. 
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Proposition 6.35 Assume H 1 (X, O) = and p g > 0. We have the following formula in the cohomology ring 
H*(M(c,L) x X^-^) ~ H*(M(c,L)) ® H*(X^- C K): 

[M(y, L)] = U ^£} l L y Ps) ■ \P) x (Eu(*) n [X^-^]) (154) 
Here [p] denotes the cohomology class of a point of M(c,L). 

Proof When [Ai(y, L)] ^ 0, the expected dimension of M(c,L) is 0, and [M(c,L)] is same as (d(c, £)!) 1 • 
Yli=i L \i — P g ) points, due to Proposition 6.29. Therefore, we have only to consider Eu(2J) fl ([p] x [X[ y ( _c ^]). 
Moreover, we can replace 03 with V3\{ p y xX [v(-c)] = ^|{p}xxfe(- c )i • Then we obtain the formula (154). I 

6.3.4 The morphism to the moduli of abelian pairs and the obstruction theory 

We use the notation in the subsubsection 5.3.1. Recall the diagram (88). We would like to obtain a similar 
diagram from an L-Bradlow pair in the case rank(_E) = 1. Since E is contained in det(-E), we have the naturally 
induced section (/>' : L — ► det(_E). Assume that U is connected, for simplicity. Hence c = C\ (det(E)^ u y xX ) is 
independent of the choice of u G U. Therefore, we obtain the morphism det^ : U 2 — > M(c, L). 

Proposition 6.36 We have the following commutative diagram: 

L U2 < Ob(V.,4) 

I [ (155) 

Aet* E tj} L M {c.L) < det E<f> Ob(M(c,L)) 

Here, we put Ob(V.,(f>) :— Rpx * (q{V., <j>) ®ujx), and Ob(M(c,L)) denotes the obstruction theory of M(c,L). 

Proof Let us begin with a general non-sense. Let 2J an d 5J_i be locally free sheaves on a stack Z with a 
morphism f : 2J_i — ► 2Jo- Assume rank2Jo — rank9J_i = 1. Let vi, . . . ,vi be a local frame of and let u 
be a local section of 5Jo- We put ui := v\ A ■ ■ ■ A vi. Then we put Af(u) := (u A f(o>)) <8> uo^ 1 . It is easy to see 
Af(it) is independent of a choice of the frame. Therefore, we have the morphism Aj : 2Jo — * det(QX). It is easy 
to see that Af o / = 0. Hence, we have the morphism of the complexes Cone(/) — ► det(QX). 

Applying the above construction, we obtain the morphism Af : V. — ► dct(V.). We also obtain the morphism 
Af o <p : P — > dct(V.) ~ det(E). Since we have Af o </> (P-i) = 0, the morphisms </>' and Af o <f) are 
essentially same. We put g re ] := Hom^P., dct{V.)) V . The morphism Af o (j> naturally induces the morphism 
0rei[-l] — > 0[-l}. The cone is denoted by g(det(V:), <f>'). 

It is convenient to make a minor change in the construction of Ob(V.,<j)). We have the natural right 
GL(W.)-action on N{W- 1 x , W ox ) x iV(P_i, W x). The quotient stack is denoted by Y (W ,R). We put 
Y{W.,P.) := Y(W.) and %{W.,P.) = Y 2 {W.,P). Wc put Y(W.,P) := Yi(W.,P.) *y (w.,p.) MW.,P). We 

have the natural morphisms Yi(W.,P.) — ► Yi(W.,P.). The induced morphism Y(W.,P.) — > Y(W.,P.) is 
isomorphic. 

We have the classifying map $ : U 2 x X — ► Y(W.,P.) and the induced maps $i : U 2 x X — ► Y l (W.,P.). 
In the construction of the subsubsection 5.3.1, wc can replace $>(V., (f>)*L Y (w.,p.)/x with <&*Ly^ w P y x - 

We have the weight 1-action of G m on det(W.). It induces the G m -action on N (Pj, det(W. x)) {i = 0, 1). 
We put as follows: 

Z {W.,P) :=N(P. 1 ,det{W. x )) Gm , Z X (W.,P.) := X Gm , Z 2 {W.,P) := N(P Q , det{W. x )) Gm 

The fiber product Z\{W.,P.) x.z (w.,p.) Z 2 (W.,P.) is isomorphic to N(Ox, det(W. x))G m , an d it is denoted by 
Z(W.,P). From the section A f o O : P — > det(V.), we obtain the classifying map * : U 2 x A — ► Z(W.,P.) 
and the induced maps :U 2 x X — ► Zj(W., P.) (i = 0, 1, 2). 



148 



We have the morphism T' 2 : N(W-!,W ) x N(P_ 1 ,W- 1 ) x N(P ,W ) — > N(P , det(W. x )) given by 
r 2 (e,a_i,ao) : = A e o ao- We have the morphism GL(W.) — ► G m given by (5-1,30) 1 — > det(<7_i) _1 • det(go)- 
Then T' 2 is cquivariant with respect to the actions of GL(W.) and G m . Therefore, we obtain the mor- 
phism T2 : 5^(W.,P.) — > Z%{W.i P.). Similarly, we have the equivariant morphism T : iV(P_i,Wo) — > 
iV(P_i,det(W.x)) given by r o (e,a) = A e o a, which induces T : Yb(W,P) — ► Z (W.,P.). We also have the 
obvious map Ti : Y\{W.,P.) — > Zi(W.,P.). We have I\ o $ 4 = ^ for i = 0, 1,2. We have the induced map 
r : Y(W.,P) — ► Z(W.,P.) and the relation r o $ = 

We have the universal L-abelian pair (£ u , </>") over M(c, L) x X. We have the classifying map <j> u ) : 

M(c,L) x X — ► Zi(W.,P.). We obtain the following commutative diagram: 

c/ 2 xx r,(w.,p.) 

det E ,^,xj r 4 | (156) 

M(c,L)xX * i(£ "^ U) , Zi(W,P) 
We obtain the following morphism on x X: 

p : Cone(**L Zo(H/ ., P)/x -» **Lz i(w ., P .)/x) — » Cone(^ i r (iy.,p.)/x *i L Y i(k w.,P.)/x) 

i=l,2 i=l,2 

By the argument in the subsubsection 2.3.2, we can show that ip is expressed by the morphism of the complexes 
fl (det(K),^) — Cone(7(0)<i). 

Lemma 6.37 The morphism (p naturally factors through g(det(V.), <f) r ) — ► Q(V-, 4 1 ) — * Cone(7(c^)<i) . 
Proof We give only an indication. The following diagram is commutative: 

O ► Hom(Vo,V )®Hom(V- 1 ,V- 1 ) 



► HomiV-uVo) 

In fact, it is a part of the morphism of the complexes O — ► Hom(V., V.) y . The following diagram is commu- 
tative: 

ftom(det(V:),Po) > Hom{V- U P_i) @ Hom{V , P ) 



► Hom{V- U P ) 

In fact, it is a part of the morphism of the complexes TLom{P., det{V.)) V — ► Hom^P., V.)^ . Then the claim of 
the lemma can be checked easily. I 

Let us finish the proof of Proposition 6.36. We obtain the following commutative diagram from (156) and 
Lemma 6.37: 

9 (V.,<j>) < g{det(V.),<j>') 



Lu 2 ~xx/x < det* E ^ x L M ( CiL ) xX /x 

It is easy to observe Ob(M(c, L)) = Rpx * (<s(det(V.), <fi') ®uj x )- Thus, we obtain the desired commutative 
diagram (155). 1 

By a similar argument, we obtain a similar commutative diagram in the reduced case. We use the notation 
in the subsubsection 5.4.1. Assume rank(£ l ) = 1. Then the reduced L-pair (det(P), {<j>']) is induced. Therefore, 
we have the morphism det B ui : U3 — ► M(c, [L]). 
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Lemma 6.38 We have the following commutative diagram: 

L U3 < Ob(V.,$\) 



(157) 



det *E,[4>] L M(c,[L]) 



Ob(M(c, [L])) 



Here, we put Ob(V^, [0]) := Cone(Ob ro i(K, [(f)]) — ► Ob(V.)) , and Ob(M(c, [£])) denotes the obstruction theory 
ofM(c,[L}). 

Proof We indicate only an outline. From the weight (— l)-actions of G m on P. and Ox, we obtain the G m - 
actions on Yi(W., P.) and Zi(W.,P). The quotient stacks are denoted by Yi(W., [P.]) and Z^W., [P.]). The 
natural morphisms p : Yi(W., [P.]) — ► Zi(W., [P.]) are induced. 

We have the induced map $■ : [/ 3 x X — ► Yi{W., [P.]). We put 'J- := p o 3^. We also have the classifying 
maps &i(£ u , [</>"]) : M(c, [L]) x X — > Zi(W., [P.]) for the universal objects on M(c, [L]) x X. We have the 
following commutative diagram: 



U 3 xX 



Yi(W.,[P.]) 



Xg„ 



dct 



r, 



M(c,[L])xX Zi{W.,[P.]) > X Gn 

We have the following induced morphism on U3 x X: 

if' : Coue(^' *L Zo ( W .,iP.])/x am -» © ^i*L Zi (w.,[p.])/Xa m ) — * 

Cone(^' * L Yo(w [p])/Xg ^ 



i=l,2 



© *;*iy <(W ,[p.])/JC 0ra ) (158) 

i=l,2 



We can show that ip' is expressed by the morphism of the complexes g(det(V.), [</>']) — ► Cone(7[</>]<o[— 1]), where 
g(det(K), [</>']) is given by Hom(det(V.), [P-i]) — > Hom(det(V.), [P ]) — > O, as in the proof of Proposition 
6.36. It factors through g'(V., [(f)]). Therefore, we obtain the following diagram: 



^U 3 xX/X Grl 



g (det(V.),[<f>>}) 



det 



E,[4>\,X L M(c,[L])xX/X Gv 



Then, we obtain the following: 

Rpx*(3'(V.,[4>])®u x ) 



J U 3 /k Gn 



<P2 



Rpx*(s{det{V.),[<f>'])®wx) ^ > det* Em L M(c . 



[L])/k G „ 



[1] 



It is easy to observe Ob(V., [4>]) ~ Cone(</?2 and det^ ^ Ob(M (c, [L])) ~ Cone(V'2 V'l)- Thus, we obtain 
the desired diagram (157). I 

When E has an orientation p, we have the morphisms Ob re i(V!, p)[— 1] — ► Ob(V!) — ► Ob(V!, [<^>]). Let 
Ob(V^,p, [(/>]) denote the cone of the composite of the morphisms. On the other hand, we have the morphism 
det Bmp : U 3 — >M(c,[L]). 
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Proposition 6.39 We have the following commutative diagram: 

Lu 3 < 0b(V.,p,[4]) 



det *E,[4>], P L M(S,[L]) < de ^E,[4>], P Ob(M(c, [L])) 

Here, Ob(M(c, [L])) denotes the obstruction theory of M(c, [L]) . 

Proof The orientation induces the morphisms Us — ► M(c, [L]) — > Pic(c), and we have the following diagram: 

Ob d (V.) ► Ob d (V.) ► Ob(V.) 

dete, p ipic > ^ et s,[^],p-^M(c,[L]) ► L Us 

Then the claim follows from the construction of the relative obstruction complex for orientations. I 

6.3.5 The morphism to the parabolic Hilbert scheme and the obstruction theories 

Let U be a fc-scheme. Let (E,F*) be a quasi-parabolic torsion free sheaf of type y. Assume rank(y) = 1. 
Let c be the i? 2 (X)-part of y. Then we put y(— c) := y ■ exp(— c). We put 1(E) := det(-E) -1 <8> E, which 
has the induced quasi-parabolic structure F*. The type of (l(E),F*) is y(—c). Thus, we have the morphism 
E(E) : U — ► X[«(" c )]. 

Lemma 6.40 We have the following commutative diagram: 

L v < Ob(^,F*) 

(159) 

E(E)*L xW - c)] < S(£)*Ob(A^(- c )l) 

Here, we put Ob(V:,F*) := Cone(Ob re i(V, F*)[-l] -> Ob(V!)), and Ob{X^-°^) denotes the obstruction theory 
ofXM- ^. Moreover, <p factors through Ob°(V.,F*). 

Proof Let X w denote the universal sheaf on X^ y (~ c ^ x X. We take a locally free resolution V. of J u . It is 
easy to observe that V. := E(E)* X V. ® det(E) is a locally free resolution of E. We have q(V.) = E(E)* x g(V.), 
g{V.\ D ) = E(E)* D g(V.\ D ) and &(V.,F*) = E(E)* D& (V., F*). 

We take vector spaces Wj (i = —1,0) such that rankWj = rankV^. We have rank Wo — rankT^-i = 1. In 
that case, we have the homomorphism GL(W.) — ► SGL(W.), given as follows: 

(5-i,5o) 1 — > (det(5.) _1 -5_i, det(ff.) _1 -5o) 

Here, det(g.) denotes det(g ) ■ det(<7_i) _1 . Therefore, we have the isomorphism Y(W.) ~ Y(W.) x x Xc m - In 
particular, we have the morphism: 

ttn:Y(W.) — >Y(W.) (160) 
Then, we obtain the following commutative diagram: 

U x X ► Y(W.) 

xly(- c )] x X > Y(W.) 
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Therefore, we obtain the following commutative diagram on U x X: 

Luxx/x < ®(V.)*L Y (w.) 



Z(E)* x L x[y( - c)]xX/x < E(E) x ^(V.)*Ly {w , } 

Hence we obtain the following commutative diagram: 

Lu < 



Z(E)*q°(V.) 



^{E)*L X [y(-c)\ 



Oh{V.) 



S(£)*Ob°(V.) 



We obtain a similar diagram from V.\d and V.\d- Moreover, we obtain the following diagram by the argument 
of Lemma 5.22: 

L v < Ob(V.) < Ob{V. ]D ) 



E(E)*L X [y(-c)] 



E(E)*Ob°(V) 



Z(E)*Ob°(V. lD ) 



We also have the following commutative diagram: 

Lu < Rp D JQ D {V.,F*) <g> w D ) 



^'(E)*L X ly(-< : )} 

We remark the following: 



Z(E)*R Pd *(q° d (V.,F*)®lj d ) 



Ob(V. lD ) 



Z(E)*Ob°(V, D ) 



Ob(V,F») ~ Cone(bb(l» — > Ob(V.) © Rpd*(sd{V., -F*) ® 
Ob(X^- c ^) ~ Cone(0b°(V.| D ) — > Ob°(V.) © Rp D 4 Q ° D (V., F*) ® 



Hence, we obtain the desired commutative diagram (159). 



6.3.6 The mixed case 



Let (E,F*,(j)) be a quasi parabolic L-Bradlow pair of type y over U x X. Assume rank(y) = 1. Let c denote 
the iJ 2 (X)-part of y, and we put y(— c) := y • cxp(— c). Then, we have the morphisms det_E i( ^ : J7 — ► M(c, L) 
and -(£):£/ — > X^~ c ^. 

Assume we have a locally free resolution V. of E, a locally free resolution P. of i, and a lift 4> : P. — ► V. of 
</>. We have the natural morphism i\ : Ob(V^) — > Ob(V!, <^>) and i2 : Ob(V!) — > Ob(K, We put as follows: 

Ob(V.,F r ,(/)) := Cone(ob(T/) (n -^ 2) Ob(K, F») © Ob(K, 0)) 

We have the induced map Ob(V^, F», 4>) — ► Lj/- 

Lemma 6.41 We /iawe i/ie following commutative diagram: 

det^ Ob(M (c, L)) ©S(P)*Ob(A[«(- c )l) > Ob(V:, F», 0) 

I 

^*E^I J M{c,L)®"{E)*L X [ y (- c )] ► 
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Proof It follows from Proposition 6.36 and Lemma 6.40. I 

Let (E,F*,p, [(/)]) be an oriented quasi-parabolic reduced L-Bradlow pair of type y over U x X. We have 
the morphism det EtpM : U — > M(c, [L]) and E(E) : U — ► X^~ c ^. 

Assume we have a locally free resolution V. of E, a locally free resolution P. of L, and a lift [(f)] of [0]. We 
have the natural morphisms i\ : Ob{V.) — ► Ob(V!, p, [0]) and Z2 : Ob(V!) — ► Ob(V!, We put as follows: 

Ob(^,F„, $\,p) := Conc(ob(V:) ( ^ 2) Ob(tf, © Ob(K,f,)) 

Lemma 6.42 VFe have the following commutative diagram: 

det* EtpM Ob(M(c,[L})) ®Z(E)* Ob(X^-^) > Ob(V, F*, [0], />) 



det E,p,[0] ^M(c,[L]) © S(£')*i X [ v (-c)] 

Proof It follows from Proposition 6.39 and Lemma 6.40. 



6.3.7 Proof of Proposition 6.34 

Applying the construction in the subsubsection 6.3.6 to the universal object (£ u , <f>) on A4(y, L), we obtain the 
morphism F : M(y, L) — > M(c,L) x XM'^I It is same as the inclusion given in the subsubsection 6.3.3. Let 
us denote the obstruction theory of M(y, L) by Ob(y, L). We have the following commutative diagram, due to 
Lemma 6.41: 

F*(0b(M(c,L)) ©Ob(A[«(- c )l)) ► Ob(y,L) 



(161) 

^*( i M(c,L)xX[«(--)]) * L M ( y x) 

Let C c denote the universal line bundle on M(c,L) x X. We have the natural inclusion £ u ® — ► 
® L~ x , and the quotient is isomorphic to 1C\m(v,l)xx- Thus, we have the following: 

Conc(F*[Ob(xM- c >]) 8 0b(M(c,L))] — > Ob(y,L)) 

~ flp x *(Cone[ftWom(F*£^,£) -> KHom(£ u , L)] 

~ -RPX*^)^^)! 1 ] -9? V [l]|A4(i/,L) - 3* L M{c,L)xX\.v(-c Jl/SB ( 162 ) 

From the diagram (161), we obtain the morphism v : j* L M(c L)xX[y (-a)] /<a — > iM( 9 ,L)/M(c,i) 

Lemma 6.43 77ie morphism v is same as the morphism j* Lm(c L)xX(y(- c n /%3 — > ^M(y,L)/M(c.L) obtained 
from the diagram (153). In particular, the obstruction theories ofM{c,L) xll"^^ and A4(y, L) are compatible 
over the morphism i. 

Proof We take a locally free resolution V. of £ u . We take vector spaces Wi such that rankle = rankV,. We 
obtain the following commutative diagram: 

M(y,L)xX * (V -*\ Y(W.,P.) 



I 



roi xT 



It induces the morphism: 

^M(m,y)xX/M(c,L)xXly(-^i xX < $0^ i ^)* ^Y(W. ,P. )/Y{W. ) x Z(W. ,P. ) 
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We use the notation in the subsubsection 2.3.3. Wc put Vj = Vj (i = 0, — 1) and V\ = By the argument 
in the subsubsection 2.3.2, we can show that <&(V., <j))*L Y ^ w pyy(w)xz(w P) is expressed by 6(V^, P., </>, </>)<o- 
Thus we obtain the following morphism: 



t(V.,P, 



^M(y,L)xX/M(c,L)xXiy(-"'>1 xX 



We put Ob H (y,P.,0,0) := Rp x *(t(V.,P.,<f>,<j>) <8>w x )- Then, Ob H (V.,P.,<p,4>) is isomorphic to the cone of 

the morphism Ob(M(c,L)) © Ob{X^- c ^) — > Ob{M{y,L)). The induced morphism Ob H (V., P., <fi, 4>) — > 
L M{y,L)/M{ c ,L)xx[v(.-c)] is same as za 
We have the following factorization: 



M(y,L)xX 



4-1 



Zl(V,P.) 



r(VK.,p.) 



M(c,L) x X^"^ x X 
Thus, we have the following morphisms: 



Z 2 (V,P.) > Y(W.)xZ(W.,P.) 



J M(y,L)xX/M(c,L)xX\yi-")] xX 



®* L Z 1 (V,P)/Z 2 (V,P.) * ®( V -> ( t l )* L Y(W.,P.)/Y(W.)xZ(W.,P.] 



Therefore, the morphism v is same as t(V.,P., 
Proposition 2.25. 



in the subsubsection 2.3.3. Then, the claim follows from 

I 



Recall that is smooth. Let to be a sufficiently large integer such that H l (X,C{m)) = (i = 1,2) 
for any line bundle C such that C\(C) = c. Then the moduli stacks A / f(y,C(— m)) and M(c,0(—m)) are 
smooth. Let t : 0{—m) — ► L be an inclusion. Then we have the inclusions M.{y, L) — ► A4(y,0(—m)) and 
M(c,L) — > M(c,0(-m)). On M(c,0{-m)) x X^-^ x X, we put K' := L u c <g> L' 1 <g> Z ( y (-c))- Then 
9J' := *£' gives the vector bundle over M(c, O(-to)) x X [y( ~ c) ] such that 2Jj M(c L ) xX [ v( - C )] = 9J. Therefore, 
we obtain the following Cartesian diagrams: 



M(y,L) 



M(c,L) x X^- c ^ 



M(c,L) x X^"^ 



5J 



M(c,C(-to)) 



9J' 



We have v — i\. Therefore, we obtain the relation i ] ([M(c,L)] x [X^]) = [M(y,L)] from (162), due to 
Proposition 2.32. The relation r([M(c, [L])] x [X^]) = [M(y, [L])] can be shown by a similar argument. Thus 
we finish the proof of Proposition 6.34. I 

6.4 Bradlow Perturbation 
6.4.1 Statements 

Let I be a line bundle on X. If S G P br is sufficiently small, we have the projective morphism: 

$:M a (y,[L],a„8)^M"(y,a.) (163) 
To discuss let us consider the following condition for (y, L, a*): 

{i- vanishing condition) We have H^[X, E <g> L^ 1 ) = for any j > i and for any E* e A4 ss (y 7 a*). 
The 1-vanishing condition obviously implies the 2-vanishing condition. 
Proposition 6.44 Assume the 1-vanishing condition holds for (y, L, a*). 
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• The morphism $ : M s (y,{L],a*,S) — ► M ss (y,a*) is smooth. 

• Assume, moreover, that the 1-stability condition holds for (y, a*). Then, we have the following relation: 

T([M s (y,a*)]) = [M s {y,[L],a*,S)] 

Proof We give only a remark. The smoothness of J is clear. We put Mi := M ss (y, a*) and Mi '■= 
M s (y, [L], a*, 6). It is easy to obtain the following morphism of distinguished triangles: 



./Mi[-1] > ! S*L Ml / k > L M2 / k ► L M2/Ml 



Ob rcl (m,y,[L])[-l] > r(Ob(m,y)) > Ob(m,y,[L]) > Ob re i(m, y, [L]) 

Due to Proposition 2.32, we obtain the equality ^E'*[A / (i] = [A^]- i 

Let L — (Li, L 2 ) be a pair of line bundles on X. We take Si G V hr such that both of Si are sufficiently small. 
If 82 is sufficiently smaller than Si, we have the projective morphism: 

di : M s {y, [L],a*,S) — > M s (y, [Li], a,, Ji) 

Proposition 6.45 Assume that the 1-vanishing condition holds for (y, a*,!^)- ?7ie morphism #1 is smooth, 
and we have the following relation: 

Ti([M s (y, [Li], a*, £i)] ) = [M*(y, [£],<*,,«)] 

Proof It can be shown by an argument similar to the proof of Proposition 6.44. 1 

If the 1-vanishing condition does not hold, #1 is not smooth, in general. The following proposition will be 
proved in the next subsubsections 6.4.2-6.4.4. 

Proposition 6.46 Assume that the 1-vanishing condition holds for (y,a*, Li). Then, there exists a Deligne- 
Mumford stack 2$ over M s (y, [Li],a*,<5i) with the vector bundle 2J and the section tp such that the following 
holds: 

• The morphism & : 03 — ► M s (y, [Li], a*, o~i) is smooth. 

• M s (y,{L},a»,5) is ^(O). 

• We have the following relation: 

^■(e*[M s (y, [Li],a„Ji)]) = [M s (y, [L],a*,6)] 

Here, ip ] denotes the Gysin map for the inclusion M s (y, [L], a*, S) — > 5J. 

Before going into the proof of Proposition 6.46, we give a corollary. Let P be any point of M s (y, [L{\, a*, Si). 
The fiber <&~ 1 (P) is smooth, and ST^P) is the 0-set of the section tp\@-i(p) of QJ|®-i(p). Therefore, we obtain 
the following. 

Corollary 6.47 For any k-valued point P 6 M s (y, [Li],a*,S), the fiber 1 (P) is provided with the perfect 
obstruction theory. We also have the following formula: 



$ • * = / * • / $ 

M°(y,[L],a„6) hi\P) JM>(v,[L 1 ],a.,5 1 ) 

Here, $ and are cohomology classes on M s (y, [L{\, a*, Si) and M s (y, [L], a*, d), respectively, such that 
deg($) = 2 dim^ M s (y, a*). (See i/ie subsection 7.1 /or t/ie cohomology classes and the evaluation considered 
in this paper.) I 

Remark 6.48 Similar claims also hold for the morphism $ in (163), if the 2-vanishing condition holds for 
(y,L, a*). The proof is similar. E 



155 



6.4.2 Construction of 03 

Let m be a sufficiently large such that the 1-vanishing condition holds for (y, 0(— m), a*). We put L 2 := O(-m) 
and L 2 := (Li,L' 2 ). We put 03 := -M s (y, [L'],a*,6). Then, we have the natural smooth morphism © : 03 — ► 
M s (y,[Li],a*,6i). 

We take an inclusion t : L' 2 — > L 2 such that the cokernel L 2 /L' 2 is a line bundle on some smooth divisor 
of X. It naturally induces the morphism L 2 X — ► L' 2 ~ . The cokernel is denoted by Cok. We also obtain the 
inclusion M s (y, [L], a*, 8) — > 03. 

We have the morphisms M s (y, [L], a*, 6) — > M(y, [Li]) (i = 1,2). The pull back of the relative tautological 
line bundles are denoted by C^](l). Similarly, we have the morphisms of 03 to M(y, [Li]) and M(y, [L' 2 ]). The 
pull back of the relative tautological bundles are also denoted by o£j '(1) and 0^ (1), respectively. 

Let E' u denote the universal sheaf over 03 x X. We have the universal reduced [L' 2 ]-section [</> 2 ] : 0\ e \ (— 1) ® 
L' 2 — > E' u . We put E lu :=E' U ® 0<£}(l). We put as follows: 

0J:=Px*(-B' u ®Cok). 

It is easy to see R l px*(E' u ® Cok) = for i = 1,2, and hence OJ is a locally free sheaf on 03. The universal 
reduced L 2 ~ sec ti°n [$>] induces the section ip of 0J over 03. It is easy to observe that V _1 (0) is isomorphic to 
M s (y, [£],«*,<*). 

Thus, we obtain the following Cartesian diagram: 

M s (y,[L],a*,8) — ^ 03 

j i J* (164) 

03 — > 0J 

Here i denotes the 0-section. For the proof of Proposition 6.46, we have only to show v [03] = [M s (y, [L], a*, 8)]. 

6.4.3 Compatibility of the obstruction theories 

Lemma 6.49 The obstruction theories of M s (y, [i],a*,5) and 03 are compatible over i in the diagram (164). 

Proof We discuss in some more general situation. Let L be a line bundle on X. We take a sufficiently large 
integer m. We take an inclusion i : O(-m) — ► L. It naturally induces the morphism L _1 — ► 0(m). We 
assume that the cokernel Cok is a line bundle on some smooth divisor of X. 

We use the notation Mi and Mi to denote the moduli stacks M(m,y, [L]) and M(m,y, [O(-m)]). The 
inclusion M(m, y, [L]) — ► M(m, y, \0(— to)]) is induced by t. Let .E 2 denote the universal sheaf over M2 x -X". 
WeputE^ := %<g)O re i(l). We put 5J := p x * (% <g>Cok) . The universal reduced C(-m)-section of E% induces 
the section ip of 2J. We have Mi ~ i/> _1 (0) and the following commutative diagram: 

Mi — M 2 

3 V ( 165 ) 

M 2 — > 23 

To prove the claim of the lemma, we have only to show that the obstruction theories of Mi are compatible over 
i in the diagram (165). 

Let Ei denote the universal sheaf on Mi, and let [0™] denote the universal reduced L-section. We put Vi.o := 
P*xPx *Ef(m), and the kernel of the surjection Vi,o — ► 2S"(m) is denoted by Vi,_i. We take a locally free resolu- 
tion P. of L(m) such that Pq is a direct sum of Ox ■ We have the canonical lift [<fii] : p* Mi P. (Sip x O Te \(— 1) — ► Vi,.. 
Recall fl^(Vi,.,[0i]) := Hom(p* Mi R ® f^0 rel (-l), V V ) V and fl (Vi,.) := Wom(Vi,., Vi,.) V [-l]. 

Similarly, we take a locally free resolution V2. of the universal sheaf E 2 on M2 x -X\ Let [(/> 2 ] denote the 
universal reduced C(— m)-section of £ 2 . We have the canonical lift [<j) 2 ] : p* M JDx ®P* X Crci(— 1) — * V 2 ,o of [</> 2 ]. 
In this case, we have Q' rel {V 2 ., [<fe]) = Hom{f M <8> ^Ord(l), V 2 ,.) V , and g(V 2 .) - Hom(V 2 ., V 2 .) v [-l]. 
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(166) 



The inclusion t : O — ► L(m) has the canonical lift Ox — > P ■ Therefore, we have the following commutative 
diagram on M.\: 

iil4l(V2.,fe])[-l] ► 0rel(Vl.,[^l])[-l] 

I I 

iifl(V 2 .) > fl(Vi.) 

Lemma 6.50 TTie diagram (166) is compatible with the morphisms to the cotangent complexes: 

l l L M 2 -xX/(M(m : y)xX) Gm {- 1 } * L Mi xX/(M(m,y) xX) Gm 



" K *I J M{m,y)y.X/X c 



/fere, 7Tj denote the natural morphism of Mi to M(m,y). (See the subsubsection 2.1 A for the compatibility of 
diagrams.) 

Proof We give only an indication. We use the notation in the subsubsection 5.4.1. We construct the stack 
Y(W., [Ox]) by replacing P. with the complex (0 — > Ox)- Then we have the following commutative diagram: 



MixX 



M 2 xX 



(M(m,y) x X) c 



Y(W.,[P.}) 



X G„ 



Y(W.,[O x }) ► X Gn 



Y(W.) Gn 



X G„ 



Then the desired compatibility follows from the construction of the complexes. 
Lemma 6.51 We have the following commutative diagram: 

itOb(m,y,[0(-m)]) > Ob(m,y,[L}) 



Proof We obtain the following commutative diagram from (166): 

qob: el (v 2 .,M)[-i] — > ob: el (V!.,[^])[-i] 



i\ Ob(V 2 ,. 



Ob(Vi 



It is compatible with the morphisms to the cotangent complexes due to Lemma 6.50: 



i*LM 2 /M{m,y) Gm i~M 



i^TT^L M(m,y)c 



- J Mi/M(m,y) Gr , 



By a modification as in the subsubsection 5.4.1, we obtain the commutative diagram from (169): 

*iOb rcl (V 2 .,[0 2 ])[-l] > Ob rel (Vi.,[^i])[-l] 



(167) 



(168) 



(169) 



it Ob(V 2 ,.) 



Ob(Vi.) 
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It is compatible with the following commutative diagram: 

i l L M 2 /M(m,y)[-' i ] > L Ml /M(m,y) 

Then we obtain the desired commutative diagram (168) by construction. I 
We put Vi,. := Vi,. ® C* re i(l). We put as follows: 

flrd := Cone (i\ Horn (p* M2 O x , V 2 ,.) V — > Hom(p* Ml R, Vi,) V ), Ob rc i := i?px*(flrci ® oj x ) 

It is easy to observe that Ob re i naturally isomorphic to Cone(Ob(m, y, [0(— m)]) — ► Ob(m,y, [£])). From the 
diagram (167), we obtain the following morphism: 

LM^x/Mixx < ®(y-i[<P])*LY(w.,[p.])/Y(w.,[Ox]) < Srd (170) 

It is easy to observe that the composite of (170) induces the morphism f3i : Ob rc i — > L Ml / M2 , which is same 
as the morphism induced from (168). 

We have the naturally defined morphism: 

h : N(O iel (-l) ® P-i, Vi,_i) x iV(O rcl (-l) ® P , Vi, ) — > N(O ic1 (-1) ® P_i, Vi, ) 

We put Z\ := /i _1 (0). We also put Z 2 := A r (O rc i(-l), V 2 , ) which is the vector bundle over M2 x X. Then, 
the lifts [<f>i] induce the following factorization: 

MixX Zi ► K(W.,[P.]) 

A4 2 x X ► Z 2 ► [Ox]) 

We obtain the following factorization: 

[4>])*Ly(W.,[P.])/Y(W.,[Ox]) ~ > ®1 L Z 1 /Z 2 > ^A4ixX/X 2 xX 

We put Z 3 :— N(p* M2 Ox, which is the vector bundle over M.2 x X. We have the naturally defined 

morphism V2,o ® Croi(l) — > Px^- Then, we obtain the following diagram: 

Mjxl -iJ— -?2— A< 2 xl 

1 1 1 

JK 2 xI > Z 2 ► Z 3 

We naturally have ®*®2 L Mzxx/z 3 - 3 x L M 2 xx/ Px <xs- Thus, we obtain the morphism: a : j x L M2xX / Px w — > 
&*Lz 1 /z 2 - K can be checked that a factors through jj re i. Namely, we have the following morphisms: 

3xLm 2 xX/ p * x W > flrol > AMixX/A^xX- 

It induces the morphism: 

3* L M 2 /<a ® Rpx*u x — > Ob rc i — ^— > L Ml/M2 

It is easy to observe that /?o induces the isomorphism /3 2 : j*L M2 /<jj — ► Ob re i, and the composite [3\ o /3 2 is 
same as the morphism obtained from the diagram (165). Thus the proof of Lemma 6.49 is finished. I 
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6.4.4 Ambient smooth stack 



Since 03 is not smooth in general, we construct an ambient smooth stack to use Proposition 2.32. Let C denote 
the support of Cok. Recall that C is smooth and that Cok is isomorphic to a line bundle £ c on G, due to our 
choice of i. 

For a /c-scheme T, let F(T) denote the set of the quotients q : p^V mt c — > £ over T x C, satisfying the 
following condition: 

• £ is flat over T, and the type of £ is y\c ■ ch(Cc)- 

• For any point u E T, i/ 1 (C, £\{ u }xc) = 0- 

Then, we obtain the functor F of the category of fc-schemes to the category of sets. The functor F is representable 
by a scheme Q°. 

Lemma 6.52 The scheme Q° is smooth. 

Proof We have the perfect obstruction theory Ob(Qj) of Q\ (Proposition 2.38). Let z = (q,£) be a point of 
Qi, and let i z denote the inclusion {z} — > Q\. Let JC denote the kernel of V m c — > £■ We have only to show 

w- 1 (i;ob(Qf))=o. 

The dual W{i* z Oh(Q1)) is isomorphic to Ext~ l (/C,£). We have the exact sequence Ext 1 (V m ,c, £) — > 
Ext 1 (/C,£) — * Ext 2 {£,£)■ We have the vanishing of the first term by definition of Q\. Since C is a smooth 
curve, we also have the vanishing of the third term. Therefore, we obtain the desired vanishing, and hence Q\ 
is smooth. I 

We have the universal quotient sheaf PQ°V mi c — ► C on Q1 x C. The push-forward pc*C gives the vector 
bundle on Q°. We denote it by 2Ji. 

We use the notation in the subsubsections 4.1.1. We put Q ss (m, y, a*) :— Q ss (m,y,a*,) x.Q( m , y ) Q{m,y)- 
Let Z m be as in (38). We have the GL(Vm)-closed immersion Q ss (m,y,a*) — ► Z m x YliGm^. (See the 
subsubsection 3.6.3 for G TOi ,.) 

We also have the naturally defined GL(y m )-equivariant morphism Q ss (m,y,a*) — ► Q\ by the correspon- 
dence (q, £, F*,p) i — ► (q' , £(—m) ® Cok), where q' denotes the naturally induced map V mi c — * £{—m) ® Cok. 

We have the natural right GL(V m )-action on Z m x \\ i G m ,i xQ^x x P„ • The quotient stack is denoted 
by 25'. The bundle QJi induce the GL(V m )-vcctor bundle on Z m x LJ i G m .i x P m x Q\, and hence the vector 
bundle on 25'. 

We have the GL(Vm)-equivariant immersion Q°(m, y, [Li]) x x n 4 G m ,i xQlx P^" 1 x , which 

induces the immersion 03 — > 23'. Since 03 is Deligne-Mumford, we can take an open neighbourhood 23 of 03 in 
03', which is Deligne-Mumford and smooth. The restriction of 23 to 23 is denoted by 2J. By the construction, 
the restriction of 2J to 23 is same as 23. We put M — M ss (y, [L], a*, S). Then, we obtain the following diagram: 

M ► 23 ► 23 



23 — !=— » 23 ► 23 

Here i and i 2 denote the 0-section. We have v =4- The obstruction theories of M. and 23 arc compatible 
(Lemma 6.49). Then, we obtain z ! ([Al2]) = [-Mi], due to Proposition 2.32. Thus, the proof of Proposition 6.44 
is finished. 1 



6.5 Comparison with Full Flag Bundles 

Let y be an element ofT ype. Let a* be a system of weights. Let L be a line bundle on X. We take a sufficiently 
large integer m. Let M. s (y, [L], a*, 5) denote the full flag bundle associated to the bundle px *E u {m). We have 
the natural smooth morphism: 

ffi :M s (y, [L],a„S)^M s (y,[L],^,S) 
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Lemma 6.53 We have the following relation: 

ft ([M s (y, [L], a„ J)]) = [M s {y, [L],a.,S)] 

Proof Let it denote the projection M(m, y, [L]) — > M(m, y, [L]). By construction in the subsubsection 5.7.3, 
we have the following morphism of the distinguished triangles on M(m, y, [L]): 

ir*Ob(m,y,[L}) > 6b(m,y,[L}) ► L M(m, v ,[L])/M(m, y ,[L]) > 7r*Ob(ro,y,[L])[l] 

1 I =1 I 

n * L M(m,y,[L]) > L M(m,y,[L]) > L M (m ,y ,[L]) / M (m ,« ,[£]) > 7r * i A4(m,t/JL]) [1] 

Hence we obtain the compatibility ofthe obstruction theories Ob(m,y, [L]) and Ob(m, y, [L]) oiA4 s (y, [L],a*,6) 
and M s (y, [L],a*,6). Then, the claim follows from Proposition 2.32. I 

Let y and a* be as above. We take a sufficiently large integer to. Let M s (y, a*, +) be as in the subsubsection 
5.7.5. Let e be sufficiently small positive number. Then, we have the naturally defined morphism: 

S 2 :M s (y,a*,+) M s {y,[0{-ra)],a„e) 

Lemma 6.54 We have the following relation: 

&([M'(y, [0(-m)],a.,e)]) = [M s (y, «*,+)] (171) 

Proof In this case, we have the other way of construction for the obstruction theory Ob(m,y, [0(— to)]) on 
A4(m,y, [O(-m)]) by the method in the subsubsection 5.7.1. Let V m be an H y (m)-dimensional vector space. 
We put B(W) := k GL(Vm) and B(W, [P]) := P(V^) G L(v m ) as in the subsubsections 5.1.3 and 5.4.3. Let E u 
denote the universal sheaf over M(m, y) x X. Then, A4(m, y, \0{— to)]) is the projectivization of px *{E u {m)). 
Hence, we have the following naturally defined Cartesian diagram: 

M(m,y,[0(-m)]) — B(W,[P]) 

•1 I 

M(m,y) B(W) 
Since factors through Ob(m,y), we obtain the following morphism: 

V*L B (w,[P])/B(w)[-i\ * n*L B{w) > 7r*Ob(m,y) 

The cone of the composite is denoted by Ob 2 (TO,y, [0(— to)]). Then, we obtain the morphism: 

ob 2 (m, y, [0{-m)]) : Ob 2 (m, y, [0{-m)\) — > ^( m ,e,[0(-m)]) 
We use the following lemma. 

Lemma 6.55 VFe /lave ob 2 (m, y, to)]) = ob(m, y, [0(— to)]) in D(M(m, y, [0(— to)])). 

Proof We use the result in the subsubsection 5.4.3. We take the canonical locally free resolution of E u (m). 
Namely, we put Vo := p\ (px *E u (m)) , and the V_i denotes the kernel ofthe canonical morphism Vo — > E M (m). 
The reduced Ox-section [4>] of E u (m) is canonically lifted to the reduced Ox-section [<f>] of Vo- In this case, the 
diagram (107) is as follows: 

LM(m,y,lL])/M( m ,y){-l] < Ob re l (V. , [0]) [-1] Obf el (V. , $ ) [- 1] 

| (172) 

7T*AM (m , S) < Ob(V.) < Ob G (V.) 
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The diagram (108) is as follows: 



^M(m,y) HV.)*L B{W)/k Ob (V.) 

(173) 

L M( m ,y,[L])/M( m ,y)l-~L] < ^ * L B (W,[P]) / B (W) I -1 ] * ~ Ok^V. ,[</>])[- 1] 

The morphisms n and t 3 are isomorphic, in general (Lemma 5.2 and Lemma 5.20). The morphism a\ is also 
isomorphic in this case. Then, the claim of Lemma 6.55 immediately follows. s 

It is easy to see the compatibility of the obstruction theories ob(m, y) and ob2(m, y, [0(— m)]) on the moduli 
stacks M s (y, a*, +) and M s (y, \0{— m)], a*, e). Hence, we obtain (171) due to Proposition 2.32. Thus the proof 
of Lemma 6.54 is finished. 1 

6.6 Parabolic Perturbation 

Since we do not use the result in this subsection later, the reader can skip here. 
6.6.1 Statement 

Let y be an element of H*(X). Let y be an element of Type whose iJ*(X)-component is y, and let a* denote 
a system of weights. Let us discuss the relation of the obstruction theories and the virtual fundamental classes 
of the moduli stacks M s (y) and M s (y,a*). 

We assume that any semistable torsion-free sheaf of type y is also /x-stable, and that on are sufficiently close 
to 1. Then we have the morphism : A4 s (y, a*) — ► M. s {y). 

Proposition 6.56 There exists a Deligne-Mumford stack 23(y, a*) over M s {y) with a vector bundle 2J and the 
section ip, such that the following holds: 

• The morphism © : 25(y,a*) — ► Ai s (y) is smooth. 

• M s (y,a*) is isomorphic to V' _1 (0). 

• We have the following relation: 

iP ] (<S*[M s m) = [M s (y,a*)\ (174) 
Here tp' denote the Gysin map for the inclusion A4 s (y, a*) — ► 5J. 

The proof will be given in the next subsubsections. Before going into the proof, we give some remarks. 

Corollary 6.57 Let P be any point of Ai s (y). The fiber 25 _1 (P) is smooth, and d~ 1 (P) is the 0-set of the 
section ip\&-i(p) o/9J|<8-i(p) in the situation of Proposition 6.56. Therefore, we obtain the perfect obstruction 
theory of ^(P). I 

We are mainly interested in the cap product of some cohomology classes and the virtual fundamental classes. 

Corollary 6.58 Let $ be a cohomology class on A4 s (y), and let ^ be a cohomology class on A4 s (y, a*). Assume 
deg(<!>) = 2dim^A^ s (y). Proposition 6.56 implies the following relation for any k-valued point P of M s (y): 

/ * x / $ (175) 

(See the subsection 7.1 for the cohomology classes and the evaluation considered in this paper.) 1 

Let L be a line bundle on X, and let 5 be an element of V hv . We can discuss a similar relation for M s (y, [L] , S) 
and A4 s (y, [L],a*,6). We assume that any (5-semistable L-Bradlow pair is /x-<5-stable, and that on are sufficiently 
close to 1. Then we have the morphism 3x : M s (y, [L],a*,6) — ► M s (y, [L],S). 
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Proposition 6.59 There exists a M s (y, [L], 5) -scheme 03(y, [L],a*,6) with a vector bundle OJ and its section 
ip, such that the following holds: 

• The morphism ©l : 23(y, {L],a*,5) — > M s (y, [L],S) is smooth. 

• M s (y,{L],a*,S) is isomorphic to 7/; _1 (0). 

• We have the following relation: 

^e* L [M s (y,[L],S)] = [M s {y, [L],a*,5)] 
Here tp denotes the Gysin map for M s (y, [L],a*,6) — ► 23. 
As a result, the following formula holds, for any k-valued point P of M. s {y, [L], S): 



M°(y,lL],a„6) J^l^P) JM'(y,[L],S) 

Here $ and VP denote cohomology classes on M s (y,L,S) and A / t s (y, L, a*, 5) respectively, and we assume 
deg($) = 2dim / M s (y, [L},6). I 

We will give the proof of Proposition 6.56 in the next subsubsections. The proof of Proposition 6.59 is 
similar, and hence we omit to give it. 

6.6.2 The construction of a stack 03 and the obstruction theory 

Let m be a sufficiently large integer. Let £ u denote the universal sheaf on M(m, y). We put Vo := PxPx *£ u (m), 
and the kernel of the natural morphism Vo — > £ u {m) is denoted by V_i. We obtain the vector bundle Vq\d 
on M{m, y) x D. 

Let g : T — ► A4(m, y) be a morphism. Let F(T) denote the set of the sequence of the quotients g* D V \ u = 
Ci + i —fCi^ C/_i — > • • • — > C 2 — > C\ satisfying the following conditions: 

• Ci arc flat over T. 

• For any point u G T, the induced morphisms H°(D, Cj +1 | { u } x d) — ► H°{D, Ci | { u }xd) are surjective 
(i = l,...,i). 

• H 1 (D,C i | {„} x _d) = for any u e T and for any i = 1, . . . , I. 

• The type of Ci is same as X^<i % ( m )- 

Then, we obtain the functor F of the category of M(m, j/)-schemes to the category of sets. The functor is 
representable by the _M(m, j/)-scheme, which we denote by 03. Let n : 03 — ► M(m,y) denote the natural 
projection. 

Let us discuss the obstruction theory of 03. We put V$ := ^* D V \ D ° n 23 x D. We have the universal 

quotients — ► Cf (i = 1, . . . , /)• We put V { £ := Kcr(v| 5 1) — > C£_i) for i = 2, . . . , f + 1. We also have 
the locally free sheaf V_i |£>. By changing slightly the construction in the subsubsection 2.1.5, we consider the 
following complex C(V.|£>,V^) 

l+i i 
Hom(Vo\D,V- 1]D ) ^ Wom(V^, V^)8Wom(V_i| D , V_i| D ) Wom(v£ +1) , V^)®Hom(V_ 1]D , V 0]D ) 
i=i i=i 

The first term stands in the degree 0. The morphism d -1 is the composite of the following morphisms: 

l+i 



Hom(V olD ,V_ llD ) Hom(V olD ,Vo\D) © Wom(V_i| D , V_ip) Hom(V% ' ,V$) © Woto(V-i|d, V_ ip ) 

i=l 
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Here ai is the differential of the complex Hom(V.\D, V.|£>), ano ^ fl 2 i s the inclusion via Vq\d = V$ • The morphism 
d° is made of the following maps bi (i = 1, 2): 



i=i 



6 2 : Wom(V^,V£0 © Wom(V_ ip , V_ip) — Hom(V- llD , V \d) 
Here &i is given as in (18), and 62 is the differential of the complex H.om(V.m, V.\d)- We put 0£>(V.,V.d) : = 
C(V.|d, V£>) v [-1]. We have the naturally defined morphism C(V.\d,V d ) — > Wom(V.|u, V.|£>). ft induces the 
morphism g(V\ D ) — > 8d(V.,V£) 

We take vector spaces over k such that rank = rankV^. We also take a vector space W-i over 
fc such that rankW-i = rankV-i, and we put W := . We put := W« ®0 D and Wi D := Wi®0D. 
We have the naturally defined right n!=i GL(WW)-action on n!=i ^(W^ 1 ^, W^) . We also have natural 
right action of GL(WW) x GL(W_i) on 7V(W_i D , W 0D ) by the identification Wo = W^K Therefore, we have 
the naturally defined right action of n!±i GL(W«) x GL(W_i) on JlLi N(W^ +1 \w^) x N(W- 1Dl W od ), 
where the latter fiber product is taken over D. The quotient stack is denoted by Yd(W. , W*). (We remark 
that we used the notation Yd(W., W*) in a different meaning in the subsection 6.3.) On the other hand, 
we use the stack Yn(W.) introduced in the subsubsection 5.5.1. The morphism Yd(W.,W*) — ► Yd{W.) is 
induced by the natural projections nUi N(W% +1 \ wj?) x N(W- 1D , W 0D ) and lfiL\GL(W®) x GL(W_i) 
onto N(W- 1D , W 0D ) and GL(W ) x GL(W_i), respectively. 

From V^ 1 " 1 and V_i|£>, we have the classifying map $>(V.,V D ) : 23 x D — > Y D (W.,W*). We also have the 
classifying map $(V.p) : M(m,y) x D — ► Yjj(W.). They give the following commutative diagram: 



<B x D 



M(m, y) x D 



Y D (W.,W*) 



Y D (W.) 



(176) 



It can be shown that $(V., ^d)*^y d (w w) 1S ex P resse d by 0d(V., V|>)<i. Moreover, the diagram (176) induces 
the following commutative diagram: 



J<8xD/D 



^ T)'- 1 M(m,y)xD j D 



m\D)*L YD 



(w.; 



9d(V,V* d ) 



B(V.) 



We put re i(V., V D ) := Conc(jj(V.|_D) — > 0d(V-> V£>)) • Then, we put as follows: 

Ob(V.| D ) := Rpd*(9(V.\ d ) ®«d), Ob rc i(Q3) := i?PD*(0rd(V., V£>) ® w D ) 
Then, we obtain the following commutative diagram: 



7T*L 



M{m,y) 



lj< B/M(m,y)[— 1 \ < 

Therefore, we obtain the following commutative diagram: 

Ob rol (03) [-1] 



J <B/M(m,y)[ 



-1] 



Ob(V., D ) 



Ob rel (Q3)[-l] 



7r* Ob(m, y) 



^*L M (m.,y) 



We put Ob(Q3) := Conc(Ob rcl (23) — ► n* Ob(m,y)). Then we obtain the morphism: Ob(23) — > L 
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Proposition 6.60 The morphism Ob re i(23) — > £<B/.M(m,!?) gives a relative obstruction theory of 23 over 
M.(m,y). The complex Ob rc i(23) is quasi-isomorphic to the 0-th cohomology sheaf. 

Proof The first claim follows from Lemma 2.41. Let us show the second claim. Due to an argument in the 
proof of Proposition 6.1, we have only to check H l (i* Ob rc i(23)) = for i ^ 0, where i z denotes the inclusion of 
any point z into 23. Let (E, V£) denote the tuple corresponding to z. Then, H l (i* Ob re i(23)) is the dual of the 
hyper-cohomology group M~ l (D, Q), where Q is the complex: 

HomiV^ , Vt 1} ) — Uom{vt l) , V<? ) 

i=l i=l 

Here, the first term stands in the degree —1. We use the following lemma. 
Lemma 6.61 We have the vanishing H 1 (d, Uom(V D l+1) , V D i] /V^ = °- 

Proof By definition of 23, we have the vanishing H 1 [D, V D ^ /V D 1 ^) = for any i = 1, . . . , I + 1. We have the 
following exact sequence: 

H°(D,V^/V^ +1) ) H°(D,V^/V^) — > H l {D,V$ /V D i+1) ) — > H l {D,V D 1] /V D i+1) ) = 

By definition of S, we have the surjectivity of v\. Then we obtain ff 1 ^,^ 7Vd +1) ) = °- From thc exact 
sequence, V D l+1 ^ — > V D ^ — ► V D ^ /V D l+1 \ we have the following exact sequence: 

Ext^vglv^/V^) — > Ext v y£ +1 \y«/V# +1) ) — > Ext 2 (v£Vv# +1 \v£Vv£ +1) ) (177) 

Recall that V D ^ is a direct sum of Od, and hence we have the vanishing of thc first term in (177). Since 
thc divisor D is smooth, we have the vanishing of the third term in (177). Therefore, we obtain the desired 
vanishing. I 

From Lemma 6.61, we can easily obtain the vanishing of W(D, Q) unless i = 0. Thus the proof of Proposition 
6.60 is finished. I 

As a result, Ob(23) — ► L<s is an obstruction theory of 23, and the morphism 25 — ► M(m, y) is smooth. 

6.6.3 Compatibility of the obstruction theories of 23 and A4(m,y) 
On 25 x D, we have the filtration V(' +1 ) C C • • • C V (1) . We put as follows: 

:= p D Mom{V {l+1 \ir* D £ u (m\ D ) 

We have the canonical section tp, which is given by the composite lX' +1 ) C V^ 1 ' — ► ■K D £ u {m)\jj. 
Lemma 6.62 23 is a locally free sheaf on 23. 

Proof Let z = {E,V D ) be any point of 23. We have only to check Ext 1 (V D l+1) , E{m)\ D ) = 0. We have thc 
following exact sequence: 

Ext 1 (v£> , E(m) ]D ) — Ext 1 (V# +1) , E(m) ]D ) Ext 2 (v£Vv# +1) , E(m) ]D ) 

Since V^p is a direct sum of Od, the first term vanishes. Since D is a smooth curve, the last term vanishes. 
Therefore, we obtain the desired vanishing. a 

It is easy to observe V _1 (0) = M(m, y). Therefore, we have the following Cartesian diagram: 

(178) 



M(m,y) 


— ii— ► 23 


3 






23 


— ^— ► 23 
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Here i is the O-section. 

Let us compare the obstruction theories of 03 and M(m, y). We take an isomorphism 3 : W^ l+ls> ~ W-\. It 
induces the morphism Yjj(W., W*) — > Yd(W., W*). Then, we obtain the following commutative diagram: 



M{m, y) 



Y D {W.,W*) 



It induces the following diagram on M(m, y): 



J M(m,y) 



^Y D (W.,W*) 



Q(V.\d,V* d ) 



03 



Y D (W.,W*) 



J Y D (W.,W) 



M(m, y) 

I 

Y D (W.) 



J M{m,y) 



J Y D (W.) 



Therefore, we obtain the following commutative diagram on M.{m,y): 



i\ Ob(03) 



Ob(m,y) 



J M(m,y) 



(179) 



Lemma 6.63 The cone of f3 is isomorphic to j*L<g/<xj, and the morphism Cone(/3) — > i»(m,j/)/!8 obtained 
from (179) is same as the morphism obtained from the diagram (178). In particular, the obstruction theories of 
A4(m,y) and 03 are compatible over i. 

Proof We put g rc i := Hom(V-i \ d[1], V.|_d) V . Then it is easy to see the following: 
Cone(g(V.|r>,V*) — ► Q(V.\ D , V*)) ^ L Yd (w.,w*)/y d (w.,w*) - 

We put Ob re i := Rpd *(0rci ®lod)- We have the induced morphism a : Ob rc i — ► ^A^(m,y)/!8- We have 
Ob ra i — Cone(i* Ob(03) — ► Ob(m,y)), and hence we have the morphism 6 : Ob ro i — ► LM(m,y)/<s obtained 
from the diagram (179). It is easy to observe a = b. 

We have the natural GL(VK_i) x GL(V^ (1) ) x GL(VK (z+1) )-action on N(w£ +1 \ w£ } ) x D N{W- 1D , W^ ] ). 
The quotient stack is denoted by 2J 2 - The isomorphisms W_i ~ W^ 1 ^ and Wq ~ VF^ 1 ' induce yb(W.) — ► 2)2- 
Then, we have the following diagram: 



_M(m, y) x D 



03 x £> 



K2,(W.,W) 



yu(w.,w) 



Vd(W) 



2)2 



The induced morphism $(V.|r>, V|,)*7J'Ly d (w.)/2)2 — " $(V-|r>> Vd)* l y d (w.,w*)/y d (w.,w*) is isomorphic. 

We have the natural GL(VK_i) x GL(W ) x GL(T4^ +1 ))-action on N(W- lt W ) x iV(W^ +1 ) , W_i). The 
quotient stack is denoted by 2)i. The isomorphism 3 induces the following map: 



N{W-!,W ) — » JV(W_i,W ) x iV(^+ 1 ),Fy_ 1 ), / .— > (/, 3) 



(180) 
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We also have the homomorphism GL(W-i) — ► GL(Wo) x GL(W^ l+1 ^) induced by 3. The morphism (180) 
is equivariant with respect to the actions. Therefore, we obtain the morphism Yb(W.) — ► 2)i. It is easy to 
observe that the morphism is an open immersion. Hence, we have the following diagram: 

M{m,y) x D ► Y D (W.) 2}i 

1 1 I 

» x D ► 2J 2 — --^ 2) 2 

We put Wi := N{W^ +1 \Wi) (i = -1,0). We have the natural right GL(W_i) x GL(W ]-action on 
N(W-i,W ) x N(k,W-i) and N(W-i,W ) x N(k,W ). The quotient stacks are denoted by Zi and Z 2 
respectively. We have the naturally induced map 2)j — ► Zi, and we obtain the following commutative diagram: 

M(m,y) x D -^-> 2h -22_> ^ 

1 1 (181) 

B > ?)2 ► ^2 

Thus, we obtain the following: 

We would like to use the result in the latter part of the subsubsection 2.3.3. We have the resolution of 
Hom(V ( - l+1 \£ u {m)) given by Hom(V ( - l+1 \ V_i) — ► Hom(v' ,+1 ), V ) on 03 x D. We put as follows: 

V = Wom(V (i+1) ,V_i), Vi =Hom(V (i+1) ,V ) 

We have the naturally defined map : — > Vi on 03 x £>, and the lift </> : — ► Vo on M(m,y) x D. The 
section 9? of Hom(V {l+1 \ £ u {m)) is naturally induced by (f>. We put Z x = N(0, V ) and Z 2 = N(0, Vi). Then, 
we have the following commutative diagram: 

M(m,y) x D > Zj ► Z x 

1 1 (182) 

03 x D > Z 2 > Z 2 

We have the coincidence of the composite of the horizontal arrows in the diagrams (181) and (182). Therefore, 
we obtain Ob ro i = Ob H (V.,ip), and the induced morphism Ob ro i — ► AM(m,j/)/!B is same as the morphism 
obtained from the diagram (178), due to Proposition 2.26. Thus the proof of Lemma 6.63 is finished. I 

6.6.4 Smooth ambient stack 

Let V m be an i7(m)-dimensional vector space, where H denotes the Hilbert polynomial associated to y. For any 
/c-scheme T, let F\ (T) denote the set of the sequences of quotients p^Vm^D = — > <w — > — » • • • — ► C 2 — > Ci 
satisfying the following conditions: 

• Ci and T are flat over T. 

• For any point u £ T, the induced morphisms H°(D,Ci + \ i { u } x d) — > H°(D, Ci | { u } x d) are surjective 
(« = 1, . . . ,Z). The induced morphism H° '(D ,Ci\ u ) — ► H°{D,!F\^) is also surjective. 

• We have H 1 (D, T\ \ u ) =0 and H 1 (.D, Cj | { u } x d) =0 for any ueT and for any i = 1, . . . , I. 

• The type of Ci is same as X)j<i Vji 171 )- The type of is same as ^ • yj(m). 

Let F2{T) denote the set of the quotients p^V mi D — ► .F satisfying the following conditions: 
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• T is flat over T. 

• For any point u 6 T, the induced morphism V rn — ► H°(D, T\ u ) is surjective. 

• ff 1 (£>,^ 7 |„) = for any u G T. 

• The type of J 7 is £\ % ( m )- 

Then, we obtain the functors Fj (i = 1, 2) of the category of /c-schemes to the category of sets. The functors 
Fi are representable by the fc-schemes, which we denote by 33j. 

We have the natural right GL(V m )-action on Q°(m,y) x 33i. The quotient stack is isomorphic to 33. 
By considering the restriction to D, we obtain the natural morphism Q°(m 7 y) — > 032, which is GL(V^„)- 
equivariant. 

Let Z m be as in (38). Then, we have the natural right GL(V r m )-action on Z m x 03i x 032. The quotient 
stack is denoted by 03. We have the GL(V m )-equivariant morphism Q°(m,y) x 03i — ► Z m x 03i x 032, which 
is immersion. Therefore, we obtain the immersion 03 — ► 03. 

We have the universal filtration on Z m x 03i x 032: 

y(l + l) y(l) y{2) (1) Q ^ 

We also have the universal subshcaf on Z x 03 1 x 032: 

V- 1D cv 0D = v m ®o Sx<BiX < B2 

The GL(V m )-action on Z m x 03i x 032 is naturally lifted to the action on them. The descents are denoted by 
Vjj and V-id- We put as follows: 

ZJ:= PD *(Hom(V { » +1 \ V^/V-id)) 

By the same argument as the proof of Lemma 6.62, it can be shown that 03 is locally free. We also have 
03|<8 ~ 03. Therefore, we obtain the following diagram: 

M(m,y) > 03 ► 03 

ii i 12 

03 1/1 > 03 ► 03 

Here i and %2 denote the 0-section. 



6.6.5 Proof of Proposition 6.56 

Let us finish the proof of Proposition 6.56. We take a sufficiently large integer m such that the condition 
O m holds for any (E,F*,p) G -M s (y,ci!*). Then we have the open immersion .M s (y,a*) — ► A4(m,y) and 
M- S {y) — * M(m, y). We take the stack 03 as in the subsubsection 6.6.2. We put 03(y, a*) := 03 x M ( m m M s (y). 
Due to Proposition 6.60, it is smooth over M s (y). The restrictions of 03 and tjj to 03(y, a*) are denoted by the 
same notation. It is clear i/> _1 (0) = M s (y,a*). 

We have the immersion 03(y,a*) — ► 03. Since 33(y,a*) is Delignc-Mumford, there exists an open neigh- 
bourhood 33(y, a*) of 33(y, a*) in 03, which is Deligne-Mumford and smooth. The restriction of 03 to 33(y, a*) 
are denoted by the same notation. Then, we obtain the following diagram: 

-M s (y,a*) > 03(y,a*) > B(y,a.) 

33(y,a*) > 03 > 03 

Due to Lemma 6.63, the obstruction theories of M s (y, a*) and 33(y, a*) arc compatible. Therefore, we obtain 
the relation v ([03(y, a*)]) = [M s (y, a*)] due to Proposition 2.32. We also have the relation &'[M s (y)] = 
[23 (y, a*)]. We also remark that v = ip ] . Thus we obtain the relation (174). I 
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7 Invariants 



For simplicity, we assume that the ground field k is the complex number field C in this section. Let H* (A) and 
if* (A) denote the singular cohomology and homology groups of a topological space A with Q-coefficient. Let 
X be a smooth projective surface over C, and let I? be a smooth divisor of X. We denote the Picard variety of 
X by Pic. 

7.1 Preliminary 

7.1.1 The ring K 

Let Map^(Z|. , H*(X)) denote the set of the maps ip : Z> — > H*(X) such that {(rii,n 2 ) | ip(ni,n 2 ) ^ 0} 
is finite. We use the notation Map^ (Z> , H*(D)) in a similar meaning. The sets Mapj(Z> , H*(X)) and 
Mapy(Z> ,if*(D)) are naturally vector spaces over Q. We use the notation Sym(V) to denote the symmetric 
product of a vector space V. Then, we put as follows: 

ll:= H* (Pic)® 11', n' := Sym(Ma P/ (Z| ,iP(X))) ® Sym(Ma P/ (Z| , H* (£>))) 

An element of TZ is described as a sum of the elements of the following form: 

mi m 2 

P = c-H(a i ,v i )-l[(b j ,u j ) (183) 
i=i j=i 

• c is an element of ii * (Pic) . 

• cii £ H*(X) and = (^(1), «;(2)) e Z?, . We identify (a;,^) with the map ^ : Z?, — ► H*(X): 

i \ \ a,i (v = Vi) 

• bj e H*(D) and it, = (uj(l),Uj(2),Uj(3)) G Z| . We identify with the map ipj : Z| — > H*(D): 

tb-(v,) = ! b] {u = u ^ 

^ W \ 

We put d\(P) := X)"=i ' w i(2) + Ej=i " u j(2) — 2mi — m 2 . When en, bj and c are homogeneous, we 
put d 2 (P) := deg( ai )/2 + £\ dcg(6,)/2 + deg(c)/2 and d(P) := di(P) + d 2 (P). 

7.1.2 The ring % 

More generally, we put as follows for any I > 1: 

7^ :=iP(Pic)<S>74 ft{ := Sym(Ma P/ (Z| , iPpf))) <8> Sym(Ma P/ (Z| , ff* (£>))) 

An element of 7?.; is described as a sum of the elements of the following form 

mi m2 

»=i j=i 

• c is an element of if* (Pic) . 

• fli £ ff*(A) and = {v ( t\l),v\ h \2)\h = G Z| . We identify (a^Vj) with the map ifi : 
Z| — > H*(X): 

a t (V = Vi) 
(V + V{) 
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bj € H*(D) and Uj = (u) h) (1), u) h) {2), uf } (3)) e Zff . We identify (^•,t/ j ) with the map ^- : Z| ; 

bj (U = Uj) 



(U ± Uj) 



We put di(P) := Eft E™\ Wi fc) (l)-"i h) (2)+Efc E^i «J fc) (l)-uJ fc) (2)-2mi-m 2 . If ffli, 6, and c are homogeneous, 
we put d 2 (P) := E 4 deg(a,)/2 + E,- deg(6,)/2 + dcg(c)/2 and d{P) := di(P) + d 2 (P). 

Let (a, V) G x Z| be as above. We regard V as a tuple (t>W, . . . , «W) g (Z| ) z . Let denote 

the diagonal map X — ► X'7and A^„ denotes the Gysin map iJ*(X) — > tf*(X ; ) = H*{X)® 1 . We have the 
expression as follows: 

i 

h i=l 

Then, we put as follows: 

q{((a,V)) =2Kfc.»' (1) )®"-®Kfc.* (0 ) ( 185 ) 

ft 

Let (6, U) e H*(D) x Z| be as above. We regard U as a tuple (uW, . . . ,«''') £ (Z| )'. Let denote the 
diagonal map D — ► We have the expression as follows: 

l 

A ^*( & ) = EI1^ ( 186 ) 
h »=i 

Then, we put as follows: 

q{((6, 17)) = ® • • • <8> « (0 ) (187) 

They induce the algebra homomorphism qj : 7?.J — ► 1Z 1 ® 1 . We also have the morphism qj : iJ*(Pic) — ► 
iJ*(Pic)®' induced by the multiplication of Pic. Then, we obtain the algebra homomorphism: 

qr.-Ri^ll® 1 (188) 

We have the naturally defined algebra homomorphism TV® 1 — ► 1Z' . Hence, q[ induces the algebra homo- 
morphism r; : Hi — ► 7Z. 



7.1.3 Homomorphisms 

Let y be an algebraic stack over Pic. When we are given a tuple of parabolic sheaves E* = (E\ #, . . . , Ei *) over 
y x (X, D), we put TZ(E^) := TZi. In that case, (a, V) and (6, U) are symbolically denoted as follows: 

(ri ch :^S(^)) A (ri ch:;i!g( G r uW(3) (^))) /& (i 89) 

h=l h=l 

In particular, we use the notation TZ(E^) in the case I = 1. We will often omit to denote the parabolic structure 
if there are no risk of confusion, i.e., H(E) and H(E) are used instead of 1Z(E*) and 1Z(E*). 

When we are given a direct sum E* = E\ * ®E 2 *, we have the algebra homomorphism (f% 1 * ,E ' 2 * : H(E*) — ► 
1Z(Ei*,E2*) induced by the following correspondence: 

(crrj (25)/a) = f ^ (ch?N • chr h (^))/a, 
(ch^(Gr fe (£))/&) = ^ -j^" (chf (Gr fc (^)) • chf^Gr,^))) /ft 
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As the composite of ip 1 ^, 1 *^ 2 * and q 2 , we obtain the algebra morphism 1Z(E*) — ► 1Z(E\*) ® 1Z(E 2 *). For an 
element P(E) G 1l(E*),*we denote the image by P(£i © E 2 ) G U{E ltL ) <g> 1Z(E 2 „). 



The algebra homomorphism t; gives 1Z(E*, E*, . . . , E*) — > 1Z(E*), which is also denoted by tj. Let t be a 
formal variable. We have the element ch^(P <g) e*)/a G 1Z(E)[t] given as follows: 

ch>(^®c*)/«:= e n^^ 1 ((n^^OA) • ^ t3l ~u- 3k l^ (190) 



Similarly, we have the element ch\(Gv h(E) ® e*)/6 G 7\L(-E)[i] given as follows: 

^r— T t i+ i [ mch^^^jj/oj • — 

J2 k=o 3k=3 



By the correspondences clr](.E)/a i — ► ch^(P • e*)/a and ch^Gr/, (£))/& i — ► clr- (Gr/j(.E) • e*)/6, we obtain the 
algebra isomorphism 1Z(E)[t] — > K(E)[t\. The image of P(E) G 11(E) is denoted by P(E ■ e*). 

Remark 7.1 TTie formula (190) is j«st a formal development of (J2h=o c ^-h(E) ■ (i — h)\~ 1 t l ~ h ) :> . I 



7.1.4 Twist by line bundle 

Let £ be a line bundle on y. We put u := C\(C). Formally, we often use the notation e u to denote C, if there 
are no risk of confusion. Let E* be a parabolic sheaf over y x (X, D). Then, we have the natural isomorphism 
K(E*,y) ~ K(E« <g> e u , y) (sec Notation 7.3) given by the following correspondence: 

dI - ,E8 ° /a %JL,n&- ( ( E chf -sS^r (M1) 

* (Gr " (E) 8 " nH. n& t,+1 ( ( S chf ■ mS^r ,W2 ' 

Thus we can naturally regard P(E ® e w ) G 7\L(P <g> e w , y) as an element of 1Z(E, y). 

Remark 7.2 We will often use "■" instead of "(g)" to save the space. I 

Let us consider the case y = y± x y 2 . Assume that L comes from the line bundle on y\, and that 
E comes from the parabolic sheaf on y 2 x (X,D). The formulas (191) and (192) determines the element 
P(E-e") G A* (y^® 11(E). 



7.1.5 Evaluation 

Let y be a proper Deligne-Mumford stack over Pic. Assume that we are given a parabolic sheaf E* over 
y x (X, D) with a parabolic structure. Let A*(y) denote the rational Chow group. Let us take an element 
P G 1Z(E„) of the following form: 

mi 1712 

nwi?)^/*) • n( ch :::S( G ^(3)(^))/^) 
»=i j=i 

We assume that c G if* (Pic), ai G H*(X) and 6j G H*(D) are homogeneous for simplicity. We would like 
to construct the linear morphism of A*(y) to Q. Let ttx,i denote the projection of y x X mi x D m2 onto the 
product of y and the i-th X. Let ttdj denote the projection of y x X mi x D m2 onto the product of y and j-th 
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D. Let p denote the natural morphism y x X mi x D m2 to Pic xX mi x D™ 12 . Let Z be a <i-dimcnsional algebraic 
cycle on y. Then, we obtain the following element of the Chow group A* (Pic xX mi x D m2 ) of Pic xX mi x D" 12 
with rational coefficient: 

(mi m 2 
Y[ch Ml) (n^E) v ' {2) ■l[ch Ui(1) (nh J Gr U]{3) (E)) uA2) f)[Z x X m > x D™ 2 } 
»=i j=i 

Thus we obtain the linear map A P (P*,-) : A d {y) — > A d _ dl(P) (Vic xX mi x D m2 ). The cycle A P (P*,Z) 
determines the homology class cycl(Ap(P*, Z)) of i? 2 (d-di(P))(Pi c xA mi x D m2 ). Let 7r* denote the push- 
forward for Pic xl 1 ™ 1 x Z)™ 2 to a point pt. Then, we obtain the following: 

mi m2 

deg(P(f?,) n [Z]) :=tt*(c- JJai- Jj6 J -ncycl(Ap(f?„Z))) e #2(d-d(p))(pt) 

»=i j=i 

It is trivial in the case d ^ d(P). We identify i?o(pt) — Q- Thus, we obtain the linear map deg(P(P») n •) : 

My)—*®- 

Let A* (y) denote the operational Chow ring of y. Let Z be an algebraic cycle of y. Let F be an element 
of A*(y). Then, we obtain the number J z P(E*) ■ F := deg(P(P„) n P([-Z])) • 

Notation 7.3 Let y and E* be as above. We put lZ(E*,y) := 1Z(E*) <g) A*(y). We can naturally regard 
n{E*,y) as an (n(E*), A* (y)) -bimodule. I 

We have the linear morphism 1Z(E*,y) (g> A*(y) — ► Hom(A^,Q) by the above construction. 

Remark 7.4 Formally, deg(P(P») (~l [Z]) is the following number: 

~ mi m 2 

/ c-nK (1) (£)" (2) K) • n(ct Uj (i)(Gr„ j( 3)(£))" i( >i) (193) 
Jz i=l j=i 

The author does now know an appropriate reference for the cohomology and homology theories of Deligne- 
Mumford stacks with the good cycle maps from the Chow groups, G m -localization theory and any other expected 
properties. That is the reason to avoid (193) as the definition. However, it is easy to observe that the formal 
argument using (193) is valid. I 

We are especially interested in the following examples. 

Example 7.5 Let y be an element of Type, and let a» be a system of weights. We have the universal sheaf 
E over M ss (y,a*) x X with the parabolic structure at M ss {y, a*) x D. Let P be an element of 1Z. By the 
identification TZ(E^) = 1Z, we have $ = P(E U ) e 1Z(E*). Assume that the 1-stability condition holds for (y, a*). 
We put as follows: 

/ $:=dcg($n[M ss (y, a ,)]) 

In other words, we obtain the linear map J^,^^ , : 1Z — ► Q, under the assumption that the 1-stability 
condition holds for (y, a*). We will later discuss how to obtain such a morphism in general. I 

Example 7.6 Let y and a* be as above. Let L be a line bundle on X , and let 5 be an element ofV hr such that 
the 1-stability condition holds for (y, L,a*,5). We denote byw the first Chern class of the tautological line bundle 
O re i(l) on M s {y, [L],a*,6). For any P ell, we have the element $ = P(E U ) ■ uj k e Tl{E u ,M s {y, [L], a*, 5)) . 
Thus, we obtain the following number: 



L 



M>(v,[L],a.,5) 



$ :=dcg($n [M s (y,[L],a„S) 



If the 1-vanishing condition holds for (y, L,a*,S), moreover, then we have the relative tangent bundle T [c \ of 
the smooth map M s (y, [L],a*,6) — > M{y, [L]). Let Eu(T re i) denote the Euler class of T rc \. For any P E 1Z, 
we have $ = P(E U ) ■ Eu(T rol ) G A*(M s (y, [L], a*, 5)). Thus, we obtain the integral J M ,^ [ £ ] a s) ®- ' 
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Let us consider the case where we are given a tuple of parabolic sheaves E* = (E\ *,..., -E 1 ;*) on y x (X, D). 
Let us take an element P G TZi(E^) of the following form: 

mi / ; \ m 2 / i \ 

f-nn inn cO^^)/*' 
i=i \h=i * / j=i \/i=i / 

We assume that c G if* (Pic), a» G H*(X) and 6j G H*(D) are homogeneous for simplicity. Let Z be a d- 
dimensional algebraic cycle on y. Then, we obtain the following element of the Chow group ^4*(Pic xX mi x 
D" 12 ) of Pic xX mi x D" 12 with rational coefficient: 

A P (E*,Z) := 

(l nil {h) "i 2 „. \ 

Ildl^Wd)^*)"* (2) -II c V)(i)fe Gr ^'(3)(^))^ (8) ) n x ^ x D™-] (194) 
h=l i=l * j=l J 3 j 

Thus we obtain the linear map A P (E*,-) : A d (y) — > A d _ dl{P) (Pic xX mi x D" 12 ). The cycle A P (E*,Z) 
determines the homology class cycl(A P (E*, Z)) of H 2 (d-d 1 {p)) (Pic xl™ 1 x D™ 2 ). Let 7r* denote the push- 
forward for Pic xX mi x D 1712 to a point pt. Then, we obtain the following: 

mi 7712 

deg(P(.E*)n [Z]) :=^(c-l[a l -l[b J ncyc\(A P (E„Z))^ G H 2{d _ d(P)) (pt) 

i=i j=i 

We identify if (pt) = Q- Thus, we obtain the linear map deg(P(.E*) n •) : A*(y) — > Q. 

Notation 7.7 ITe puf 1l(E*,y) := TZ(E„) ® A*(y). We obtain the linear map K(E*,y) <g> A*(y) — > Q by 
the above construction. I 

We have the following commutative diagram, which we will use implicitly. 

i 

K(E~^~E;,y) > Hom(A(y),Q) 

t| = 

n(E*,y) > Uom(A4y),q) 



Assume that we have the decomposition y = Yl i=1 3^ such that Ei * are pull back of the parabolic sheaves 
over x (X, D) via the natural projection, where 3^ are the stacks over Pic and the map y — > Pic is the 
composite of Y[ y% — * Pic' an d the multiplication of Pic. We have the naturally defined morphism: 

Ti : — »HomQ ((g) A,(y t ), Q j 

i=l \i=l ) 

We also have the following morphism: 

r 2 : 1Z(E*) ® (g) A*(yi) — ► HomQ ((g) A(^), Q) 

i=l \i=l / 

The algebra homomorphism q ; in (188) induces 1Z(E*) ® ®- =1 A*(3^) — ► ®'=i TZ(Ei*, 3^), which is also 
denoted by q;. We will use the following lemma without mention, which can be checked by a formal calculation. 

Lemma 7.8 We have Ti o q ; = r 2 . I 
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y"i > \ 



7.1.6 Equivariant case 

We continue to use the setting in the subsubsection 7.1.5. We recall the equivariant Chow groups for the torus 
action. See [9] and [24] for more detail. Let T denote an /-dimensional torus G l m . Let R(T) = Q[ii, . ..,£;] 
denote the representation ring of T. Let us consider the case where y is provided with a T-action. Let A m+1 
denote the m + l-dimensional linear space, on which G m acts by component-wise multiplication. We have the 
naturally defined T-action on (A m+1 — {0}) x y. The quotient stack is denoted by y( m \ The T-equivariant 
Chow group of Aj(y) is defined to be Ad+i m (y < - m) ) for sufficiently large m in this case. We take a linear 
inclusion i : A m+1 — ► A m+2 , which induces the regular embedding y( m "> — ► y( m + x ) . Thus we obtain the 
morphism A d+ i( m +i) (y( ,n+1 '>) — ► Ad+i m (y^) , which is independent of the choice of i. It is isomorphism 
when m is sufficiently large. Thus A d (y) is well defined. 

We have the naturally defined morphism 3^ m ) — > (P m )'. Let 0^(1) denote the tautological line bundle 
of i-th P m . We have the action of the first Chcrn class ci(C>W(l)) : A d+;m (^ (m) ) — > A d _ 1+ i m (y^), which 
induces the action ti : A d (y) — ► A d _i(y). Thus, we can naturally regard A^(y) as the i?(T)-module. 

Assume that E* is provided with a T-action. Let P be an element of 1Z(E*). We naturally obtain the 
parabolic sheaf E^ on y( m \ Let Z be an element of Aj(y), and let jj( m ) be the corresponding element of 
A d+ i m {y {m) ). We obtain the following clement of A^_ di(p)+lm ((P m )' x Pic xl™ 1 x D r> 

(mi m 2 
»=i j=i 

Then, it is easy to observe that Ap(£'» m \ ij( m )) determines the element A"p(E t ,Z) of ylj_ d ^ p j (Pic x A™ 1 x 
TJ m2 ). Thus, we obtain the i?(T)-morphism A£ (£*,•) : A?(y) — ► A^_ di(p) (Pic xX mi x D m ' 2 ). Then, we 
obtain the equivariant homology class cycl(Ap(£ 1 *, •)) e H^,_ d (Pic xA mi x D m2 ). Since the T-action on 
Pic xA mi x I?™ 12 are trivial, c, a, and 6j naturally give the equivariant cohomology class. Let denote the 
equivariant Gysin map for Pic xA mi x D m2 — > pt. Then, we obtain the following: 

mi m2 

deg T (P(E*)n[Z}) :=7r,(c-[]^-n 6 J nc y cl ( A ?(^ Z ))) e #2(d-d(p))(pt) 

i=i j=i 

Since if J(pt) is the free i?(T)-module of rank one with the special base 1 S Hq (pt), we identify it with R(T). 
The above procedure is compatible with the actions of tj. Hence we obtain the morphism deg T (f(T >t ) fl •) : 
Al{y) — ► R{T) of i?(T)-modules. 

Notation 7.9 Let A^{y) denote the T-equivariant operational Chow group of y. We put TZT{E*,y) := 
K(E*)® Q A* T (y). I 

Due to the above construction, we have the morphism lZT(E*,y) — ► Hom fl ( T ) (A^(y), R(T)) . 

We arc especially interested in the following example: 

Example 7.10 Let M be the master space as in the subsubsections 4.5.1, 4.7.1 or 4.7.2. We have the sheaf 
E M on M x A with the parabolic structure &t M x D. We have the G m -action p on M, which is naturally lifted 
to the action on E M . Let <fr(E^f) be an element of 1Zt(E, M). As explained in the subsection 5.9, the perfect 
obstruction theory of M is lifted to the G m -equivariant obstruction theory. Thus, we obtain [M] e Af m (M). 
Then, we obtain the following number: 



' M 

We have the isomorphism: 



/ := dcg G ™ U{E?) n [M]) 



1 (M ) ® Q[t] Q[t, t- 1 } -04, (Mi) ® Q Q[t, t- 1 ] ffi0A, (M Gm (3)) <g> Q Q[t, t" 1 ] 
1=1,2 a 
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Under the isomorphism, we obtain the decomposition in Af m (M) <8>Q[t] Q[t,t 1 ] due to [24]: 

[M] = Eu(DT(M 4 )) _1 n [Mi] +^Eu(^(M G ™p))) _1 n [M Gm {3)\ 
i=l,2 a 

Then, we obtain the following equality in A*(Pic xl mi x D m2 )[t, t' 1 ]. 
The equality holds in A* (Pic xl™ 1 x D m2 )[i]. Then, we obtain the following equality in 



m ,^ 2 iS, Eu(!K(M,)) Y^-P) Eu(«K(M Gf ™(J))) 



7.1.7 The ring 7e CH 
We put as follows: 

^ CH := Sym(Ma P/ (Z| ,A*(X))) ® Sym(Ma P/ (Z| , <g> A*(Pic) 

An element of IZch is described as in the case of 1Z. When a parabolic sheaf E* is given, we put Hch{E*) : = T^- 
Similarly, TS^ch are defined for each I > 1. When a tuple of parabolic sheaves = (E\ -E 1 ;, *) is 

given, we put 1Zch(E*) := TZ^qh- We use a convention (189) to denote elements of 1Zch{E*). The maps 
A*(X) — > H 2 *(X) and A*(D) — > H 2 *(D) induce the algebra homomorphisms % : n C B.{E*) — > K{E*). 

Let Z be an element of A*{y). For nL=i cn «(h)(ij(^''i)/ a ' we P ut as follows: 
i i 

^(n ch ^i(i)(^)/ a ) n : =p^*(n ^w(d(^)" W(2) -pyw n >< *o 

For nLi ch i)(i)( Gr «<' l )(3)(^))/ 5 ' we P ut as fo ll° ws: 



(^))/6)n[Z] := to *(n 

ch u (h) (1 )(Gr u (fc)(3) {E h )) u {2) -p* y (b)n[ZxD}) 

h=l h=l 



They induce the algebra homomorphism £3 : 7^ch(-E*) — ► The following lemma can be checked by a 

formal calculation. We will use it without mention. 

Lemma 7.11 Let Q be an element of IZcti {E* ) . Let P be an element of 1Z(E*, y). Let Z be an element of 
A* (y) . Then, we have the following equality: 

deg(T(Q) • P n \Z}) = dcg(P n Q(Z)) 



7.1.8 The equivariant Euler class 

For an algebra R, let i?[[t -1 ,i] denote the algebra of series a j ' & such that the set {j > 0\aj ^ 0} is finite. 
We put SH(t) := Q[[i -1 ,i]. Inductively, we put as follows: 



5R(ti,t 2 ,...,tfc) :=m(t 2 ,...,t k )[[t^\t 1 ] 
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Let .Ej* (i = 1,2) be parabolic sheaves over ^ x (X,D). Assume that we are given G m -actions on Ei*. 
Then, we obtain the following complexes of G m -equivariant sheaves on y-. 

Ti:=Rpx*(nnom(E 1 ,E 2 )y T 2 := Rp D *(llHom 2 (E MD £ 2 p*)) (195) 

(See the subsubsection 2.1.5 for the notation lZHom 2 .) We have the G m -equivariant Euler class Eu(J r a ) G 

A hjy) ®Q[t] QM" 1 ] of ^"a (a = 1,2). They are formally Ei< d ^(a)-^) ■ (w ■ *)* G i4*Q>) <8> £«(t), where 
d(a) denotes the expected rank of JT a . Due to the Grothendieck-Riemann-Roch theorem, we have the element 
Eu'(jT a ) g Hcn(E 1 *,E2*) ® Ot(i) such that Q(Eu'(f a )) = Eu(J a ). For abbreviation, we use the notation 
Eu(jT a ) to denote Eu'(J a ) and the image of Eu'(J a ) via the composite of the morphisms: 

ftCH(£l.,32.)®9t(t) — ^— » ^(Si,,^,)®^*) — ^ ft(£i*)(g>ft(.E 2 *)<g>at(t) ( 196 ) 

Let T denote the fc-dimcnsional torus. If E ist are provided with T-actions, then we have the T-action on 
T a - Therefore, we obtain the T-equivariant Euler classes Eu(f a ). Due to the Grothendieck-Riemann-Roch 
theorem, we have the element Eu'(.F ) of 1Z C n{Ei *, #2*) <S> 9t(*i, • • • , t k ) such that 0(Eu(J" a )') = Eu(.F a ). 
For abbreviation, we use the notation Eu(^ r a ) to denote Eu(J r a )' and the image of it via the composite of the 
morphisms in (196). 

7.2 Transition Formulas in the Simple Cases 
7.2.1 Basic case 

Let y be an element of Type, and let a* be a system of weights. Let L be a line bundle on X. Let S denote an 
element of V hr . Let P be an element of 1Z, and let k be a non-negative integer. Let uj denote the first Chcrn 
class of O re i(l) onM s (y, [L],a*,6). We obtain the element $ := P{E u )-u k of 1l(E u , M s {y , [L],a*,6)). In the 
case where S is not critical, we obtain the following number by the procedure explained in the subsubsection 
7.1.5: 

$(y, [L],a*,6) := f $ 

JM(y,[L],a,,6) 

Let 8 be a critical parameter. We take parameters 6- < S < S + such that 6 K (k = ±) are sufficiently close 
to S. We would like to describe <&(y, [L], a*, 5 + ) — $(y, [L], a*, <5_) as the sum of the integrals over the products 
of the moduli stacks of the objects with lower ranks. Such a description is called the transition formula. 

For that purpose, we prepare some notation. Let S(y, a*, 5) denote the set of the decomposition types: 

S(y,a.,S) := {3 = ( yi ,y 2 ) G Type 2 \ Vl + y 2 = y, P^ 5 = P«; = P^ s ) 

For a given (y l ,y 2 ) G S(y, a*, S), we put rj = ranky^. We also put as follows: 

M(y 1 ,y 2 ,L,a*,5) := M ss (y l5 L, a*, S) x M ss (y 2 , a*). 

We remark that the 2-stability condition for (y, L, a*, <5) implies the 1-stability conditions for (y 1 , L, a*, <5) and 
(y 2 ,a»). Let denote the sheaf on M(y 1 ,y 2 , L, a*, <5) x X which is the pull back of the universal sheaf 
over Ai s (y 1 , L, a*, S) x X via the natural morphism. We use the notation E 2 in a similar meaning. We put 
oji := ci(Or(^))/rankri, and e w ^ denotes Or(E?) w / ri formally. 

Let G m be the one dimensional torus. Let e w ' i denote the trivial bundle on A4(y 1 ,y 2 , L, a*, 5) with G m - 
action of weight w. We have the following element of the if -group of the G m -equivariant coherent sheaves on 
M(y 1 ,y 2 ,L,a r ,5): 

%(yi,y 2 ) = -Rpx,{nUo m {E\-e-\ E^e r ^ t ~^ r2 )') -Rp x .(KHom(E$-e ri ( t - Ul '>' r *, ^"-e"*)) 
- R PD , (nUom' 2 {E^ D , -e-\ % |D , .e^-OA*)) _ ^ , (ft?W 2 (l^.-e^'-" 1 )^ .E^.-e"*)) 

+ R Px *(Hom(L-e~ t , E^-e^-^'^)) (197) 
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(See the subsubsection 2.1.5 for the notation lZHom' 2 .) We have the equivariant Euler class Eu(^flo(y 1 , V2)) *= 
1Z(Ei , M s (y 1 , L,a*,5)) 1Z(E2) t]. (See the subsubsection 7.1.8 for our convention on the equivariant 
Euler class.) 

By the homomorphisms in the subsubsection 7.1.3 and the twist in the subsubsection 7.1.4, we have the 
element P(E? ■ e"* E% • e ri(t-u>i)/r 2 ) of K(E?, M s {y 1 , L, a*, 5)) n(E%)[t]. Thus, we obtain the following 
element of TZ(E^, M s (y l7 L, a*, 5)) ft^)^" 1 , t]: 

P(E? ■ e'* © % • e ri (*^ 1 '/ r2 ) • t fc 



Eu(«no(vi,y 2 )) 

By taking the residue with respect to t, we obtain the following element of IZ^E™, A4 s (y 1 , L, a*, <5)) ^{E^): 

( P(E^ ■ e-t ®E% ■ e^-^/^) -t k \ , 
* Vl ,y 2 = Res —2 ' (198) 

t=o y Eu(«n (yi,y 2 )) / 

Theorem 7.12 Assume that the 2-stability condition holds for (y, L, a*, 5). T/ien, we /iaue f/ie following equal- 
ity: 

$(y,[L},a*,6 + )-$(y,[L],a*,6-)= ]T / *(l/i,I/ 2 ) (199) 

(Wi,W a )€S(¥,a.,«)- / ' M (''i>»2> I " a »'*) 

77ie elements *(y l7 y 2 ) e 1Z(E™ 7 M s (y l7 L, a*, <S)) ®K{E%) are given as in (198). 

77ie contribution of (y 1 ,y 2 ) £ S*(y, a*, <5) vanishes in the case p g > and rank(y x ) ^ 1, 

Proof Let M denote the master space connecting M s (y, [L], a*, S + ) and M s (y, [L], a*, £_) as in the subsub- 
section 4.7.1. Let (ys : M — > A4(m,y, [L]) be the naturally defined morphism. Let T(l) denote the trivial line 
bundle on M(m, y, [L]) with the G m -action of weight 1. We have the natural G m -action on E M and tp*0 Te \(l). 
We consider the following elements of TZc m (E M , M) : 

$ t := P(E™) ■ Cl (^a cl (l)) fe , $* := *t • ci(p*T(l)). 

We use Proposition 5.58, then we obtain the polynomial Jjj $i of t, as explained in Example 7.10. When we 
forget the G m -action, we have Ci(<^*T(l)) = 0. Hence we have f~g $ t \t=o = 0- On the other hand, we have the 
following equality in Q[t -1 , t], due to the localization of the virtual fundamental classes ([24]): 



J A 



M i=l,2 



m, Eu(9T(M,)) 36S ^,. i5) ^°«.p) Eu(9l(MGm(3))) 



Here, 9t(Mj) and 9 r t(M Gm (J)) denote the virtual normal bundles with the G m -action given in Proposition 5.58. 
We have c\ (<^*T(1)) ^ = t and ci (<£*T(1)) ^ [Gm ^ = t. Therefore, we obtain the following equality in Q[t, t~ x ] 



V ( Res 



* I " ' EL ..3g L,JL,^ =o- » 



Eu(«n(Mj)) J *fJM° m p) *=o \Eu(9t(M G ™p))) 



Let us see the contributions from the components M t . We have t*E M = E u and t,*ip* re i(l) = O ro i(l) with 
the trivial G m -action. Due to Proposition 5.58, we have the following equality: 



eu(w))- 1 = (-ir • (t = (-iy . 1 . £ (^y 

Therefore, we obtain the following: 

<±M ^* t= ° V Eu(9l(Mi)) / ^2 ^. 



(201) 
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Let us calculate the contribution from the component M Gm (3). We remark that <fi*O le \(l)^, and ip*T(l)^„ 

are naturally isomorphic as G m -equivariant line bundles. We use the relation of Ef 1 , E" and Elf: in Proposition 
4.50. Then, we obtain the following equality in n(G'*E%,G'*E%,S)[t\: 

F*<P t = G'*P(E^ • e~* E% ■ e^-^l/^) ■ t k 

We also have the following equality in n(G'*E?) <g> Tl(G'*E 2 ) 

F* Eu(9T(M G ™ (3))) = G'* Eu(%( yi , y 2 )) 

We have the equality of the virtual fundamental classes in Proposition 6.11. Thus, we obtain the following 
equality: 

Res — -Y = / Res — K — '- (202) 



MOm(3) *=0 \^Eu(aio(yi,y 2 )) / JM(v 1 ,v 2 ,L,a.,S) t=0 \ Eu(0T o (yi , y 2 )) 

The desired equality (199) follows from (200), (201) and (202). 

The second claim of the theorem immediately follows from Proposition 6.24 and the first claim. 1 

Corollary 7.13 Assume p g > 0. Assume that the 2-stability condition holds for (y,L,a*,5), and that the 
2-vanishing condition holds for (y, L, a r ,5). Then we have $(y, [L],a*,6 + ) = $(y, [L], a*, <5_). 

Proof It immediately follows from Theorem 7.12 and Proposition 6.3. i 
7.2.2 The case of the Euler class of the relative tangent bundle 

Assume that the 1-vanishing condition holds for (y, L, a*, 5). Let T IC \ denote the relative tangent bundle of the 
smooth morphism M s (y, [L],a*,6) — > M.{y). We put as follows: 

N L (y) := f Td(X).ych(i). 
J x 

We will be interested in the integral of the following element of TZ[E U , M s (y, [L],a*,5)) : 

We take parameters 5- < S < 5 + such that 5 K (k = ±) arc sufficiently close to S. The transition formula for 
<f>(y, [Zi],a*,£) is rather simple, if the 1-vanishing condition and the 2-stability condition hold for (y,L, a*, 5). 
Strictly speaking, we do not need it, because we prove a more general formula later. However, we give it as an 
explanation of the argument. In the case p g > 0, the problem is easy. 

Proposition 7.14 Assume p g > 0. Assume that the 1-vanishing condition and the 2-stability condition hold 
for (y, L, a*, 5). Then, we have the equality <I>(y, [L], a, <5_) = $(y, [L], a, 5 + ). 

Proof By the same argument as the proof of Theorem 7.12, we can express <l>(y, [L], a, S + ) — &(y, [L], a, 6-) 
as the sum of the integrals over the fixed point set M Gm (3). Under the assumption of the proposition, we have 
[M G ™(3)] = due to Proposition 6.11, Proposition 6.24 and Proposition 6.25. Thus we are done. I 

Let us discuss the case p g = 0. For a decomposition type (yi,y 2 ) €E S(y, L, a*), we put as follows: 

M(y 1 ,y 2 ,[Lla Sf ,S) := M s (y 1 , [L],a*,6) x M s (y 2 ,a*). 

Let e w ' s denote the trivial line bundle on M(y 1 ,y 2 ,[L],a*,6) with the G m -action of weight w. We have 
the following element of the if-group K Gm (M(y l7 y 2 , [L], a*, 5)) of the G m -equivariant coherent sheaves on 
M{y 11 y 2l [L],a*,<5) (see the subsubsection 5.9.1 for the notation): 

m{E?, e%) ■ e s/ri+s/r2 + m{E^, e%) ■ e - s/ri - s/r2 + m D (E^,E^) ■ e s/ri+s/r2 + m D (E^,E^) ■ e - s/ri - s/r2 

(203) 

Let Q(Ei ■ e- s l r \E 2 ■ e s ^ r2 ) G Tl{E{) <8> ^( J B 2 )[[s _1 , s] denote the equivariant Euler class of (203). 
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Theorem 7.15 Assume that the 2-stability condition and the 1-vanishing condition hold for {y,L,a*,5). In 
the case p g — 0, we have the following equality: 

$(y,[L],a*,<5 + )-$(y,[L],a*,<5_) = £ f *(Vi,V 2 ) (204) 

(y 1 ,y 2 )eS(y, a ,,8) jM ^y^°'*' 5 ) 

The elements ^>(y 1 ,y 2 ) <E TZ(E^,M s {y ly [L],a*,6)) ®1Z(E%) are given as follows: 

MV v)- NL{m) v J P ^-e-^®Ej-e^) \ Eu^) 

*(yi,» a ) - Ndy) y e _ s/rij ^ £S/r2) ) Ndyi) (205) 

Here T\ re i denote the vector bundle on M(y 1 ,y 2 , [L],a*,6) induced by the relative tangent bundle of the smooth 
morphism M s (y 1 , [L],a*,5) — ► ■M(y 1 ). 

Proof By using the same argument as the proof of Theorem 7.12, we can reduce the problem to the calculation 
of the contributions from M Gm (3) for J = (y 1 ,y 2 ) £ S(y, a*, 5). We use the notation in the subsubsection 
4.7.1. Let (p-j denote the inclusion M Gm (2) — > M. We remark the relation of the virtual fundamental classes in 
the casepg = given in Proposition 6.24. Thus, we put [S] := F*([M Gm (3)]) = G*[M(y 1 ,y 2 , [L],a*,5)]. Let 
I w denote the trivial line bundle with the action of G m of weight w. On <S, we have the following decomposition 
of the equivariant vector bundles: 

F*<p* 3 T iel = G*Ti rel © G* PX *Hom(L, %)®e>i, re i(-ri/r 2 ) ® h +ri /r 2 
Therefore, we have the following equality in Aq (S) : 

F*<p* Eu(T rcl ) = G* Eu(Ti re i) • G* Eu(p x *Hom(L, %) • ^W^t-r^/r^ 

The second term in the right hand side also appears in Eu( < Jlo(y 1 , y 2 )) 1 and hence they are cancelled out in the 
evaluation of [S]. Then, we obtain the following equality in Q[t _1 ,t]: 



p* ( <P*i(P(E M ) -Eu(T rcl )) \ = r / P(EZ ■ e-'+"i 8 % • e^^) ■ Eu^ rcl ) \ 
\ Eu(W.(M G ™(3))) J Js V Q(^. e -*+ w i,%-e r i(*- w 0A2) J 



Here, Q(E? ■ e~ t+UJl , E% ■ e^*-^)/^) is the Eu i er c i ass of the following element of K G ™ (M(y 1 ,y 2 , [L],a*,6)) , 
for A = 1 + n /r2 ■ 



A(t-ui) 



We remark that the integrand of the right hand side of (206) is of the form J^j A? ■ (t — Wi)- 7 , where Aj e 
1Z[Ei, M(y 1 , [L],a*,6)) ® TZ(E 2 ). By a direct calculation, we can check the following: 

i (i = -i) 



Hence, we have Res t= o(£ — t^i)- 7 = Rcs t=0 i"' f° r an y j- In particular, we have the following equality: 

* e s (£ a o ■ (* - = R e s (E ^ • *0 

Thus, we obtain the following equality: 

'P(E? • e -*+ Wl © % • e^Ct-^i)/^) . e u (Ti re i)\ 



Res G* 



t 



= /Rfi8G .f^-^^-r /ra )- Eu(rirol)> l (207) 
\ Q{E\-e-\El-e r ^l^) J 



t 
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Therefore, we obtain the following: 
f Res ( ?@ S )JW**)) =ri .[ Rcs ( ^•e^^.e^).Eu(M\ „ 

By putting r\t = s, we obtain the desired formula (205). I 
7.2.3 The L case 

Let L = (Li, L 2 ) be a pair of line bundles on X. We assume that the 1-vanishing condition holds for (y, Li, a*), 
and that the 2- vanishing condition holds for (y, L 2 , a*), in the sense of the subsubsection 6.4.1. We discuss the 
transition formula under the situation of the subsubsection 4.7.2. 

Let 8 = (61,62) be an element of V hr 2 . Assume that both of 6i are sufficiently small as in the subsubsection 
4.7.2. Recall that the 1-stability condition does not hold for (y, L, a*, 6), if and only if the following conditions 
hold: 

• 6\/r\ = 8 2 i V 2 holds for some pair of positive integers (n, r 2 ) such that n + r 2 

• There exists a decomposition y 1 + y 2 = y such that ranky^ = and P°* = Py*- 

Assume that the 1-stability condition does not hold for (y, L, a*, S). We take elements 6-, 6 + G V hr such that 
6- < 61 < 6 + and that \6 K —6i\ (k = ±) arc sufficiently small. We put S K = (8 K ,8 2 ) for k = ±. Let denote 
the relative tangent bundle of the smooth morphism A4 s (y, [L],a*,8 K ) — ► M(y, [L 2 ]). Let C^](l) denote the 
pull back of the tautological line bundle on M(y, [Li]) via the morphism Ai ss (y, [L], a*, 6) — ► -M(y, [Li]). We 
put := ci(0^|(l)). We consider the following element of 1Z(E, M s (y, [L],a*,8 K )): 

Eu^) p( £ u) (2 )fc 



We put as follows, for k = ±: 



$(y, [L],Q!*,(5 K ) := / $ 



/X 5 (S,[i],a,,5 re ) 

We would like to discuss the transition formula between <I>(y, [L],a*,8+) and <f>(y, [L], a*, 8-). 

Proposition 7.16 In the case p g > 0, we have the equality: 

$(y, [L],a*,8+) = $(y, [£],a»,5_) 

Proof Let ^3 : M — > Ai(m, y, [L]) denote the naturally defined morphism. Let T(l) denote the trivial 
line bundle on M(m,y, [L]) with the G m -action of weight 1. We put 2, := <p*Gfy(—l). Let us consider the 
G m -equivariant cohomology class: 

$ t := P{<p*E?) • EU ^*^' ) • c 1 (J 2 - 1 ) fe , $ t := $ t • ci(^T(l)) 

By applying the argument as in the proof of Theorem 7.12 to Jjj $t, we can obtain the description to express 
$(y, [L],a*,8 + ) — <I>(y, [L],a*,<$_) as the sum of the integrals over the fixed point sets M Gm (3). Under the 
assumption of the proposition, we have [M Gm (3)] = 0, due to Proposition 6.12, Proposition 6.24 and Proposition 
6.25. Thus we are done. I 

To discuss the case p g = 0, we prepare some notation. We put as follows: 

S(y,a*,8) := {( Vl ,y 2 ) E Type 2 \ P£ = P£ , fc/n = 6 2 /r 2 } 
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For any (y l7 y 2 ) £ S(y,a,,5), we put as follows: 

M{y l ,y 2 , [£],«*, 5) := M s (y 1 , [Li], a*, Ji) x Al s (y 2 , [L 2 ], a*, <5 2 ) 

Let e 10 ' 5 denote the trivial line bundle on M(y 1 ,y 2 , [L],a*,6) with the G m -action of weight iw. We have 
the following element of the if-group K Gm (M(y 1 ,y 2 , [L],a*,5)) of the G m -equivariant coherent sheaves on 
M(y 1 ,y 2 , [i],a*,5): 

• e s/ri+s/r2 + m{E%,E?) ■ e- s ' ri - s ' r * +m D (E^,E^) ■ e s ' ri+s / r2 + yi D (E%„ E^) ■ e - s / ri ~ s / r2 

The equivariant Euler class is denoted by Q{Ef ■ e s l r \E% ■ e s / r2 ) G K{Ei) <g> 7J(^ 2 )[[s _1 , s]. Let 2 , ro i(l) 
denote the tautological line bundle on A4(y 2 , [L 2 ]). The pull back is also denoted by the same notation. We 
put uj 2 := ci((9 2jr ei(l)), and we use the notation e w ' ul2 to denote 2iTe \(w) formally. We also have the following 
element of K Gm (M(y 1 ,y 2 , [L], a*, 5)): 

Rpx*Hom(L 2 ,E?) • e -s/n-s/r2+u, 2 
The equivariant Euler class is denoted by R(L 2 -e-^+ s / r2 , %- e - s / ri ) G Tl{E 1 )®A*(M s {y 2: [L 2 ],a*,5)) [[s"\ s]. 
Proposition 7.17 The following equality holds in the case p g = 0: 

$(y,[L],a.,6 + )-Q(y,[L],a.,8-) = / ^(Wi.Ifo) 

(»i,» 2 )6%'»..«) j ' M(Sl& ' IL1,a, ' !) 

The elements ^/(y 1: y 2 ) G 1Z(Ei,A4 s (y l , [L\\, a*, 5i)) <S> lZ(E 2 ,M s (y 2 , [L 2 ], a*, 5 2 )) are given as follows: 

. = NlM . Reg / P(^r-^ /ri ® %-e s/r2 ) • {lj 2 - s/r 2 ) k \ Eu(T 1|ro i) 

JV Ll (y) ' «=o ^Q(^».e- s /ri,%. eS /r 2 ) ■ R(L 2 - e -^+ s / r ^Ef-e- s /^) J ' N Ll ( Vl ) 

/fere, Ti jre ] denotes the bundle on M(y 1 ,y 2 ,{L], a*, 8) induced by the relative tangent bundle of the smooth 
morphism M s (y 1 , [Li], a*, 6) — ► M(m, y{). 

Proof The argument is essentially same as the proof of Theorem 7.15. Applying the same argument as 
the proof of Theorem 7.12 to $ t in the proof of Proposition 7.16, we obtain the following expression of 
$(y, [£],«*, 5+) - ®(y, [Z],a*,<5_): 



$(y,[L],a*,6+)-&(y,[L],a*,6-)= V / Res 



We have the G m -equivariant isomorphism F*^!^ 1 ~ G* (0 2jre i(l)) (g) 0i, re i(?iA"2) <8> e ~ ri '*/ r2 . There- 
fore, we have the equality F*ci (Zg -1 ) = G*(w 2 + n • {ui\ — t)/r 2 ). Hence we have the following equality in 
Tl(G*E u G*E 2 ,S)[t}: 

FV5(* t ) = ^-^y • G*P(E? • e" 1 "' © % • e-nO"!-*)/^) . G *(^ 2 + ri ( Wl _ t)/ r2 ) fc 

x G* Eu(T lirel ) • G*i?(Li • e - *, E% ■ e^i^i-*)/^) ( 21Q ) 
Here, • e - *, _E 2 • e _ri ( Wl- *)/ r2 ) denotes the equivariant Euler class of the following G m -vector bundle: 

p x *Hom{L u E%) • e -»-i«i/r2+(i+r2/ri)t 

We also have the following equality in ll(G*E?, G*E^, S)[[i _1 , i]: 

F*(Eu(«H(M Gm (a)))) = G*g(S 1 " • e" 1 "*, % • e^iO^i-*)/^) 

x G*i?(Li ® e _t , % • e - ri ^ 1 ~ t '/ r2 ) • G*R(L 2 ® e -" 2 - r i( w i-*)/ r2 , £™ . e-n^i-^/raj ^11) 
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We put t — uj\=t. Therefore, we obtain the following: 



J A 



Res 



s 



n f Res ( P^-e-'ffl^.e^.^-nt/r,)* \ (1) 



By an argument in the proof of Theorem 7.15, we can replace t with t in (212). We put s = n ■ t, and then we 
can show that the right hand side of (212) is same as the integral of 1 $>(y 1 ,y 2 ) over M{y 1 ,y 2 , [L], a*, S). i 

Let us consider the integral of the following element of 1Z(E, M s (y, [L],a*,5)) , assuming that the 1-vanishing 
condition holds for (y, L 2 ,a*): 

$= Eu^ Eu(^ ~ 

Lemma 7.18 Assume that the 1-vanishing condition holds for (y, L 2 ,a#). Let $ be as in (213). Then, the 
element y 2 ) e ft^", X s (y 1; [Li], a„ <5i)) ® K(E%,M s (y 2 , [L 2 ],a*,5 2 )) is given as follows: 

N Ll ( yi ) ■ N L2 (y 2 ) _ / f(£ 1 ". e ^ r 'ffi£ 2 "- e ^) \ _ Eu(T 1|ro i) _ Eu(T 2 , rcl ) 
N L (yi) ■ N L (y 2 ) s =o ^ Q^.e-Vn^u.eV^) J ^(yi) iV i2 (y 2 ) 

i/ere X^rei denote vector bundle on Ai(y 1 ,y 2l [L],a*,5) obtained from the relative tangent bundle of the smooth 
morphism M s (y 2 , [L 2 ], a*, 62) — ► M(y 2 ). 

Proof We put t = t — uj\. Then, we formally have the following decomposition: 

F*(p* Eu(T^) = G* Eu(T 2irc i) • G*R(L 2 ■ e -^+ r ^/ r2 ,E^ ■ e~*) 

We also have G*R(L 2 ■ e -^+n-t/r2^ . e -t) in thc decomposition (211) of F* (Eu(01(M G ™ (3)))) , which are 
cancelled out in the evaluation of S. Then, the claim can be easily obtained. I 



7.3 Invariants 
7.3.1 Construction 

Let y be an element of Type, and let a* be a system of weights. Let P be an element of 1Z. When the 1-stability 
condition holds for (y,a„), we obtain the number j M s^ a n P(E u ). We would like to obtain such a number 
even in the case where the 1-stability condition does not hold. 

We take a line bundle L on X such that the 1-vanishing condition holds for (y,L, a*) in the sense of the 
subsubsection 6.4.1. Let 5 be a sufficiently small element of V hl such that there are no critical value smaller 
than S. Then the 1-stability condition holds for (y,L,a*,8). Let T le \ denote the relative tangent bundle of 
M s (y, [L], a*, 5) — ► -M(y). Then, we obtain the following number: 

*(£):=/ P(E^).^4 

J M°{y,[L\,a,,8) N l{V) 

Proposition 7.19 

• In the case p g > 0, the number $(£) is independent of the choice of L. 

• In general, let L' and L be line bundles on X . We assume that L^ 1 is ample. Then there exists the limit 
linim^oo $(i' (g> L m ), and it is independent of the choice of L' and L. 

• Assume that the equality Pe 1 = Pe 2 holds for any £1 * ffi£ 2 , € M ss (y, a*). Then, $(C(— mj) is 
independent of the choice of any sufficiently large m. 
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Proof Let L\, L\ and L 2 be line bundles on X . Assume that L 1 1 is ample, and that the 1-vanishing condition 
holds for (y,L 2 ,a*). We put i^ m) := L[ ®Lf. If we take a sufficiently large integer to, the 1-vanishing 
condition holds for (y, L^, a*). We put Z/ m ) := (L^,^). We consider the following number: 

n( r{m) j , [ p( p u , gu^Eugg) 

g{L 1 ,L 2 ,di,d 2 ).- / ^{b )■— — 

Here, T r ^ denotes the relative tangent bundle of the smooth map M s (y, [L^], a*, S) — > M(y, [L 2 ]). We use 

(2) 

the notation TV in a similar meaning. We assume that both of 5j are sufficiently small. When Si is sufficiently 
smaller than 5 2 , we have the following equality due to Proposition 6.45: 

g(L ( r ) ,L 2 ,6 1 ,S 2 ) = $(L 2 ) (214) 

Similarly, when S 2 is sufficiently smaller than Si, we have the following equality: 

g(L^,L 2 ,Si,S 2 ) = $(L^) (215) 

We fix S 2 , and we move Si. The transition of the values g(Li ', L 2 , Si,S 2 ) occurs if the following holds: 

• Si = S 2 ■ ri/r 2 holds for some pair of positive integers (ri, r 2 ). 

• There exists a decomposition y 1 + y 2 — y such that ranky, = r, and P°* = P°* . 
We put as follows: 

S(y,a,):={(»i,y 2 )|i^;=i^;, ^1+^2=?/} 
Therefore, we have the expression of $(4" l) ) - $(L 2 ) from (214) and (215): 

m { r ) )-HL 2 )= j2 (216) 

S(w,a.) 

Due to Proposition 7.16, the contributions <3(y 1 ,y 2 ) are trivial in the case p ff > 0. Thus we obtain the first 
claim. Let us show the second claim. We use an induction on rank(y). Due to Proposition 7.17 and Lemma 
7.18: 

N L < m) {yi) ■ N L2 {y 2 ) 
®(Vl,y 2 ) = -ITT / \ AT j x x 

N (ro , (y)-N L2 (y) 



L 



M^.^.Iif""],",^') s=0 V -e-sA-i,^ .e s A2) y N L(r )(yi) N L2 {y 2 ) 

Here (5' = (<5i,<5 2 ) is an y clement of "P br 2 such that S\ are sufficiently small. We have rank(y 1 ) < rank(y). 
Recall M{y 1 ,y 2 ,[L i - m) ],a*,8) = M s (y 1 , [L[ m) }, a*, Si) x M s (y 2 , [L 2 ], a*, S 2 ). By applying the hypothesis of 
the induction, we have the following limit: 

R ^ P(E? ■ e-'' ri ®E%-e s l^)\ Eu(T 1>rel ) Eu(T 2 , rol ) 



m ^°°yA4(t/ 1 ,t/ 2 ,[i<'")],c t »,5') s =° \ Q(^ -e-s/r^EZ ■ e s / r *) j ^ L ^{v\) N L . 2 (y 2 ) 

Moreover, it is independent of the choices of Li and L[. We obviously have the limit: 

N L[m) { Vl ) ■ N La {y 2 ) _ ri -N La (y 2 ) 
m^oo N L (m) (y) ■ Nl 2 (y) " " r-7V i2 (y) 

Therefore, we obtain the existence of the limit of the sequence {<I>(L^)}, and it is independent of the choice 
of L\. Hence, the second claim is shown. 



182 



Let us show the third claim. We use an induction on ranky. We put L[ = Ox and L\ = Ox{— 1)- By the 
hypothesis of the induction, the following terms are independent of the choice of m: 

Res ( P(E? ■ e-*/^ © E% ■ e s ' r - ) \ Eu(T lirel ) Eu(T 2 , rol ) 



'Mtii.fe.liW],".,*') 8=0 \ ■ e- s/ri ,^ • e 8/r2 ) / ff »iH N L2 {y 2 ) 

We also have the following equality, due to the assumption P yi = P y : 

Hm (m)-N L2 (y 2 ) = n ■ N L2 (y 2 ) 
H y (m)-N L2 (y) r ■ N La (y) 

Therefore, we obtain the desired independence. I 

Definition 7.20 Let P be an element of 71. We take a line bundle L such that L^ 1 is ample, and we take a 
sufficiently small S G V w . Then, we put as follows: 

P(E U ) := lim / P{E U ) ■ ^ T f] (218) 

M"(y,a,) m ^ 00 JM°(y,[L'n],a,,S) N Lm (y) 

It is well defined due to Proposition 7.19. 1 
Thus, we obtain the linear map J^««(g a ) 

: Tl — ► Q. 

7.3.2 Easy properties 

Lemma 7.21 Assume p g > 0. We take a line bundle L such that the 1-vanishing condition holds for (y,L,a*). 
Then, the following equality holds: 

P{E U ) = I P(E U ) ■ (219) 

Proof It follows from Proposition 7.19. 8 

The following lemma is clear from the construction and Proposition 6.44. 

Lemma 7.22 When the l-stability condition holds for (y, a*), Definition 7.20 is compatible with the ordinary 
definition. I 

Proposition 7.23 Assume that the equality Pe 1 — Pe 2 holds for any Ei*®E 2 * G M ss (y, a*) . Then, we have 
the following equality, for any sufficiently large m: 

[ P&) = [ P(E U ) • 

JM"(i,o.) J M°(y,[0(-m)],a,,8) n y\ m ) 

Proof It immediately follows from the third claim of Proposition 7.19. 1 

We say a system of weights a* is not critical, if M ss (y, a*) = M ss (y, a*) for any a* such that |a, — a'A are 
sufficiently small. 

Corollary 7.24 Assume one of the following: 

• a* is not critical. 

• The parabolic part of y is trivial. 

Then, we have the following equality for any sufficiently large m: 

Eu(T rel ) 



/ 



P(E U ) = / P{E U ) 



lM as (y,a,) J MHy,[0(-m)],a,,S) H y (m) 

Proof We have only to check the condition in Proposition 7.23. In the case where the parabolic part of 
y is trivial, the condition is trivial. Let us show the second claim. Assume that a* is not critical, and take 
Ei * © E 2 * G A4 ss (y, a*). Let y i be the types of Ei * . Then we have Py* = Py* for any which are sufficiently 
close to a*. It implies P yi = P y2 , i.e., Pe 1 = Pe 2 - Thus we are done. I 
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7.3.3 The integral over M ss (y, a*, +) 

Let M ss (y,a*,+) be as in the subsubsection 4.6.1. Let T re ] denote the relative tangent bundle of the smooth 
morphism A4 ss (y, a*, +) — ► A4(y). Recall the description of A4 ss (y, a*, +) as the full flag bundle over 
A4 s (y, [O(-m)], a*, e) for any sufficiently small positive number e. We also remark the equality of the virtual 
fundamental classes in Lemma 6.54. Then, we can easily derive the following equality: 

f p(ih-ff^=/ p (^>-ir£r (220) 

JM SB (y,a,,+) tl y\ m )- J M»(y,[0(-m)],a»,e) ti y \m) 

Here T rcl denotes the relative tangent bundle of the smooth morphism M s (y, [0(— to)], a*, e) — ► M(m, y). 
Lemma 7.25 Assume one of the following: 

• P g >0 

• The condition in Proposition 7.23 is satisfied. 
Then, we have the following equality: 

f~ P ^ U ) ■ = I (221) 

In particular, if one of the conditions in Corollary 7.24 is satisfied, the equality (221) holds. I 

7.3.4 Another expression 

In the case p g > 0, we have another way to express the integral (218). 

Lemma 7.26 Assume that the 2-vanishing condition holds for (y,L,a*). We also assume p g > and d := 
x(y ■ ch(L) -1 ) — 1 > 0. Let P be an element of TZ. The following equality holds, for any sufficiently small 
5 e V bT : 

[ P(E u )-uj d = [ P{E U ) 

JM 3 (y,[L],a,,S) J M BB {y,a») 

Proof We use the argument in the proof of Proposition 7.19. We also use the notation in the subsubsection 
7.2.3. We take a line bundle L\ on X such that the 1-vanishing condition holds for (y, Li, a*). The pair (Li,L) 
is denoted by L. We put as follows: 

g(L u 1,6^,6):= f P(E») - ^fj -^ 2)d (222) 

When Si is sufficiently smaller than S, we have the following: 



g(L u L,Si,S)= [ P(E U )-J 

J M s (y.\L].a,,S) 



lM s (y,[L],a,,5) 

When S is sufficiently smaller than Si, we have the following equality, due to Corollary 6.47: 



g(L u L,Si,S)= [ P{E U 

J M ss (y,a,) 



M ss (y,a,) 

We move Si, and then the transitions are trivial due to Proposition 7.16. Thus, we obtain the desired equality 
(222). I 

We recall that the 2-vanishing condition can be controlled numerically, in general. We give it for later use. 

Lemma 7.27 Let y be an element of Type . Assume P y (t) > Pi({t) for any sufficiently large t, where K 
denotes the canonical line bundle of X. Then, the 2-vanishing condition holds for (y,0). 

Proof Take E. t G M ss (y). If H 2 (X,E) ^ 0, we have a non-trivial morphism E — > K X - It implies P y (t) < 
Pfcit), which contradicts the assumption. I 
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7.4 Rank 2 Case 



7.4.1 Reduction to the integrals over the products of Hilbert schemes 

In this subsubsection, we assume H (X, O) — for simplicity. Let y be an element of lype\. In the following, 
the H 2 (X)-p&rt of y is denoted by a, and the H 4 (X)-p&rt of y is denoted by b. The second Chern class 
corresponding to y is denoted by n. We have the relation b = a 2 /2 — n. We assume P y > Pk and x(y) — 1 > 0. 
We would like to give the expression of J M ^ P(E U ) as the sum of the integrals over the products of Hilbert 
schemes for any P 6 1Z. 

Let NS 1 (X) denote the subgroup of H 2 (X,Z) generated by the 1-cycles on X. For any element a\ G 
NS 1 (X), we put a 2 := a — a\. Let e ai denote the holomorphic line bundle whose first Chern class is dj. Since 
we have assumed H (X, O) = 0, it is uniquely determined up to isomorphisms. Let If denote the universal ideal 
sheaves over X^ x X. Let Zi denote the universal 0-scheme over X^ x X. Let Sj denote px*{Ozi ® e ai ). 
We use the same notation to denote the pull back of them via appropriate morphisms. Let G m denote the one 
dimensional torus. Let e w ' s denote the trivial line bundle with the G m -action of weight w. Then, we have the 
following element of the X-groups of G m -equivariant sheaves on XM x X^ 

-Rp x *KUom(l1 ■ e ai - s , 1% ■ e a2+s ) - R Px *KHom(l% ■ e a2+s , T? • e ai ~ s ) 

The equivariant Euler class is denoted by Q(Jf • e ai - s ,1% ■ e a2+s ) 6 11(1? ■ e ai ) ® 11(1% ■ e° 2 )[[s _1 , s]. We 
have the element P(l? ■ e ai ~ s , 1% ■ e a2+s ) G 11(1? • e ai ) ® 11(1-2 • e a2 )[s], which is induced as explained in the 
subsubsection 7.1.3. We also have the equivariant Euler class Eu(5 2 • e 2s ) e A* Gm (X^ x X^). Thus, we 
obtain the following clement of 11(1? ■ e ai ) <g> 11(1% ■ e" 2 ) : 

Reg / P(l? -e a ^ s ®T% -e a2+s ) Eu(5i) ■ Eu(5 2 ■ e 2s ) \ 

In the case (c\(0(l)),a\) < (c\(0(l)), a 2 ), we put as follows: 

r Res ^(^-e— el?-e- ) Eu( Sl )-Eu (Sa .c»-)>\ 



ni+n2— n— ai-G2 



xhixxhi «=o I Q(J« • e°i- s , X 2 " • e a *+ s ) (2s)"i+" 2 -p s 



In the case (ci(C(l)), ai) = (ci (0(1)), a 2 ) , we put as follows: 

)l%-e a -+ s ) Eu(Si)-Eu(S 2 -e 2s )' 



f ( P(l u ■ e ai ~ 

A(a u y):= £ / Res V 1 



,J^-e a 2+ s ) (2s)«i+™2-p s 



ni>«2 

We put as follows: 

SW(X,y) := {ai G NS 1 (X) | [.M(e Ol ,0)] ^ 0, (oi, ci(Ojc(1))) < (a, Cl (O x (l)))/2} 

Recall that the expected dimension of M(e ai ,0) is 0, if [M(e ai ,0)] ^ (Proposition 6.29). Therefore, we can 
regard [M(e ai ,0)} as the number, and we denote it by SW(ai). 



Theorem 7.28 Assume p g > and H 1 (X, O) = 0. Assume P y > Pk and x(y) — 1 > 0. We have the following 
equality: 

[ P(E U ) + Yl SW(a 1 )-2 1 -x(2/).^( ai; y) = . 
J M ss (y) ai eSVV{X.,y) 



Proof Let 8 be an element of V br which is not critical. Let u> denote the first Chern class of the relative 
tautological line bundle on M s (y, [0],S). Then we put as follows: 

$(5) := f P(E u )-Lo d 
Jm>(v,[o],S) 
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When 5 e V hl is critical, we put as follows: 



S(y, 5) ■= {(2/1,2/2) G Type \ y 1 + y 2 = y, H yi + 5 = H y2 } 

We take parameters <5_ < 5 < 5 + which are sufficiently close to 5. Let E™ denote the universal sheaf over 
A4(yi,0) x X, and E" denote the universal sheaf over Ai(yi, [O]) x X. Recall we have the isomorphism 
A4(yi,0) ~ M.{y\, [O]), although it does not preserve the virtual fundamental class. We identify the moduli 
spaces via the isomorphism. Then, we have the relation = E™ ■ e" 1 , where u)\ denotes the first Chern class 
of the relative tautological line bundle of M(yi, O) ~ M(yi, [O]). Due to Theorem 7.12, we have the following 
equality: 

( „„„1fs(,fl ^(»„0)x« <s y •=» \Q(Et ■ e--», E? ■ e--) ■ Eu(R Px ,E!j - e 2 '-»>) J 

We put as follows: 

S(y) = {(2/1,2/2) G Type 2 \yi+y 2 = y, P yi < P V2 ] 
Recall Ai ss (y, [0],6) = for any sufficiently large 6 (Proposition 3.38). On the other hand, we have <&(<$) = 
Im(v) P(E u ) f° r an y sufficiently small S (Lemma 7.26). Therefore, we obtain the following equality: 



f ~ , ^ f ( P(E? ■ e^- s ®E% ■ e s -^) ■ s d \ 

/ P{E ) + y Res — ^ ^ -2— '-^ = o 

Jm(S) ( Vi .,v%s(v) Jm ^-°^ m ^ s= ° W(£" ' E% ■ i) • Eu(R Px *E% ■ e 2s — J 



(224) 

If [M(yi, O)] ^ 0, the expected dimension of M(e ai , O) is (Proposition 6.29). Hence, we can omit u\ in 
the right hand side of (224). By using Proposition 6.34 and Ef = If ■ e a \ we obtain the following: 

/ P(E? ■ e Wl ~ s Eo ■ e s ~ Wl ) • s d \ 

Res ' " 



S — U)\ 



M( Vl ,0)xM(y 2 ) s =° \Q(E? ' e" 1 " 3 , #2 ' e 8 ^ 1 ) • Eu(Rp x *E% ■ e 2 

r- ( P(T U ■ p a i- s ffi T u . P a 2+s\ . s d \ 

SW( 0l ) • / Res — ^ . e _ • Eu(3i) (225) 

By a formal calculation, we obtain the following: 

1 = Eu(S 2 ■ e 2s ) 

F,n(Rp x *(l2 ■ e a2+2s )) ~ {2s)xM 

Since [M(e ai , O)] ^ 0, we have x{ a i) = ^ + Pg (Proposition 6.29). Hence, we have the following: 

x(a2) = + n 2 = x(y) - x(yi) + n 2 = x(y) -i-p g + n 1 + n 2 . 

Then, the desired equality can be obtained by a direct calculation. 1 



7.4.2 Dependence on the polarization 

Let y be an element of Type 2 . We use a similar convention as in the subsubsection 7.4.1. To distinguish the 
dependence on the polarization H , we use the notation Mh(v) to denote the moduli stack of torsion-free sheaves 
of type y which are semistable with respect to H . Let £ be an element of NS(X) such that £ + a is divisible by 
2 in NS(X). We also assume a 2 - An < S 2 < 0. We put VK« := {c G NS{X) ® K | (c,f) = 0}, which is called 
the wall determined by £. It is well known that the ample cone is divided into the chambers by such walls, and 
the moduli Mh(v) depends only on the chambers to which H belongs. For $ := P{E U ) 6 T{M.h (y)) , we put 
as follows: 

® H (y) := $ 
JM H (v) 
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We would like to discuss how $>u(y) changes when the polarizations vary across the wall W^. We put as follows: 
S(y,0 = {(2/0,2/1) G Type(X) 2 \ y + yi = y, ao - <»i = m-f (m > 0) in H 2 (X)} 

For each (2/0,2/1) G S(y,^), we put M(yo,yi) ■= M(yo) x M(yi). Let E 1 , denote the sheaf over Ai(yo,yi) x X 
which is the pull back of the universal sheaves over M.{yi) x X via the appropriate projection. Let e w ' s denote 
the trivial line bundle with the G m -action of weight w. We have the following element of the if-group of the 
G m -equivariant sheaves on A^(j/o, 2?i) : 

-Rp x *KHom(E ■ e~ s , E x ■ e s ) - Rp x *KHom{E x ■ e s , E ■ e~ s ) 

The equivariant Euler class is denoted by Q(E -e~ s , E\ ■ e s ) G TZ(E ) <g) 7£(i?i)[[s _1 , s]. By the homomorphisms 
in the subsubsection 7.1.3, we have P(E ■ e~ s © E x ■ e s ) G TZ(E ) <g> ft(£i)[s]. 

Theorem 7.29 Let C + and C_ 6e chambers which are divided by the wall W^. Let H + and H- be ample line 
bundles contained in C + and C-, respectively. We assume (H_,£) < < (#+,£). 

• In the case p g > 0, we have &H + (y) = &H-(y)- Namely, the invariant does not depend on the choice of 
generic polarization. 

• In the case p g = 0, we have the following equality: 

* H+ (y) -*h (y)= T I Res ( P(£ r e ' !9 ?' e ? ) (226) 
- {yo , y ^ JmQoM *=° \Q(Eo- e-, Ek ■ e.) ) 

We give two arguments to prove Theorem 7.29. Both of them are based on the following observation. 

Lemma 7.30 ([10], [42]) Let H be an ample line bundle contained in . We can take H K G C K (k = ±) 
satisfying the following: 

• There exists a very ample curve C such that H + = H Cg) 0(C) and H- = H O(-C). 

• The following holds for a torsion-free sheaf E of type y: 

— E is H + -semistable if and only if E(C) is H-semistable. 

— E is H- -semistable if and only if E(—C) is H-semistable. I 

Ellingsrud and Gottsche proved the formula (226) for the Donaldson invariant under the assumption that 
the wall is good. They used the parabolic structure E(—C) G E(C) with weight a for torsion-free sheaves 
E. Let Ai ss (y, a) denote the moduli stack of torsion-free sheaves with the parabolic structure as above, which 
are semistable with respect to the polarization H. Due to Lemma 7.30, we have M ss (y, 1) = Mn + (y) and 
M ss (y, 0) = Mh-(j})- We say that a is critical, if M ss (y, a) ^ M ss (y,a') for any sufficiently close a' ^ a. 
We can easily show that there are only finitely many critical values, by using some boundedness result. By 
investigating the transition of the invariants at critical parabolic weights, they obtained the formula (226). 
Using their framework and our transition formula (204), we will show the formula (226) without the assumption 
that the wall is good, in the subsubsection 7.4.3. 

We will give another argument for the proof of Theorem 7.29 in the subsubsection 7.4.4. Perhaps, it may 
be a little more suitable when we discuss a similar problem in the higher rank case. 

We give some preliminary for the argument. In the rest of this subsection, we use the polarization H. 
Namely, the ^-semistability condition and the semistability condition are considered with respect to H . Let S 
denote the family of ^(-semistable torsion-free sheaves of type y. Let S denote the family of torsion-free sheaves 
E' of rank one with the following property: 

. = n(y). 

• There is a member E of S, such that E' is a saturated subsheaf of E. 

The families S and S are bounded. We take a sufficiently large integer m such that the family S satisfies the 
condition O m . In the rest of this subsection, 5 denotes a polynomial of degree 0. 
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7.4.3 The proof of Theorem 7.29 (I) 

For a torsion-free sheaf E, we denote by the parabolic structure (E(—C) C E(C), a) . The following lemma 
is clear. 

Lemma 7.31 If (E , F^ a \ <f>) is a 5 -semistable parabolic L-Bradlow pair, E is fi-semistable. (Recall 8 is assumed 
to be a polynomial of degree 0.) B 

Let M ss (y, [L],a,S) denote the moduli stack of the oriented parabolic reduced L-Bradlow pairs of type y 
with weight a, where the parabolic structure is given as above. 

Let a be any real number, and let E 1 be any member of S. We take E e S such that E' is a saturated 
subsheaf of E. We put E" := E/E'. Then, we put F a (E') := P%, - P§„. The number is determined by ch(E'), 
and hence it is independent of the choice of E. When we fix a, the function F a : S — > M has finitely many 
values, due to the boundedness of S. It is clear that a is critical if and only if there exists a member E' G S 
such that F a (E') = 0. 

Let cto be critical, and let e be any sufficiently small positive number. We can take a small positive number 
f] > such that the following holds for any a' with \a' — ao\ < r/: 

• F ao (E')>0^F a ,(E')>e 

. F ao (E')<0^F a ,(E')<-e 

. F aa (E')=Q^ \F a ,(E)\<e 

Lemma 7.32 We have M ss (y, [L],a , e) ~ M ss (y, [L],a', e) for any a' such that \a — a'\ < 77. Moreover, we 
have M ss (y, [L],a ,e) = M s (y, [L],a ,e). 

Proof Let (E, p, F^ a \ [(f)]) be an oriented parabolic reduced L-Bradlow pair, such that E is /z-semistable. Let 
fi'cBbea member of S. We put E" := E/E'. We have Pp + e < Pp, if and only if P%, + e < P%„. We 
have Pg? < Pg° + e if and only if Pg, < Pf„ + e. Then, the first claim of the lemma is clear. The second claim 
is also easy to see. I 

To compare &H + {y) and we would like to consider the invariants obtained from the moduli stacks 

M s (y, [0(— to)], a, S) . We remark that the divisor of the parabolic structure is not reduced in this case, contrast 
to that we assumed the smoothness of the divisor in the section 5. We can deal with the point by the following 
two arguments: 

1. We do not have to think the contribution of the parabolic structure to the obstruction theory, because 
the filtration is canonically determined by the sheaf. In fact, Ai s (y, [L], a, 6) is an open substack of 
M(m, y, [L]) for a sufficiently large to, in this case. Thus we obtain the perfect obstruction theory 
Ob(TO, y, [L]) and the virtual fundamental class. 

2. In the case a > 1/2, we consider the parabolic structure F^ given by (E C E(C),2a — 1) for a torsion- 
free sheaf E. Then, (E,F^ a \ [(/)]) is 5-semistable if and only if {E,F[ a \ [4>]) is <5-semistable. In the case 
a < 1/2, we consider the parabolic structure F^ given by (E{—C) C E, 2a) for a torsion-free sheaf E. 
Then, (E, F^ a \ [</>]) is <5-semistable if and only if (E, F{ a ', [</>]) is <5-semistable. 

Therefore, we can freely apply our previous results. 

Let T rc i denote the relative tangent bundle of the smooth morphism M(y, [0(— to)], a, S) — > M(m, y). If S 
is not critical with respect to (y, 0(—m),a), we obtain the following number: 



Here, we put as follows: 



$(a,J) := / 

JM s (v,[0(-m)],a,S) 



* := * • irrr e n & M & P(-m)],a, s)) 



The following lemma is the special case of Corollary 7.24. 
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Lemma 7.33 Assume that a is not critical. Then, $(a, S) is independent of the choice ofm, if 5 is sufficiently 
small. The number is denoted by I 

We have $(1) = <f># + (y) and $(0) = (y)- Therefore, we have only to see the transition of the invariants 
at critical weights. For a critical a, we put as follows: 

S(y, £, a) := { (y , Vl ) e S(y, £) | P« = P% } 

Proposition 7.34 We take real numbers a+ > a > a- such that \a K — a\ < rj. In the case p g > 0, we have 
— <&(a_) = 0. In the case p g = 0, we have the following formula: 

*(„+)-*(„_) = V f to.C®-'"**-^) (227, 

Proof We have M s (y, [0(— m)], a+, e) ~ M s (y, [0(— m)], a_, e) due to Lemma 7.32. Therefore, we obtain the 
following: 

- $(a_) = ($(a_, e) - $(a_)) - ($(a+, e) - $(a+)) (228) 

Let us see the first term in the right hand side of (228). We see the transition of $(oq_, 6) when we move 5 from 
to e. We use Theorem 7.15. The transition occurs when P^j~ +5 = P yi ~ holds for some (yo, y\) G 5(y, £, a). In 
the case p 9 > 0, the transitions are trivial. Hence we obtain Q(ct-, e) — <&(a_) = 0. For any (yo,yi) £ £, a), 
we put A1(j/b)J/i) [O(-m)]) := M(yo, [0(—m)]) x M(yi). In the case p s = 0, we obtain the following equality: 

*(« e ) -*(«) = V ^M. / Res / P(^-e-e^-e-) y E u(T , rel) 
(w.viifev.Ca) ^ (m) ^(fc.fc.PWD^l Q(E%-e-s,E?-e°) J H yo (m) 
= y H yo (ra) I Itcz ( P{E§-e-®Et-e>) \ 



Similarly, we have <&(a + ,e) — 3>(a + ) = in the case p ff > 0, and we have the following equality in the case 
V g = 0: 

H yi (m) f Reg f P(E? ■ e~ s © £ « • e s ) ^ 



V -^iM./ Rc: ^' 6 " 8 ^' 6 ^ (230) 

(vo.vO^.a) ^ M Wfc)'=° V Q{EZ.e-',E?.e>) J 



Therefore, we obtain the following: 

■Hyjm) H yi (m)\ f ^ J P(E% ■ e~° Ef ■ e') 



(yo,»i)6S(y,f,a) 



*(a + )-*(a_) = V ^m + ^n./ Re S 



H v( m ) J JM(y ,m) 3=0 V Q( E o ■ e-\El ■ e s ) J 
. £ / Res( P ^- e " e 5- e ') ) (231) 

Thus the proof of Proposition 7.34 is finished. I 

The first claim of Theorem 7.29 obviously follows from the first claim of Proposition 7.34. We have S(y, £) — 
Uo<«<i S(y,{;,ce) since the intersection pairing (C, £) is sufficiently large. Then, the formula (226) immediately 
follows from (227). Thus, the first proof of Theorem 7.29 is finished. I 
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7.4.4 The proof of Theorem 7.29 (II) 

We put y(C) := y ■ ch(0(C)). We use the notation y(—C) in a similar meaning. We regard them as the 
element of Type whose parabolic parts are trivial. We put 0(—m, C) := O(-m) 0(C) and 0{— m, — C) := 
O(-m) ® 0{— C). Let (E, [(f)]) be a reduced 0{— m)-Bradlow pair such that 0^0. We naturally obtain 
the reduced 0{— to, C)-Bradlow pair (E(C), [<f>c])- Similarly, we obtain the reduced 0(— m, — C)-Bradlow pair 
(E(—C), [4>^c])- Let T rc i denote the relative tangent bundle of the smooth map M s (y(C), [0(— to, C)], <5) — > 
M s {m,y{C)). When S is not critical, we put as follows: 

""'A-/ *-*<«>-/ *-^f (232) 

JA4 3 (j;(C),[0(-m,C)]» U y\ m ) J M'(y(-C),[0(-m-C)],5) U y\ m ) 

When <5 is sufficiently small, we have $>c{$) = $if+(j/) and $c(<5) = (j/)- 

Let Type{S) denote the set {ch(-E') € £F(A) | £" e <S} . For any y £ S, we put 2/1 :— y — yo, and then y\ is 
also an element of Type(S). We put yi{C) := yi ■ ch(0(C)). We use the notation yi(—C) in a similar meaning. 
We remark that P yo (c) ~ Pyi(C) an d Py {-C) — Pyi(-C) are the polynomials of degree 0. 

Let a,, hi and rij denote the first Chern class, the second Chern character and the second Chern class 
corresponding to j/i . We have (ao, i? ) = (ai , H) , and _ff is a generic element of . Therefore, we have a,Q — a\ = 
A ■ £ for some A E Q in H 2 (X). Since (C, £) is assumed to be sufficiently large, we have P yo (c) — Pyi(c) 
unless j/o = 2/i- We also have P ya (-c) - Pyi(-C) unless y = y x . 

We put as follows: 

S(y,C) := {(y ,yi) \ ya + yi = y, in e T yP e{S), P yo(c) < P yi{C )} 

S(y,-C) := {(yo,2/i) I J/o + 2/1 =y, VieType(S), P yo (-c) < P yi (-c)} ■ 
We take a positive constant So satisfying the following inequalities: 

S > max{|P yo(c) - P yi ( C) \ I (2/o,2/i) e 5(2/, C)}, <5 > max{|P yo( _ c) - P yi( _ c) | | (|/o,!/i)€%,-C)}. 
Lemma 7.35 (E(C),(j)c) is So-semistable, if and only if the following conditions hold: 

• E is p-semistable. 

• For any subobject (E',(j)') C (E, <fi) such that (j)' ^ 0, we have p(E') < /i{E). 
Moreover, (E(C),<f)c) is So-stable, if it is So-semistable. 

Proof Assume that (E(C),<f)c) is <5o-semistable. Since So is a polynomial of degree 0, it is easy to see that E(C) 
is /i-semistable. Hence, the first condition holds. Let (E' , (j)') C (E, <p) be a subobject such that <j)' ^ 0. We put 
E" = E/E'. Assume n(E') = p(E). Then E' is a member of S, and hence we have \PE>(c)(t) — Pe"(C){^)\ < ^0, 
due to our choice of So- Therefore, we obtain P E °^(t) > -Pe"(C)(*), which contradicts the <5o-semistability of 
(-B(C), 4>c) ■ Hence the second condition holds. 

Let us assume that the two conditions are satisfied. Let (E' , <j)') C {E, cf>) be a subobject such that <j)' ^ 0. 
Since we have n{E') < p(E), the inequality P? E , ^^(t) < P^e <j>) holds for any sufficiently large t. Take a 
subobject E' C (E,(j)). We have the inequality p.{E') < p.{E). When the strict inequality holds, we obviously 
have P? E , 0/)(O < P( E 0) f° r an y sufficiently large t. Assume fi(E') = p(E). Then E' is a member of S. We put 
E" = E/E' . Then, we have PE>(c)(t) < Pe"(c) °- uc to our choice of So- Thus we obtain the semistability of 
(E(C),<j> c ). 

From the above argument, we also obtain that P(e<(c),<p' c ) = P(E(c),4> c ) caim °t hold. Therefore, we obtain 
the second claim. I 

Lemma 7.36 (E(C), <fic) is So-semistable, if and only if (E(—C), 4>-c) is So-semistable. Moreover, the 1- 
stability condition holds for (y(C), 0(—m, C), So) and (y(—C),0(—m, —C),S ). 
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Proof By the same argument as the proof of Lemma 7.35, we can show that (P(— C), 4>~c) is 5o-semistablc if 
and only if the two conditions in Lemma 7.35 hold. Then the first claim immediately follows. The second claim 
can be shown similarly. * 

Due to Lemma 7.36, we obtain the equality $c(^o) = ^-c(^o)- Therefore, we obtain the following equality: 

- $hM) - (*-c(*o) - *«_(»)) - ($c(<fo) - *ff+(y)) (233) 

Let us see the first term in the right hand side of (233). We see the transition of $_c(£) when we move 5 
from to Sq. The transition occurs when P yo (_ C ) + 5 = P yi /_c) holds for some (yo, yi) € S(y, — C). In the case 
p g > 0, the transitions are trivial. Hence wc obtain $_c(<5 ) — 3>ii_(y) = 0. In the case p g = 0, wc obtain the 
following equality, as in the equality (229): 

*-*(*>)-**(»)= E Rcs(m^M^) (234) 



(y ,yi)eS(y-C) 



Similarly, we obtain $c(<>o) — ®H+(y) = in the case p g > 0, and we have the following equality in the case 
Pg = 0. 

M*,)-** + (y)= E ^7 Resf P( %-^ @ 5' eS) l (235) 

Now, we have already obtained (y) — <&h_ (y) = in the case p g > 0. Namely the first claim of Theorem 
7.29 is proved. To show the claim in the case p g = 0, we see the sets S(y, C) and S(y, —C) more closely. We 
put as follows: 

Si := {{yo,yi) | yo + yi = y, y% e Type(S), r = n = 1, a = ai, 6 < h} 

We also put S'(y,£) := {(t/o>2/i) | (j/i, 2/0 ) G S(y, £)}. Then, it is easy to observe S(y, — C) = S(y,£) U Si and 
S(y,C) — S'(y,£) U Si. We remark the equality (230). Therefore, we obtain the following equalities: 

H yo (m) /■ Res f P(P " • e~ s Pi" • e s ) ^ 



** + Cv) -**_(*) = E §#•/ 



+ H yo (m) [ / P(EZ ■ e-° ® ■ e s ) \ 

(voiles, H y {m) JM(y ,m) s =° V Q(EX ' e ^ % ' e *) / 
+ y. Hyjjn) [ / P(P "- e ^ePr-e s ) 

y, g„ (m) /■ Reg / P(P ".e- s ®Pre^) \ 



= E / Rcs( P (% e '^ eS M (236) 

Thus we are done. I 

7.5 Higher Rank Case (p g > 0) 

7.5.1 Transition formula in the case p g > 

Let y be an element of Type, and let a* be a system of weights. Let L be a line bundle on X. Let (5 e P br be a 
non-critical parameter. We denote by u the first Chern class of re i(l) on M s (y, [L], a*, 5). Let P be an element 
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of TZ. When the 1-stability condition holds for (y,L,a*,6), we have P(E U ) -uj k E U(E u ,M s (y, [L],a*,6)), and 
we put as follows: 

H>(y,[L], a „6):= / P(E u )-u k 

JM e (y,[L],a,,5) 

Let us discuss the transition formula, when the 2-stability condition does not hold for (y,L,a*,8). In the 
case p g > 0, the problem is simpler. Actually, it can be shown that the same formula in Theorem 7.12 holds. 
We use the notation in the subsubsection 7.2.1. We put as follows: 

Si{v,<x*,6) := {{y 1 ,y 2 ) G S(y,a*,6) \ ra,nky 1 = l} 

For (y 1 ,y 2 ) e Si (y, we have M(y 1 ,L) = M s (y 1 , L,a*,5). 

Theorem 7.37 77ie following equality holds: 

${y,[L],a*,6+)-*{y,[L],a*,6-) = £ / *(l/i,W 2 ) ( 2 37) 

(Wi,W 2 )€Si(»,a.,«) ^(«i,S 2 ,i,a.,5) 

TTie elements f(y 1 ,y 2 ) G A4(y 1; L)) ®11{E%) are given as in (198): 



*(2/i,s/2) = Res 



t=0 



Eu(«no(vi,y 2 )) 



Here, we put ui\ := ci(Or(E%)) . 



Proof We put M(5 K ) := M ss {y, [L], a*, 5 K ). Let T rc \ denote the relative tangent bundle of the smooth 
morphism of A4(m,y,[L]) to A4(m,y,[L]). We have the open embedding M(S,k) C A4(m,y,[L]). The 
restriction of T re i is denoted by the same notation. 

Let M be the master space connecting M{5+) and M(5-) constructed in the subsubsection 4.5.1. Let 
ip : M — > A4(m,y, [L]) denote the naturally defined morphism. Let T(l) denote the trivial line bundle on 
AA(m,y, [L]) with the G m -action of weight 1. We consider the following element of TZa m (E M , Mj : 

$ t := P{fE") ■ Cl (^O rol (l)) fc • ^rM, *t := *, • ci(^T(l)). 

We use Proposition 5.51. Then, we obtain the polynomial Jjj $ t of t. When we forget the G m -action, we have 
Ci(</2*7~(1)) = 0. Hence we have $ t \t=o = 0- On the other hand, we have the following equality in Q[t -1 ,t], 
due to the localization of the virtual fundamental classes ([24]): 



m ^ 2 ^5. Eu(«rt(M0) ^(t^V^P) Eu(^(MG m p))) 

Here, Dec(m, y, a*, <5) denotes the set of the decomposition types (Definition 4.33), and 9t(Mj) and 9T(M Gm (3)) 
denote the virtual normal bundles with the G m -action given in Proposition 5.52 and Proposition 5.53. We have 
Ci(<£>*T(l))|^j = t and c\{y>*T{l)) ^ Gm ^ = t. Therefore, we obtain the following equality: 

W Resf— ** Resf - ^ ^ = 0. (238) 

V EU (^( M *)) / jJM^W * = \ V EU(^(M G ™(3))) ; 

As in the proof of Theorem 7.12, the first term of the left hand side of (238) can be rewritten as follows: 

= $+/ $ (239) 

Mi JM 2 Jm{&+) Jm{5-) 



192 



Recall M(S K ) is the full flag bundle over M ss (y, [L], a*, J K ), and we have the equality of the virtual fundamental 
classes as in Lemma 6.53. Hence, we obtain the following equality: 

E L fi c n s L llr7^ } = «+) + *(v,[i], «.,*-) (240) 
itf^m *=° VEu(0T(M 4 )); 

The contributions from M Gm (3) can be calculated by the arguments in the proof of Theorem 7.12 and 
Theorem 7.15. For any decomposition type 3 = (y 1 ,y 2 , £ Dec(m, y, a*, 5), we put as follows: 

M{3) := M ss { Vl ,L,a*,5,t{3)) x M ss (y 2 ,a*,+) 

Let T l ro i denote the vector bundle over M(3) induced by the relative tangent bundle of the smooth map 
M ss (y 1 , L, a*, 5, 6(3)) — ► M(m 7 y 1 ,L). Let X^rei denote the vector bundle over M(3) induced by the relative 
tangent bundle of the smooth map M ss (y 2 , a*, +) — > M(m,y 2 ). Let N be as in the subsubsection 5.9.1. 
Then, we have the following decomposition of the vector bundles: 

^T Ic i = Ti^oi © T 2!TO i © N . 

We remark that ip*O rc \(l)^ t and <p*T(l)^, are naturally isomorphic as G m -equivariant line bundles. We use 
the relation of Ef , Ef and % in Corollary 4.46. Then, we have the following equality in K(G' *E?, G' *E%, S) [t] : 

F*S t = ^M'^M' . Gl *p< E u . e -t e £u . e r l(t -^)/r 2) . t fc . Bum, OEU^, i) ^ 

We also have the following equality of the equivariant Euler classes in A*(<S)[[t _1 , t\: 

F*Eu(^(M G ™p))) =G'*Eu(m ( yi ,y 2 )) ■ Eu(JV ) 

Recall that we have the equality of the virtual fundamental classes in Proposition 6.10. Therefore, the contri- 
bution from M Gm (3) is as follows: 

H Vl (m)\ ■ H y2 (m)\ f f P(E? ■ e" 4 © % • eMt—O/r*) . t k \ Eu(Ti, rel ) Eu(T 2 , r 



Hy{m)\ 



f Reg / ■ g £ 2 " ■ e^~^) ■ *" I EugVei) Eu(T 2 , rcl ) 

*=o I Eu(9To(yi,y 2 )) ~ / fl »iH! 



We remark that the virtual fundamental class of M(3) is 0, and hence (241) vanishes, if the conditions 
rank(y 1 ) > 1 and p g > are satisfied (Proposition 6.24). In the case rank(y 1 ) = 1, the (S, £)-semistability con- 
dition is trivial. We also remark that the integrand of (241) is the element of TZ{E^, M ss (y 1 , L, a*, 5, £(3))) <g) 
1l(E%,M ss (y 2 ,a*,+)), and he nee we have only to consider the component-wise integration. By using Lemma 
7.25, we can rewrite (241) as follows: 

H yi (mV--H y2 ( m y- f Rcs ( ^■ e -'9^^"-"' )/fr -")^ t \ (242) 



Hy{m)\ JM(v 1 ,v a ,L,a.,S) t=0 \ Eu(«nb(l/i,V 2 )) 

The number of the decompositions (I\,I 2 ) of {1, . . . , H y (m)} satisfying \h\ — H Vi (m) is H y (m)\ ■ H yi (m)\^ 1 ■ 
H y2 (m)\^ 1 . Therefore, the second term in the left hand side of (238) is same as the left hand side of (237). 
Thus, we obtain the desired formula. 1 



7.5.2 Reduction to the integrals over the products of Hilbert schemes 

We assume p g > and dim H 1 (X,0) = 0. Let y be an element of Type°. Assume P y {t) > Pic{t) for any 
sufficiently large t, where K denotes the canonical line bundle of X. We also assume x(y) — 1 > ( r — 1) ' (1 +Pg)- 
We give a straightforward generalization of Theorem 7.28. For a given element yi <E Type, we use the notation 
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ri, di, bi, and n, to denote the rank, the first Chern class, the second Chern character and the second Chcrn 
class, in the following argument. 
We put as follows: 

T ^E^--*- (i = l,--,r-l), T r = Y,£j 

j<i ■' j<r 

We put as follows: 

S(y) = {(yi,y2,---,y r ) e Type\ r | ^yi=y, H Vi < (r - i)' 1 ^H yj , x(a») = 1 +p g {i < r)} 

Let (j/i, ... , y r ) be an element of S(y). We put X^ := Ili=i -X^™^- The universal ideal sheaves over X^ x X 
are denoted by If. Let .Zj denote the universal scheme over X^ x X of length rij. We also use the same 
notation to denote the pull back of I" and Zj via the projection X^ x X — ► X^™*! x X. Let e Qi denote the 
holomorphic line bundle corresponding to Oj. Since we have assumed H 1 (X, Ox) — in this subsubsection, such 
a holomorphic line bundle is uniquely determined up to isomorphisms. Let G denote the (r — l)-dimensional 
torus Spec&[Ti, t^ 1 , . . . , r r _i, t~2i\- Let e w ' ti denote the trivial line bundle with the G-action, which is induced 
by the Spec fc[rj, r~ 1 ]-action of weight w. Thus, we obtain the G-equivariant sheaf I" • e ai+Ti . We use the 
notation Q(X" • e ai+Ti ,2j ■ e a ' +T ') to denote the G-equivariant Euler class of the following: 

-Rpx*(nnom(lf • e a > +T % Z] 1 • e a ^)) - Rp x *(nHom(l^ ■ e a ^ +T \ If • e a >+ T >)) 

We regard it as the element of ®[ =1 TZ{Xf • e ai ) ®q 9t(ii, . . . , i r -i). (See the subsubsection 7.1.8 for the ring 
9t(ii, . . . , i r - 1)-) We put as follows: 

Q(2J 1 • e ai+Tl ,l% • e a2+T2 , . . .2? • e a -+ T -) = ]JQ(X^ • e° i+Ti , • e^ +T ^) 

i<j 

We also have the element P(0[ =1 2f • e a *+ T *) of (g)[ =1 ^(2^ • e a *)[ii, . . . , i r _i] by the homomorphisms in the 
subsubsection 7.1.3. Let Sj denote the vector bundle px*(Ozi ® e Qi ). 

Theorem 7.38 Assume p g > and H 1 (X 7 O) = 0. We aZso assume \{y) — 1 > (r — 1) ■ (1 and P y > P^. 

FFe raave i/ie following formula: 



1 — 1 



/A/,(S) (wi,...,»r)6S(v)i=l 

T/ie elements ^(yi, . . . ,y r ) G 72.(2" ■ e ai ) are giuen as follows: 

■ ■ • ,2/r) = 



J/r) 



Res Res ^M^R^) TT gugj-e^) ^ ,E,„ xfe)-i ^ 

Proof We put as follows: 

Si{y) ■= {(2/1,2/2) e Typ ei x Type r _ x \ yi+y 2 = y, P Vl < P V2 ] 

By using the transition formula (237) and the same argument as the proof of Theorem 7.28, we obtain the 
following equality: 



P(E») = sw ( ai ) ' / ? e n s 



P(lf ■ e ai ~ l © E% ■ e*/^- 1 )) • i*^)" 1 



M(y) (y^sAy) JxMxMGh) 4=0 ^(2? • e~', E$ ■ e'/(-D) ■ R(O x ■ e~\ P 2 « • e */(r-i)); 

(244) 
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Here, R(O x ■ e~\ E% ■ e*/^ 1 )) denotes the equivariant Euler class of p x * (Hom(O x ■ e~\ E% ■ e 1 '^-^)). 

We remark that x(2te) — 1 > and P y . 2 > P y > Pk and x{V2) — 1 > ( r — 2)(1 +p g ). We also remark that the 
integrand of (244) is the element of ■ e ai ) ®1Z(E 2 ) , and hence we have only to consider the component- wise 
integration. Thus, we may use (244) inductively. We put Tj := ^j^tj /(r — j). Then, we obtain the following 
equality: 



r-1 



f P(E u ) + (-iy £ n SW ^)-/ ■■■>»»■) = (245) 

Jm <® (»i,...,»r)€S( w )i=i -™ 

The elements \&i(j/i, ... , y r ) <E ®[ = i T^C^T 1 e ai ) are given as follows: 



* ■ ,j/r) = Res - • - Res 

tr-l II 



We have Q(l? ■ e° i_t< , 2]* • e ^ +T ^ T *) = Q(J^ • e a * +T *, Jj 4 • e°^ +T ^). We also obtain the following by a formal 
calculation: 

Hence, we obtain ^1(2/1, ... , y r ) = ^(2/1, • ■ • , 2/r)- Thus we are done. 1 
7.5.3 Independence from the polarization in the case p g > 

Let y be an element of Type°. We use the notation M. h(jj) to denote the moduli stack of torsion- free sheaves 
of type y, which are semistable with respect to a polarization H. For <f> = P(E U ) G ^(-E 1 , A4h{v)) , we put as 
follows: 



I Mh{v) 

Theorem 7.39 The invariant ^h{V) is independent of the choice of a generic polarization in the case p g > 0. 

Proof Let £ be an element of NS(X) such that £ 2 < 0. Let be the wall in the ample cone determined by 
£. It is well known that the ample cone is divided into the chambers by such walls, and M-niy) depends only 
on the chamber to which H belongs. Moreover, the set of such walls are locally finite ([42]). 

Let C+ and C_ be chambers which are divided by a wall W*. Let H + and if_ be ample line bundles 
contained in H + and H- respectively. We assume (£,£/+) > > (£,£/_). For the proof of the theorem, we 
have only to show $>h + (y) = <j>#_ (y) . We take an ample line bundle H which is generic in . As in Lemma 
7.30, we may assume the following: 

• H + = H (g> 0(C) and H_ = H <g) 0(— C) for some sufficiently ample divisor C. 

• A torsion free sheaf E of type y is i/ + -scmistable if and only if E(C) is i7-senristable. 

• E is H- -semistable if and only if E{— C) is _ff-semistable. 

We use the notation and the argument in the subsubsection 7.4.4. Let S be the family of torsion-free sheaves 
of type y, which are /i-semistable. Let S be the family of torsion-free sheaves E' with the following properties: 

• fj,(E') = fj,(y) and rank(£') < r. 

• There exists a member E of S such that E' is a saturated subsheaf of E. 

We take a large integer m such that the condition O m holds for the family S. As in the subsubsection 7.4.4, 
we consider the integrals over M(y(C), [0(— m, C)],8) and M(y(— C), 0(—m, —C),8) given by (232). When 5 
is sufficiently small, we have $c(<5) = &H + (y) and $_c(<5) = $#_(?/). 

Let Type(S) denote the set of the types of members of S. For each y G Type(S), we have 2/1 := y — yo S 
Type(S). We remark that P yo (c) — -Pyi(c) an d P ya (-c) — P yi (-c) are polynomials of degree 0. 
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Let rj, aj, &i and rij denote the rank, the first Chern class, the second Chern character and the second 
Chern class corresponding to t/j. We have fi(yo) = n(yi), and H is a generic element of W^. Therefore, we 
have ao/r — a\/r\ = A ■ £ for some A G Q in H 2 (X). Since the intersection number (C, £;) is assumed to be 
sufficiently large, we have P yo (c) ~ Pyi(c) ^ unless yo/ro = J/i/fi- We also have P yo (_ C ) ~ Pyi(-C) unless 
?/o/ r o = J/iAi- 

We put as follows: 

>%> C) : = {(yo,2/i) 1 2/o +J/i = y, y% G Type{S), P Va (c) < P V1 (C)} 
S(y,-C) ■= {{yo,yi)\yo + yi=y, yi&Type(S), P yo ^ C ) < p yi (-c)} ■ 

We take a positive constant <5o satisfying the following inequalities: 

6 > ma,x{\P yo{c) - P yi ( C )\ \ (Vo, Vi) e S(y, C)}, 5 > ma,x{\P yo{ _ c) - P yi( _ c) \\ (y , y{) e S(j/, -C)}. 

The following lemma can be shown by the same argument as the proof of Lemma 7.35 and Lemma 7.36. 

Lemma 7.40 {E{C),(f)c) is So-semistable, if and only if (E(—C),(f>-c) is 8o-semistable. Moreover, the <5 - 
semistability implies the do-stability in the both cases. I 

Due to the lemma, we obtain the following: 

(y) - (y) = (*-c(*o) - (y)) - (*c(<*o) - (y)) (246) 

Let us move the parameter S from to S , and we see the transition of the invariants $_c(<5) and <&c(<5)- 
We use Theorem 7.37. Since the condition O m holds for S, it is easy to see that the contributions from the 
decomposition types (jjotVi) are trivial even in the case rank(yo) = 1 (Proposition 6.25). Hence we obtain 
$-c(<5o) - $H_(j?) = and $c(^o) - $H + (y) = 0. Thus, the proof of Theorem 7.39 is finished. I 

7.6 Transition Formula in the Case p g = 
7.6.1 Statement 

Let us discuss the transition formula when the 2-stability condition does not hold for (y,L,a*,5) in the case 
p g = 0. Let P be an element of 1Z. We restrict ourselves to the case where the 1-vanishing condition holds for 
(y, L, a*, 5), and we discuss the integral of the element 1Z(E U , M s (y, [L], a*, 5)) of the following form: 

We put as follows, for non critical parameter 5: 



m ■= f 

J Jv. 



' M"{y.{L],a,,8) 

Let 5 be a critical parameter. We take <5_ < 5 < S + such that 6 K (k — ±) are sufficiently close to 5. We 
would like to obtain the formula < &((5 + ) — <&(#-) to express the sum as the integrals over the products of the 
moduli stacks of the objects with lower ranks. We also impose the following condition to (y, L, a*, 5): 

Condition 7.41 For any (Eu, (f) © E2 * © E3 * e M ss (y, L, a*, S), the equality Pe 2 — Pe 3 holds for the reduced 
Hilbert polynomials of E 2 and E 3 . I 

For each positive integer k we put as follows: 

S k (y, S) := {Y = ...,y k )€ Type k \ P^ = P^< 5 (i = 1, . . . , k)} 
For each element Y = . . . , y k ) 6 Sk{y, 6), we put |Y"| = J2i=i Vi- We also put as follows: 

k 



w(Y) = TT rankfat) 

1 } fiEi^-^rank^.) 
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We put as follows: 

S k (y, S) := {(y , F) G Type x S fc (y, 5) | y + \Y\ = y}, S(y, S) := ]J S fc ( v , S) 

k 

For any (y , Y) E Sk{y, <S), we put as follows: 

fe 

7W(y ,r,[L]) :=M s (y ,lL},a*,S_) x\{M ss (y^a*) 

Let i^g denote the sheaf over M(y , Y, [L]) x X which is obtained as the pull back of the universal sheaf over 
M s (y , [L], a*, 5^) x X via the natural projection. We use the notation Ef in a similar meaning. 
When (y ,Y) e Sk(y,S) is given, we put as follows: 

T _ h T - - tj -l *' 



Eo<fc<j rank (y ft ) ' ^ Eo<fc<j rank (2//J rank(yj 



Here, ti, . . . ,tk are variables. Let G denote the fc-dimensional torus Spec fc[ri, T-f 1 , . . . , Tfc, t^T 1 ]. Let e w ' ti denote 
the trivial line bundle with the G-action which is induced by the Spec k[ri, r^J-action of weight w. We have 
the following element of the isT-group of the G-equivariant coherent sheaves on A4(y , Y , [L]): 

- Rpx*llHom(E? ■ e T \ % • e T ') - R Px *KHom(E^ ■ e T > , E? • e T *) 

- R PD *HHom' 2 (E$ D , ■ e T - , E^ D , • e T ' ) - Rp D JlHom' 2 (E% D «- e T > , E§ D , • e T >) (248) 

(See the subsubsection 2.1.5 for the notation lZHom' 2 .) The equivariant Euler class is denoted by Q (Ef ■ e Ti , EJ ■ 
e Tj ), which is regarded as the element of ®*L T^{E^ ) ®%K{tk,tk-\, ■ ■ ■ ,t 2 ,ti). We put as follows: 

Q(E% ■ e T \El -e T \...,Et- e T >) := J[Q(E? ■ e T % % • e T >) (249) 

i<j 

Let T rel denote the vector bundle over M(y , Y,[L]) obtained from the relative tangent bundle of the smooth 
map A4 s (y , [L] , a* , <5_ ) — ► M(m, y , [L]). Then, we have the following element: 

Theorem 7.42 Assume that the 1-vanishing and Condition 7.41 hold for {y,L,a*,8). For $ as in (247), we 
have the following transition formula: 

*(*+)-*(*-) = £ ^M. w(y) f nyQtY) (250) 



(» ,y)€S(i/,«) 

The proof will be given in the next subsubsections 7.6.2-7.6.4. 



7W(S ,V,[L]) 



7.6.2 Step 1 

We put M(6,£) := M ss (y, [L],a*, (8,£)) for a positive integer 1 We put M(8,0) := M ss {y,[L],a sri 8 + ). 
We put M(5-) := M ss (y, [L],a*,6-). Let T re ] denote the relative tangent bundle of the smooth morphism 
M(m, y, [L]) — > M(m, y, [L]). We have the open immersion of M(S, £) and M(S-) into M(m, y, [L]). We use 
the same notation to denote the restriction of T ro i to M.{5, £) and M{8-). We put as follows: 



<T,:=<T> -?rfer> L ^ *{8 K ):= f <f (251) 

JM(S,l) JM(S k ) 



H y (m){ 
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Then, we have $(5,0) = <&(#+) and $(£_) = $(#-)■ 

Recall that Dec(m, y, a*, S) denotes the set of the decomposition types (Definition 4.33). We put as follows: 

S(l) := {J = {y 1 ,y 2 ,h,h) e T>ec(m,y,a*,6) \t C Ji} 
For any decomposition type J = (y 1; y 2 , Ji, J 2 ) S Dec(m, y, a*, <5), we put as follows: 

M0) :=Af~(v 1) [L],a,,<y,«p)) x 7W ss (y 2 ,a*) 

Let T lire i denote the vector bundle over TWp) induced by the relative tangent bundle of the smooth map 
M ss (y 1 , [L],a*,5,t(3)) — ► M(m,y 1 , [L]). Let Ti ire i denote the vector bundle over M(3) obtained from the 
relative tangent bundle of the smooth morphism M(m,y 1 , [L]) — ► M(m, y^). 

Proposition 7.43 We have the following equality: 

The elements *(3) e TZ(E 1 ,M ss (y 1 ,[L],a*,5,t('3))) ®TL{E 2 ) are given as follows: 

M3) = Res ( P(%-e- /ri . Eu(r Mcl ) Eu(f Mcl ) 

»=° V Q(^-e-*M,%-e»/^) J N L {yt) H Vl (m)l 

Proof The argument is essentially same as the proof of Theorem 7.37 jtnd Theorem 7.15. Hence, we give only 
an indication. Let M denote the master space connecting M (<5, () and M. (#_ ) constructed in the subsubsection 
4.5.1. By using M and the argument in the proof of Theorem 7.37, we obtain the following expression: 



3 S)*»P) Eu(9t(M<M3))) 

The contributions from M G ™(3) can be calculated by the arguments in the proof of Theorem 7.37 and 
Theorem 7.15. We remark that we can use Lemma 7.25, due to Condition 7.41. Then, we arrive at the formulas 
(252) and (253) I 

For our later argument, wc reword Proposition 7.43. Let / be a finite subset of Z>o such that |7| = H v (m). 
We naturally regard I as the totally ordered set. Let io be any element of I. Let M ss (y, [L], a*, (S, io), i) be 
the moduli stack of the objects (E*, [(/>], p, T) as follows: 

• (E*, [4>},p) is a 5-scmistable oriented reduced L-Bradlow pairs. 

• T is a full flag of H°(X, E{m)) indexed by I. 

• The tuple (E*, [4>],p, T) is (8, io)-semistable in following sense. We take a partial Jordan- Holder filtration 
of (£*,[<£]): 

C E™ C • • • C E { r 1] C [0]) C (Ei j+1 \ {</>}) C • • ■ C (i^" 1 ), [0]) C (^ fc) , [0]) 

Then, JF io n/f ^,^- 1 )^)) = {0} and T lQ qL H° '(X , E^' 1 ) (m)) . 

We have the bijection ip : I — ► {1, . . . , H y (m)} preserving the order. Then, we have the isomorphism 
M ss (y, [L],a*, (S,i ),l) - M ss (y, [£],«*, (S,ip(i )))- We have the open immersion of M ss (y, [£],«*, (S,i ),l) 
into M(m,y, [L]). The pull back of T re i is denoted by the same notation. Let $ be as in (251). We put as 
follows: 



<P(6,i ,I) := /_ $ 

JM"(y,[L],a.,(8,i ),I) 
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Let Dec(m, y, a*, 5, 1) denote the set of the tuples 3 = (y 1 ,y 2 , satisfying the following conditions: 

Vl +y 2 =y, P^ s = P«*/ = P«; , hUl 2 = I, = H m (m) 
For any 3 — (y 1 ,y 2 , G Dec(m, y, a*, 5, 1), we put as follows: 

t(3) := max{i e h\i < min(7 2 )} 

We also put as follows: 

M(3) := M"(y lt [L],a„(J,«(30),/i) x M ss (y 2 ,a*), 

We put S(i ,7) := {3 G Dec(m, y, a*, £, 7) | i(3) > i }. 
Then, Proposition 7.43 can be reworded as follows. 

Proposition 7.44 We have the following equality: 

3^,1) Nh{V) Hy{m) - JM ^ 

Here, ^{3) are given as in (253). II 



7.6.3 Step 2 

We define the set Dec^(m, y, a*, J) inductively. Put Dec' 1 ) (to, y, a*, S) := Dec(m, y, a*, 6). Assume that 
Dec (j_1) (m,y,Q!*,(5) is already given. Let Dcc (j) (to, y, a*, S) be the set of the tuple jV) = ( y [ j \ Y { 2 j) , , I ( 2 j) ) 
as follows: 

• Y 2 ^ denotes an element {y 2 \y 2 ~ X \ ■ ■ ■ , y^) of Sj(y,5). 



I 2 ^ denotes a tuple (I 2 \l 2 ^,...,1^) of subsets of {1, H y (m)}. Assume mm(I 2 ^) > min(7^ 1 ^) 
for i = 2, . . . , j 

• We assume {1, . . . , H y (m)} = U I® ■ 

• We put y^ 1} := y[ j) + yf and J^ _1) := U/< j) . Then, (y[ j) , y { 2 j) , , 1^ ) is an element of 
Dec(m,yi , ' _1 \a*,/p' _1 ^), in the sense of the subsubsection 7.6.2. 

. We put ■= (vt*,...^) ^dl ( r 1] = (I^,...,/^). Then, (y^, 1^, 1^) 

is an element of Dec'- 7 ^ (m, y, a*, 5). 

Let 3« = (y^,!^,/^, I 2 j) ) be an clement of Dcc w (to, y, a*, (5). We put as follows: 

t{3 (j) ) := m&x{i G 4 j) | i < min(7^ ) )} 

We also put as follows: 

MQW) :=M ss {y[ j \[L],a*,(5,t(3^)),l[ j) ) xf[M ss (y^,a.) 

i=l 



=i 



Let E[ j) denote the universal sheaves on M ss (y[ j) , [L],a*, (6, t{3 ( - f) )), x A and A^ ss (y^, [L], a*, £_) 
A. The appropriate pull backs are denoted by the same notation. Let E 2 ^ (i = 1, . . . ,j) denote the universal 
sheaves on M ss (y 2 \ a*) x A. The appropriate pull backs are denoted by the same notation. 
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Let T^J cl denote the relative tangent bundle of the smooth morphism of M. (to, y[^ , [L]) to M(m,y{ 3) ). Let 

^l'rei denote the relative tangent bundle of M (to, y±\ [L] ) — ► M (to, y ^ , [L] ) . The appropriate pull backs are 
denoted by the same notation. 

We put as follows for variables s^\. . . ,s^: 



7^0) ._ _ V — T (l) — - V — + 

Here, we put as follows: 



h<j r l /i<i ' 1 



r[ j) := ranky^, rf° := r[ j) + £ r< p) 

h<p<j 

Let G be the j-dimensional torus Speck[a^\ . . . , cr^']. Let e w ' s ' denote the trivial line bundle with G-action 
which is induced by the Spec k[a^ l \ crW _1 ]-action of weight w. We have the following element of the if-group 
of the G-equivariant coherent sheaves on M(y , Y,[L]): 

- Rp x .HHom(E^ ■ e T ' a) , E^ ■ e T ' b) ) - Rp x *KHom(E\ b) ■ e T « W , E^ ■ e T ' a) ) 

- Rp D JWmi (E^ D , • e T « W , f» , • ) - R PD *HHom> (E$ , . , £g , . e r « W ) (255) 

The equivariant Euler class is denoted by Q (E^ ■ e T * ' , E^ ■ e T ' ' ) , which is regarded as the element of 
Tl(E[ j) ) ® (g){ =1 ^(Sf } ) <R(sW, s< 2 \ . . . , sW- 1 ), We put as follows: 



Q{E { fe^\E^e^\...,E^e T ^) := JJ Q e T ^ , e^' ) x J] Q^e 1 ""' , E^e T ^) (256) 



h<i<j 

Then, we put as follows: 
We also put as follows: 

^) (y «,^)):=*0) (y «,rW).|^ 

Lemma 7.45 for eac/i j, we have the following formula: 

]\j T f„(Ah if (i) (to)! • TTl-i H (h) (to)! r ,.s 



aW)eDecW)(m,i/,a»,«) 



M(3«>) 

(257) 



Proof We use an induction on j. In the case j = 1, the claim is the proven in Proposition 7.43 (the case £ = 0). 
Assume that the formula (257) holds for j, and we will prove it for j + 1. By definition, we have the naturally 
defined morphism ttj : Dcc^ — ► Dec^ _1 \ Due to Proposition 7.44, we obtain the following equality: 

Nr(nti +1 h H o+i) (m) ■ H o+i) (m) r _ , , , , 
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Here, the elements *'0 - +i)( y CJ+ 1 ), Y { 2 j+1) ) G TZ(E[ j+1) ) <g> (g^i are given as follows: 

$'0+i) (y O'+i) iF 0+i) ) = 

Res Res • • • Res ' 



0+1, ' W s<1> V^ fc<J+ lO(^ +1) e^ + ^^ fc) e^V^ fc <^ + lO(4 h) e ^ " W I 4 e^ , ) 

X Q(^' +1) e-« 0+1 Vr? +1 \^+ 1 ) e -« 0+1 Vr« +1) )) (259) 
It is easy to observe tf'0' +1 )(y£' +1) , 1^' +1) ) = ^ +1 \y[ j+1) ,Y { ^ +1) ). Thus the formula (257) holds for j + 1. I 
7.6.4 Step 3 

When j is sufficiently large, we have Dec^\m, y, a*, 5) = 0. Therefore, we obtain the following: 

We have the map pk ■ Dec^(m, y, a*, 6) — ► Sk(y,S) given as follows: 

Pk{^) = {yf\yf\y { t 1 \...,y^) = {y ,y 1 ,y 2 ,...,y k ) 

Then, (260) can be rewritten as follows: 

Lemma 7.46 Under Condition 7.41, we /iaue tte following equality: 

Proof It is easy to observe that p k ~ 1 (y , Y) is bijective to the following set: 

k 

| (7 , h, ■ ■ ■ ,h) | JJ-^i = {!,- • - = H yi ( m) , min(7 fe ) < min(J fc _i) < • • • < min(7i)| 

i=0 

The correspondence is given by (l[ k \ . . . , I^) = (Iq, I\, . . . , Ik)- 
We put N = H y {m) and Ni — H yi (m). We have the following: 

„ -i, v , N\ (N-N -l)\ (N-No-Nk-l)l 



N \{N-N )\ {N k - 1)\(N - N - N k )\ (JV*_i - 1)!(JV - N - N k - JV fc _i)! 

11 CAT, _ 1WAT- AT„ - V.. .AMI n<= »n n* at 1 ' 



Under the condition 7.41, we have iVi/vj = Nj/rj for 1 < i,j < k. Therefore, we obtain the following: 



rfe 



nti^' _ nti^ _ nun 

Yli=i^2i<j<i Nj Hi=iJ2i<j<i r j 



Thus the proof of Lemma 7.46 is finished. I 
We immediately obtain (250) from (261) and Lemma 7.46. I 
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7.7 Weak Wall Crossing Formula 
7.7.1 Statement 

Let y be an element of Type . We use the notation Ainiy) to denote the moduli stack of torsion- free sheaves 
of type y, which are semistable with respect to a polarization H. For $ = P(E U ) G 7Z(E U ), we put as follows: 

$ H (y) := [ $ (263) 

JM H (y) 

Let £ be an element of NS{X) such that £ 2 < 0. Let be the wall in the ample cone determined by £. It 
is well known that the ample cone is divided into the chambers by such walls, and Mh{V) depends only on the 
chamber to which H belongs. Moreover, the set of such walls are locally finite ([42]). 

Let C+ and C_ be chambers which are divided by a wall W^. Let H + and ff_ be ample line bundles 
contained in H + and H- respectively. We assume (£,H + ) > (£, HJ). We would like to obtain the description 
^ as the sum of the integrals over the products of the moduli stacks of the objects with lower ranks. 
In the following, rj, a* and 6j denote the rank, the first Chern class and the second Chern character of a given 
yi G Type , respectively. We take a generic H G W^. 

Let S +t k denote the set of rj = (yo, yi, . . . , yt) G Type h+1 satisfying the following conditions: 

• There exist Ai > (i = 1, . . . , k) such that dj/rj — a,_i/rj_i = Ai ■ £ in H 2 (X). 

• In the case j4i = 0, the inequality b n /r < b\jr\ holds. 

• In the case Ai = for some i > 2, we have frj/Vj < frj+i/rj+i. 

Let S 1 -^ denote the set of X) = {yo,y\, ■ ■ ■ ,yk) G Type oh+1 satisfying the following conditions: 

• There exist Ai < (i = 1, . . . , k) such that aj/rj — dj_i/rj_i = Aj • £. 

• In the case A\ = 0, the inequality b /r < b\/r\ holds. 

• In the case Ai = for some i > 2, we have 6j/r, < b i+ i/r i+ i. 
Then, we put as follows: 

S+ ■= [JS +! k, S-:=[JS-,k 
k k 

Let rj = (yo, ■ ■ ■ ,yk) be an element of S +i k or S 1 -^. Then the integers 1 = < i{2) < • • • < i(s) < k are 
determined by the following condition: 

P Vi(n-i ^ P ViU) = ■ ■ ■ = Py iU+1} -! Pvi<j+i) 
We put i(s + 1) = k + 1 formally. Then, we put as follows: 

1 lj=l 1 l/i=i(j) 2-ii(j)<l<h ' I 

We also put as follows, for k = ± 

i=0 

Let Ef denote the sheaf which is the pull back of the universal sheaf over M(yi) x X. 
When rj is given, we put as follows for variables t\,...,tk- 

rp _ _ h T- = — — h - 

f^ Eo</xj rank (?//J ' * f£ T,o<h<j rank (2/ft) rank(y 4 ) 
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Let G denote the fc-dimensional torus Spec fc[ri, , . . . , t^, t^T 1 ]. Let e w ' li denote the trivial line bundle with 
G-action which is induced by the Spec fc[T i; r i ~ 1 ]-action of weight w. We have the following element of the 
if-group of the G-equi variant coherent sheaves over M(tj) as in the subsubsection 7.6.1: 

-Rp x * (nnom (Ei ■ e Tl , Ej ■ e Tj ) ) - Rp x * (iZHom (Ej ■ e T ' , % ■ e 1 



The equivariant Euler class is denoted by Q (Ei ■ e Ti , Ej ■ e Tj ) . We regarded it as the element of ®*L 'R-(Ei) (g) 
d\(t k , . . . , ti). We put as follows: 

Q(E ■ e To ,£i • e T \ . . . ,E k • e Tfc ) := JjQ(^ • e T \% ■ e T >) 

i<j 

Then, we put as follows: 

*(tj) := Res • • • Res ( iM^Lf^ ) (265) 

*i ** \Q(E%-e T °,...,E%-e T k) J 

Theorem 7.47 We have the following formula: 

<s>h + (y) - (y) = - E ' / *(«>) + E ' / *(«>) (266) 

We will write down the formula for the rank 3 case in the subsubsection 7.7.3. 
7.7.2 Proof of the theorem 

We use the argument and the notation in the proof of Theorem 7.39. 

Lemma 7.48 Let X) = (yo, . . . , y&) be an element of Type ok+1 such that ^yi — y and n{yi) = n(y)- We also 
assume that there are [i-semistable torsion-free sheaves of type yi (i = 0, . . . , k). Then, it is contained in S+ t k 
if and only if the following inequality holds for any sufficiently large t: 

Py»(C)(t) < Py l( c){t) < P y2{C ){t) <■< P yk (C){t) (267) 
Similarly, X) is contained in S- t k if and only if the following inequality holds for any sufficiently large t: 

Pyo(-C)(t) < Py l( -C)(t) < Py 2 (-C)(t) <■< Py k (-C)(t) 

Proof We remark that finitcness of t) as in the assumption of the lemma, due to the boundedness of S. The 
condition (267) is equivalent to the following: 

b + (a ,C) < bi + (ai,G) < b 2 + (a 2 ,C) < _ < b k + (a k ,C) 
ro n r 2 r k 

We have (a i+ i,H)/r i+ i = (ai,H)/r i} and H is generic in W^. Hence we have Oj+i/rj+i — aj/rj = Ai ■ £ for 
some rational numbers Ai, and we have (oj+i, C)/r i+ i — (ai, C)/rt — Ai ■ (£, G). Since (£, G) is sufficiently large, 
the condition (268) is equivalent to rj G S+,fc. Thus the first claim is proved. The second claim can be shown 
similarly. 1 

For any t) = (yo, . . . ,y k ) e S+, we put as follows: 

k 

M(t>(C),[0(-m,C)}) := M s (y (C),[O(-m,C)],e) xJlM^iUC)) 

i=l 

Here, e denotes any sufficiently small positive number. Similarly, we put as follows for any I) 6 S-: 

k 

M(tj(-C),[0(-m,-C)]) ~ M s (y Q {-C),[0{-m,-C)],e) x\{M ss (m{-C)) 
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Let T ro i denote the vector bundle over _M(t}(C), [0(—m, C)]) obtained from the relative tangent bundle of the 
smooth morphism M s (y(C), [0(—m,C)],e) — > M(m,y(C)). We use the same notation to denote the vector 
bundle over M s (tj(— C), [0(— m, — C)],e) obtained from the relative tangent bundle of the smooth morphism 
M(y(-C), [0(-m, -C)}, e) — > M(m,y(-C)). 

Let <5o be as in the proof of Theorem 7.39. To obtain the description for &c($o) — &(H+) an d $-c(^o) — 
<&(£/_), we use the transition formula (Theorem 7.42) inductively. Due to Lemma 7.48, we obtain the following 
equality: 



E 



H yo( m ) 
H y (m) 



We also obtain the following equality: 



t)eS- 



Hyo M 
H y (m) 



M($(C),[0(-m,c)]) H yo (m) 



A<t(f)(-C),[0(-m,-C)]) H ya( m ) 



(269) 



(270) 



From the equality $_c(c>o) = $c(#o) (Lemma 7.40), we obtain the following equality: 
H yo (m) 



<s> H+ (y) + J2 



t>es + 



B(«J) 



X(5(C),[0(-m,C)]) n yo\ m ) 



Eu(T rcl ) 



+ H ya( m ) B ^ f 

4^ H v (m) JM{tj(-C)\0(-m-C)\) H yo (m) 



By taking the limit m — ► 00, we obtain the desired equality (266), due to Proposition 7.19. 



(271) 
I 



7.7.3 Weak wall crossing formula in the rank 3 case 

As an example, we write down the formula (266) in the rank 3 case. In the following, a, and &, denote the first 
Chern class and the second Chern character of a given j/j. We put as follows: 

Ui := {(2/1,2/2) G ^2/P e i x Type 2 1 2/1 +2/2 = y}, U 2 ■= {(2/1,2/2) G Type 2 x Type! 1 2/1 + 2/2 = 2/}, 

^3 := {(2/1,2/2,2/3) G Type? | 2/1 + 2/2 + 2/3 = 2/} 

We put as follows: 



0(1) 
0(1) 

°2,+ 

J 3,+ 
o(2) 
J 3,+ 
o(3) 
J 3,+ 
o(4) 
°3+ 
o(l) 
°4,+ 
o(2) 
J 4,+ 



= {(2/1,2/2) G I7i I a 2 - 2oi = A • £ (A > 0)}, ^ifi := {(2/1,2/2) e C/i | 2ai - a 2 , 26j < 6 2 } 
= {(2/1,2/2) e t/ 2 I 2a 2 - 01 - A ■ £ (A > 0)}, := {(2/1,2/2) € C/ 2 | 01 = 2a 2 , 6 X < 2b 2 } 

= {(2/1,2/2,2/3) G C/ 3 I 02 -01 = A-£, a 3 -02 = B-C > 0)} 

= {(2/1,2/2,2/3) G C/ 3 J 01 + = a 2 = a 3 (A > 0), b 2 < b 3 } 
= {(2/1,2/2,2/3) G U 3 I 01 = a 2 = a 3 - A-Z (A > 0), 61 < 6 2 } 
= {(2/1,2/2,2/3) G U 3 I 01 = a 2 = a 3 , 61 < 6 2 < 63} 
:= {(2/1,2/2,2/3) G U 3 I ai + A • £ = a 2 = a 3 (A > 0), 6 2 = &s} 
{(2/1,2/2,2/3) G C/ 3 I «i = «2 = 03, &i < h = 63} 
We also put as follows: 



0(2 

°3, 

5f. 



{(2/1,2/2) G U x I a 2 - 2 0l - A ■ £ (A < 0)}, s{ 2) _ := - {(2/1,2/2) G C/i | 2oi - a 2 , 26j < 6 2 } 
{(2/1,2/2) G C/ 2 I 2a 2 - 01 = A • £ (A < 0)}, S<?- : = 4 2 | - {(2/1,2/2) G C/ 2 | «i = 2a 2 , 61 < 26 2 } 
{(2/1,2/2,2/3) G U 3 \a 2 -01 = A-f, a 3 — a 2 = B ■ £ (A, _B < 0) } 
{(2/1,2/2,2/3) G U 3 I ai + A-£ = a 2 = a 3 (A < 0), b 2 < b 3 } 
{(2/1,2/2,2/3) G U 3 jai = a 2 = a 3 - A ■£ (A < 0), 61 < 6 2 } 



? (4) 
J 3,+ 



{(2/1,2/2,2/3) £ C/ 3 I ai = a 2 = a 3 , b x < b 2 < b 3 } 



{(2/1,2/2,2/3) G t/ 3 I a x + A • £ = a 2 = a 3 (A < 0), 6 2 = 6 3 } 



? (2) 



{(2/1,2/2,2/3) G C/ 3 I ai = a 2 = 03, 61 < 6 2 = & 3 } 
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We use the notation A4(y,H K ) to denote the moduli stack of oriented torsion- free sheaves of type y which 
are semistable with respect to H K . In the case rank(y) = 1, we omit to denote H K . Let (yo,Ui) be an 
element of Type 2 . Let G m be a one dimensional torus. From G m -cqui variant coherent sheaf £i (i = 1,2) on 
M(yi,H K ) x A4(y 2 ,H K ) x X, we obtain the following element of the fc-group of the G-equivariant coherent 
sheaves on M(yi,H K ) x M(y 2 ,H K ): 

—Rpx *(TZTiom(£i, £ 2 )) - Rpx *(lZHom(£ 2 , £1)) 

The G m -equivariant Euler class is denoted by Q{£\,£ 2 ). Let P be an element of 1Z. Then, we put as follows: 

V{£ 1 ,£ 2 ) ~V(£ 1 ,£ 2 ) := e /' } £ n{£{) ® H(£ 2 ) SH(t) 

Let (j/1,2/2,2/3) be an element of Type 3 . Let G 2 ^ denote the two dimensional torus. Similarly, we put as 
follows for given G^-equivariant coherent sheaves £i (i = 1, 2, 3): 

£3) := ^ @ n tr e / 3 ? € ^ 81 ^ 2 ) 81 ^( g 3) ^ gt((*2, tl))- 
Then, we put as follows for n = ±: 

„t/2 



A(tf K ) :=$ ffK (y)+ X! E Res(p(^-e-*, 



•e 

+ E E 1/ Res(p(^-e-* /2 , 
+ y y L ResResfpf^-e^ 1 ^/ 2 ,^-^-* 2 / 2 ,^-^ 2 )) 

h, 3 Alms*) 41 * 2 V J 

+ V V -f ResResfpf^-e-* 1 -* 2 / 2 , ^ 2 u -e 4l - t2/2 , %-e* 2 )) (272) 

Then, the formula (266) says A(i2+) = A(JT_). The contributions from 5^ and sf > are cancelled out. 
7.7.4 Weak intersection rounding formula in the rank 3 case 

The weak wall crossing formula (266) is not so easy to deal with, even in the rank 3 case. We would like to 
derive a more accessible quantity from our invariants. For that purpose, we consider the "intersection rounding 
formula". We will show it in the general case, later (the subsection 7.8). However, the general statement is a 
little complicated. So we give the formula in the rank 3 case, in this subsubsection. 

We take an element £ = (£1,^2) £ NS(X) 2 such that £1 and £ 2 are linearly independent, and we put 
:= W^ 1 n A connected component T of \ Uw^we; W is called a tile. For each tile T, there exists 

four chambers whose closures contain T. Let G be such a chamber, and let Hq be an ample line bundle contained 
in G. Then the map <pc '■ {1)2} — ► {1,-1} is determined by <fc{i) — s ^S n (Hc, The chambers and the 
maps correspond bijectively. We denote by C(ip) the chamber corresponding to a map ip : {1,2} — ► {1,-1}. 
We put k(ip) := #{« | ip(i) = —1}. We take any ample line bundle H v £ C(ip). Then, we put as follows: 

V^(y):=y(-l) k ^<l> H Jy) 

<p 

We would like to show that T>J$(y) is independent of a choice of T, and we would like to express V^^(y) as 
the sum of the integrals over the products of Hilbert schemes. 

Let 5(2, 1) be the set of a — (a , a\,a 2 ) £ NS(X) 3 with the following property: 
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• (ao + ai)/2 — a 2 = A\ ■ £1 and a — a\ = A 2 ■ £ 2 for some Ai > 0. 

Let 5(1, 2) be the set of a = (a , Oi, a 2 ) G NS(X) 3 with the following property: 

• a — (ai + a 2 )/2 = A\ ■ £i and ai — a 2 = ^4 2 • £2 for some > 0. 
For each a, we put as follows: 



an + a? + a? 



*(!/,<*):= [J n( XM X Pic ^)) iV(y,a)=n+^L^ 

Here, a and n denote the first Chern class and the second Chern class of y. Let denote the sheaf over 
FJ(Jf x Pic(eij)) x X which is the pull back of the universal ideal sheaf over x Pic(aj) x X. 

Let G = G 2 ^ denote the two dimensional torus. Let £j (j = 1,2,3) be G-equivariant coherent sheaves on 
rj(Xl ni l x Pic(ai)) x X. Then, Q(£j,£k) denotes the G-equivariant Euler class of the following: 

-Rpx * (HHom(£j ,£*,)) - Rpx * (TZHom(£ k , £,)) 

We use the following notation: 

V(£ 1 ,£2,£ 3 ) ■■= ffi ^ ® ^(£2) ® K(£ 3 ) ® K(ti,t 2 ) 

lli<j wyt-ii t-j) 

Proposition 7.49 

• T>£$(y) is independent of the choice of T . Therefore, we can omit to denote T. 

• The following equality holds: 



T> t ${y)= V / ResResf-p^e-* 1 , ^ ie tl/2 - t2 , ^e* 1 / 2 ^ 2 )) 

+ V / ResResfp(^e- tl/2 - t2 , % e - 4l / 2+t2 , E^)\ (273) 



o€S(2,l) ' 

Proof We use the notation in the subsubsection 7.7.3. Wc identify ip and (tp(l),tp(2)). We have the equality: 

A(H +!+ ) A(ff+,_) = A(tf+,_) - A(tf_,_) (274) 

We put as follows: 

S[]l := {{yi,y 2 ) &U 1 \a 2 -2a 1 = A-^ (A> 0)}, := {(yi,y 2 ) G C7i | 2oi = a 2 , 2&i < 6 2 } 
: = {(Wi.lft) e U 2 j 2a 2 - ai = A • & (A > 0)}, ^ 2 { := {(t/i,y 2 ) G U 2 \ 01 = 2a 2 , 61 < 26 2 } 



We also put as follows: 



S^!:={(y 1 ,y 2 )Gi7i|a 2 -2a 1 =A-6 (A < 0)}, s[% := S' h+ 
S$l := {(yi,y 2 ) G U 2 j 2a 2 - 01 - A • 6 (A < 0)}, 4*1 := 
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Then, we have the following equality for k = ±: 



+ E E \l Re S (v(E?.e-*,E%.e^) 

E E Reste.e-'^.e* 
W(y llBa ) e s« 3 " / ^ (9l)xM(fclff - ) 

+ E E \l Res(p(%.e-*/ 2 ,%. 

-E E 1/ Res(p(^- e -*/ 2 ,%-e*)) (275) 

By a formal calculations using the weak wall crossing formula in the rank 2 (Theorem 7.29), we can show the 
following equalities: 

E (/ ResVffi-e-*, E% ■ e t/2 ) - f ResV(E? ■ e" 4 , % • e t/2 ) j 

= E ResRes / V{E% ■ e"* 1 , E? • e* l/2 "* 2 , • e * l/2+ * 2 ) (276) 

E (7 BxaVfa-e-^Et-e*)- [ ResVfa • e^ 2 , £ 2 • e*)^ 

,„^ 9 (D \"'- M (Si,ff- + )xA1(S 2 ) * JM(vi,H__)x.M(vi) 4 / 

= E / ResResT'^o-e- 41 / 2 - 42 ,^!^- 41 / 2 ^ 2 ,^^* 1 ) (277) 



(!/i,l/2)€Si 



(vim)es. 



We also have the following: 



(yi,y 2 )es<^ 



E (/ Res7>(% -e^i^e 4 / 2 ) - /* Res • e~ 4 , %e 4 / 2 ) J 

^^(1) Vw(Si)xA4(» 2 ,fl++) 4 J M{m)xM{y2,H+_) 4 / 

i,+ 

E (/ Res-p(%e- 4 / 2 ,% -e 4 ) - / ResP^e 4 / 2 ,^ -e^ 4 ) ] 

s c(i) \"'-W(52,ff + + )xA4(g 1 ) 4 J M^H+^xMim) 4 / 

V / ResResT'fSo-e- 41 / 2 - 42 ,^!^- 41 / 2 ^ 2 ,^^ 41 ) (278) 

^-,Jx(y,a) 42 41 



o€S(2,l) 



E \\ ResViE.-e-'/ 2 ,^-^)- [ Res • e^ 2 , % • e 4 ) j 

; c (l) V^- M ©l.^++)XA<(S2) 4 JM(V1,H + -)XM(V2) 4 / 

E (/ ResV^-e-'X-e'' 2 ) - j ResP(E^ ■ e 4 , Et ■ e^ 2 ) j 

\./VW(j(2)xVW(yi,.Ef ++ ) 4 J M{y2)xM{m,H+_) * / 

= - E Res Res / 'P^-e- 41 ,^^ 41 / 2 - 42 ,^^ 41 / 24 - 42 ) (279) 



(l/i,l/2)€S^| 



aeS(l,2) 
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Recall S[ 2 \_ = S[ 2 }_. Then, it is also easy to observe the following equalities by using the weak wall crossing 
formula in the rank 2 case: 



, ^ c (2) JM(y 1 )xM(y 2 M+, + ) 1 V 1 



V / Res(p(^-e-*, ^-e t/2 )) 

= E / W^-e^-e 4 / 2 )) 

V / Resfp^-e-*, %-e*/ 2 )) (280) 



(yi,y2)es; _ 



(yi,?/2)es< 2 » 



(l/i,l/2)€S^| 



V / Res(p(S 1 1 • e~*/ 2 , % • e"' 

. ^(2) ^M(5i,i? + , + )xA<(5 2 ) * V 

V / Resfp^ • e-*/ 2 , E% • e< 

^„(2) ^7W(Si,H+,-)xM©2) * V 

V / Resf-p^-e-*/ 2 , %-e' 

~L(2) " / A4©i,-ff-, + )xA1(S2) * V 



V / Resf^^-e-'/ 2 , 

~^(2) JM( yi M-,-)xM(y2) * V 



(yi,?/2)es. <2) 



e* (281) 



Then, we obtain (273) by a formal calculation. i 
7.7.5 Transition for a critical parabolic weight 

We give a generalization of Proposition 7.34 in the higher rank case. The argument is essentially same as the 
proof of Theorem 7.47. Hence we state the result without a proof. 

Let a be a critical parabolic weight. We take a_ < a < a + sufficiently closely. For $ = P(E U ) G 1Z(E U ), 
we put as follows: 

J M(y,a K ) 

Let S+.k(y, £, a) be the set of rj = (yo, . . . , yk) G NS{X) k+1 with the following properties: 
. EVi = V andP" =P«. 

• We have a /r — a\/r\ = m ■ £ for some m < 0. 

• We have aijvi — a i+ i/r i+ i = rrii ■ £ for some rrii < 0. In the case a^/r^ = a i+1 /r i+ i, we have yi/ri = 

yi+i/n+i- 

Here and a, denote the rank and the first Chern class of yi, as usual. Let S- t k(y, cc) denote the set of 
tj = (yo, • • • ! yt) G NS(X) k+1 with the following properties: 

• Ey, = y andP" =P«. 

• We have ao/ro — ai/n = mo ■ £ for some mo > 0. 
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• We have cii/ri — a i+ i/r i+ i = rrii ■ £ for some m, > 0. In the case ai/r-i = a i+ i/r i+ i, we have 2/j/r, = 

Vi+i/n+i. 

Then, we put as follows: 

S K (y, £, a) := [J S K . k (y, £, a) 

k 

For each rj = (y , • • • , 2/fc) G S Ki k(y, £, a), we put as follows: 

fe 

M(t),a K ) :=[]M(y„a K ) 

i=0 

Proposition 7.50 TTie following equality holds: 

$(£,<*+) -$(£,«_) = - J] *(•))+ E *(«>)•/ ( 282 ) 

9€S+(y,€,a) 5 eS_(w,£,a) 

Here, denote the elements of ®*1 TZ(Ef) given by (265), and B(xf) denote the numbers given by (264). I 

As an example, we write down the formula (282) in the case of rank 3. We use the notation in the subsub- 
section 7.7.3. We put as follows: 

tfi(a) := {(2/1,2/2) G U % \ P« = P«} (i = 1,2), U 3 (a) := {(2/1,2/2,2/3) G tf 3 | P% = P*} 
We put as follows: 

S\+ := {(2/1,2/2) G Ui(a) | 2ai - a 2 = to • £ (to < 0)} 
#2,+ := {(2/1,2/2) G f/ 2 (a) I ai - 2a 2 = to • ^ (to < 0)} 
5*3+ := {(2/1,2/2,2/3) G U 3 (a) I ai - a 2 = m x ■ £, a 2 - a 3 = to 2 • £ (raj < 0)} 



'4+ 



(2/1,2/2,2/3) I ai - a 2 = to • £ (to < 0), y 2 = y 3 } 



Here, ai denotes the first Chern class of 2/i- We also put as follows: 

5i_ := {(2/1,2/2) G t/i(a) I 2ai - a 2 = to • £ (to > 0)} 
5 2 ,_ := {(2/1,2/2) G 1/2(0:) I ai - 2a 2 = to • £ (to > 0)} 

S 3- ■= {(2/i,2/2,2/ 3 ) G f/ 3 (a) I ai - a 2 = m 1 ■ £, a 2 - a 3 = to 2 • £ (to; > 0)} 
Si- := {(2/1,2/2,2/3) I ai - a 2 = to • £ (to > 0), y 2 = y 3 } 

We put as follows for k = ±: 
A(a re ) := $(y, a re ) + V \ ( Res(p(^ • e~\ E% ■ e</ 2 )) 

+ E 1/ Res(p(^-e-*/ 2 ,^-e*)) 

+ V ResResfT'f^-e'* 1 -* 2 / 2 ,^^* 1 -* 2 / 2 , % • e' 2 )) 

(vi,y2,y3)eS 3 , K u « w; 

+ V i/ ResResfp^-e"* 1 -* 2 / 2 , ^ 2 i -e tl ^* 2/2 ,%-e* 2 )) (283) 

^^S,,. 6 ^^^) *i * 2 V " > 

Then, Proposition 7.50 says A(a+) = A(a_). 
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7.8 Weak Intersection Rounding Formula 
7.8.1 Preliminary 

We prepare some terminology to state the theorem. An oriented tree is a tree provided with an orientation for 
each edge. For an oriented tree i?, let V(R) denote the set of the vertices of R. We have the natural order <^ 
on V(R). Let V max (R) denote the set of the maximal vertices of i?, and we put V°(R) := V(R) — V max (R). An 
oriented tree R is called an indexed rooted oriented binary plane tree of rank r, if the following conditions are 
satisfied: 

• R is embedded in K x R>o, and it intersects with R x {0} transversally. The intersection JJn(Kx {0}) 
consists of the maximal points. 

• There exists the unique minimal vertex o with respect to the order induced by the orientation. The vertex 
is called the root. 

• The maximal vertices are {(0, 0), (1, 0), . . . , (r — 1, 0)}. 

• For any v G V(R) — ({o} U V max (i?)), there are three edges which contain v. 

• A bijective map ip : V°(R) — ► {1, . . . , 1 — 1} is provided, which preserves the orders on the sets V°(R) 
and {1, . . . , r — 1}. 

The notion of isotopy is naturally given. Let 1(r) denote the set of the isotropy classes of an indexed rooted 
oriented binary plane trees of rank r. It is easy to see #1(2) = 1, #1(3) = 2 and #1(4) = 4, for example. 

Remark 7.51 1(r) parameterizes the composition rules. i 

Let R be an indexed rooted oriented binary plane tree of rank r. For any v G V(R), we put as follows: 

r(v) := #{u e V max (R) \ u > R v} 

We put j(v) := max{j | (j,0) > R v} . 

Take v G V°(R). It is easy to see that there are two edges e\ and e2 going out from v. Let Vi denote the 
vertex of ej which is not v. We may assume j(vi) < j{v2), and we put v l = v\ and v r = V2- 

If v is not the root, there is the unique vertex v b of R such that there exists the edge from v b to v. We put 
as follows: 

1 (v = {v h ) r ) 
-1 (v = {v h ) 1 ) 

We take t\, . . . , i r _i be formal variables, and we put as follows for i = 0, . . . , r — 1: 



sign(w) := 



tip(v b ) 

r(v) 



We identify (i, 0) G V max (i?) and i. For any a = (a , . . . , a r _i) G NS 1 (X) and each v G V(R), we put as 
follows: 

d v . ^ ^ a u 

«ev max (i?) 

U>RV 

Let a be an element of NS 1 (X). Let ^ = . . . , ^ r -i) be an element of NS 1 (X) r ~ 1 such that ^ are linearly 
independent. We denote by S(r, a, £, R) the set of a = (an, • ■ • , a r -i) 6 A r 5 1 (A) satisfying a i — a an d * ne 
following condition: 

• There exists a positive rational number A such that the following equality holds in NS 1 (X) <g> Q for any 
» 6 T(i?): 



r(t' i ) r(w r ) 
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Let a be any element of S(r,a,£,R). Let y be an element of Type such that rank(y) = r and det(y) = a. 
Let n denote the second Chern class of y. We put as follows: 

M(a,y):= f[ (X™ x Pic^)) , JV(o, y) := n ^ + £ f 

Eto 1 "<= JV ( .») i=0 i=1 

On At (a, y) x X , we have the sheaf Ef which is the pull back of the universal sheaf on X^ x Pic(dj) x X 
via the naturally defined projection. Let G denote the (r — l)-dimensional torus Specfc[ri, t^ 1 , . . . , r r _i, tT}^. 
Let e w ' ti denote the trivial line bundle with the G-action induced by the action of Spec k[ri, t^ 1 ] of weight w. 
We have the following element of the if -group of the G-equivariant coherent sheaves on M(a, y): 

-Rpx*llHom(E? ■ e T \ % • e T ^) - R Px *RHom(E? ■ e T > , Ef • e T ') 

The equivariant Euler class is denoted by Q(Ef ■ e T ' , EJ ■ e T j ). We regard it as the element of 0^ Tt(Ef) <g> 
9t(ii, . . . , t r -i). We put as follows: 

Q(E% ■ e To ,% • e T \ . . . , E^ ■ e T ^) := l[Q(E? ■ e T \ % ■ e T ') 

i<j 

Let P be an element of TZ. We obtain P(0£To ' eTs ) e ®\=o "^(-^")[*i> • • > U-i] by the homomorphisms in 
the subsubsection 7.1.3. Then, we put as follows: 

/ play- 1 E u e Ti ) \ r_1 

*(o, R) := Res Res • • • Res ^ y ^ l=0 1 J e (9) H(E?) (284) 

tr-itr-' 41 \Q(E%e T °,E?e T i,...,E?_ 1 e T r-i)J ^ 

7.8.2 Statement 

We take an element £ = (£i, £2, • • • , £/) £ NS 1 (X) 1 such that are linearly independent. We put 

:— n!=i VT^. A connected component of TL^ \ Uw#w«i ^ i s called a tile- 
Let ip : {1, . . . , 1} — ► {1, —1} be a map. We have the chamber C(cp) satisfying the following conditions: 

• The closure of C(ip) contains T. 

• Let H v be any ample line bundle contained in C(ip). Then sign(£ i7 H) = <p(i). 

We take line bundles H v G C(ip). We put k(ip) := #{i\f(i) = -!}■ For $ = P(E U ) G K{E U ), we put as 
follows: 

X>^(y):=^(-l)^).$^(y) 

Here, $n v (y) is given as in (263). 

Theorem 7.52 Assume p g = 0. Let y be an element of Type, and let £ — (£i, . . . ,6) T 6e as above. 

• 7n i/ie case I > rank(y), we have T>J$>(y) = 0. 

• In the case I = rank(y) — 1, the number T>J$(y) is independent of the choice of T, and the following 
equality holds: 

v^(y)= E E / ( 285 ) 

Here, ty(a,R) are given in (284). 

The theorem will be proved in the subsubsection 7.8.4 after the combinatorial preparation. We have already 
written down the formula (285) for the rank 3 case in the subsubsection 7.7.4. 
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7.8.3 Preparation from combinatorics 

Let S be a finite set. Let Map(S, {±}) denote the set of maps of S to {±}. For any tp £ Map(5 f , {±}), let k(ip) 
denote the number of {i | ip(i) = — }. Let J be a subset of S. For any ipi 6 Map(7, {±}), let Indg(<^/) and 
Indg (pi be elements of Map(S, {±}) determined as follows: 

Ind s (HW-|_ ( ^ /} Ind s (HW-| + (i g 7) 
Lemma 7.53 for ant/ functions Fi : Map(S, {±}) — > C (i = 1, 2), we /mue i/ie following equality: 
E {-l) k{ * ) F 1 (v)-F 2 (v) = 

V GMap(S,{±}) 

El E (-l) fc( ^^i(lnd s (^)) I • I E (-l) fc(v ' ) F 2 (lnd+(^ J )) ] (286) 

JUJ=S \ VJ eMap(/,{±}) / \ VJ eMap(J,{±}) / 

Proof We use an induction on \S\. In the case \S\ — 1, we can identify Map(S, {±}) and {±}. We have the 
following: 

F 1 (+) ■ F 2 (+) F x (-) • F 2 (-) = (F(+) F(-)) ■ G(+) + F(-) ■ (G(+) GR) 

Thus, the claim holds in this case. 

Assume that the claim holds in the case \S\ = k — 1, and we will show that the claim in the case |5| = k. 
We take any element s G 5, and we put S' := S — {s}. The left hand side of (286) can be rewritten as follows: 

E (-l) feM • F^ip) ■ F 2 (<p) + E (-l) Hv) ■ F^) ■ F 2 { V ) 

V GMap(S : {±}) ipGMap(S,{±}) 
¥>(«)=+ ¥>(*)=- 

E (-l) fe ^'^i(lnd+(^)) -F 2 (lnd+(^)) - E (-l)^'^!^^')) -^(Ind+^O) 

V 'eMap(S',{±}) <p' eMap(S' ,{±}) 

(287) 

By using the hypothesis of the induction, the right hand side of (287) can be rewritten as follows: 
E E (-l) fc( ^ )+fc(vj) ^i(lnd+(Ind s ,(^))) .F 2 (lnd+Ind+(^)) 

IUJ=S' v ,£Map(/,{i}) 
y. 7 eMap(J,{±}) 

£ (-l) fe (^)+ fe (^')f 1 (lnd s (Ind s ,(^))).f 2 (lnd s (Ind+(^ / ))) 

/UJ=S" VJ eMap(/,{±}) 
V.;£Map(J,{±}) 

= E E (-^^^^(^(Ind+Onds,^/))) - ^(lnd s (Ind' s -(^)))) • F 2 (lnd+ Ind+ 

/UJ=S' V ,£Map(/,{±)) 
VjGMap(J,{±}) 

+ E E (-l) fc( ^ )+fe(v ' 7) ^i(lnd s (Ind s ,(^))) ■ (F 2 (lnd+(Ind+ frj))) - f 2 (lnd s (Ind+ R)))) 

IUJ=S' V /GMap(/,{±}) 
ipj£Map(;,{±}) 

(288) 

It is easy to observe the the right hand side of (288) can be rewritten as follows: 

E (-l) fc(v ' )+fc(vj) Fi(lndg (</>/)) • F 2 (lnd+(R) + ^ (-l) fc ^)+ fc ^)f 1 (lnd s (^)).f 2 (lnd+(^. / )) 
/uj=s JUJ=S 

= E (-l) fe( ^ )+fe(vj) ^i(lnd s (^))-F 2 (lnd+(^ 7 )) (289) 

JUJ=S 

Thus we are done. K 
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7.8.4 Proof of Theorem 7.52 

We consider the following statements: 

P(r): Assume rank(y) < r. For any £ = (£1, . . . ,£;) such that I > rank(y), we have T>J&(y) = 0. 

Q(r): Assume rank(y) < r. For any £ = such that I = rank(y) — 1, the number T>J$(y) is 

independent of the choice of the tile T. Moreover, the equality (285) holds. 

It is easy to see Q(r) implies P(r). We have already known that Q(l) and Q(2) hold. We will prove P(r), 
and hence Q(r), by an induction on r. 

Let yi (i = 1, . . . , s) be elements of Type, and let $^ be elements of IZ(Ei). We put as follows: 

\i=l / 93 »=1 

For a given £ = (£1, • • • , £;) an d a subset 7 C {1, . . . , /}, we put £ 7 := (£; | i G /) . For a tile T in W*, let T[_ 
be the tile of W^ 1 such that (-ff, £j) < for any j G {1, . . . , 1} \ I and for any element H e T£. Similarly, let 
T[ be the tile of W*' such that (H, ^) > for any j G {1, , . . . , 1} \ I and for any clement H eT[. Wc put 
S = {1, . . . , I}. Then, we obtain the following equality from Lemma 7.53: 

(n*i(fc) j = £ P € T ;(<fri(yi)) -^ T f (n^(yi)j (290) 

\i=l / JUJ=S \i=2 / 

Lemma 7.54 Assume that P(r — 1) ZioWs. Lei yi, . . . , y s (s > 2) &e elements of Type such that rankj/i < r — 1. 
for £ = (£i, • • • , 6) smc/i t/iat ^ > £)? =1 rank(yi) - s, we have T>J YiUi ®i{Vi) = °- 

Proof We use an induction on s. In the case s = 1, the claim follows from the assumption P(r — 1). Assume 
that the claim holds in the case s — 1, and we will show the claim in the case s. Due to the assumption P(r — 1), 
the contribution from (I, J) is in (290), if the inequality |/| > rank(yi) holds. If \I\ < rank(yi) holds, the 
inequality \J\ > 5Z*_ 2 rankyi — s + 1 holds. Therefore, we obtain the vanishing of the contribution due to the 
hypothesis of the induction. Thus we are done. I 

Lemma 7.55 Assume that Q(r — 1) holds. Let yi (i — 1, 2) be elements of Type such that rankj/i < r — 1. For 
£ = (£i, . . . ,£ r - 2); the number T>J($i(yi) ■ $2(2/2)) is independent of the choice of a tile T, and the following 
equality holds: 

Z> c ($i(»i) • $2(172)) - E V €li ($i(yi)) • P«, 2 ($ 2 (i? 2 )) 
/iu/ 2 =s 

|/i |— rank 

Proof It can be shown by an argument similar to the proof of Lemma 7.54. § 

Let us show the claim Q(r) assuming that Q(r — 1) holds. We put S 1 := {2, . . . , I}. For a map A : S' — ► {±}, 
let T(A) denote the tile of W^ 1 determined by the following conditions: 

• The closure of T(A) contains T. 

• Let H be any ample line bundle contained in T(A). Then we have sign(iJ, = X(i). 
From the definition of P^$(y), we obtain the following equality: 

^ T ($(y))-E(- 1 ) fe(A) -^ (A) (*(y)) (291) 

A 

Let H Kt \ denote an ample line bundle contained in the chamber corresponding to Indg(A). We can rewrite 
(291) as follows, by using Theorem 7.47: 

+ £(-l)* (A) E ■ I m - E(- 1 ) ?C(A) E ^(9) • / *(«» = (292) 

We put £' := (£2, ■ • ■ , Let T|' (k = ±) be the tiles of W^' determined by the following conditions: 
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• The closure of Tjf contain T. 

• Let H K be any element of T$' . Then, we have (H_,£i) < < (H + ,£ 1 ). 
For t) = (y , . . . , yk), we put as follows: 

2$'(*(5)) :=P^'*(t))(Sb,...,»fc). 
Then, we can rewrite (292) as follows: 

^W)) + E • ^ - E *ft) • = (293) 

t>es+ og-S- 

Due to Lemma 7.54, the contribution from t) = (y ,...,y k ) is 0, if fc > 2 holds. In the case k = 1, the 
contributions do not depend on Xjf . So, we can omit to denote them in the following argument. 
We put as follows: 

5*1 := {(2/o,2/i) G ^ype 2 I j/o + 2/1 = 2/, aoAo - ai/n. = A ■ £1 (A < 0)}, 
5*2 := {(yo,2/i) G ^2/pe 2 1 2/0 + 2/1 = 2/, a o/r - ai/n = A ■ £1 (A > 0)} 
#3 := {(2/0,2/1) G ^2/pe 2 1 2/0 + 2/1 = 2/, a o/ r o = 01/ri, 6 < 61} 
Then, we obtain the following equality from (293) and Lemma 7.55: 

o = p[ ($(£))+ E (*(&,&))+ E 7%(*(Sb,i/i)) 

(3/o,j/i)eSi (yo,yi)eS 3 

- E 7%(*(3b,3i))- E 7%(*(Sb,»i)) (294) 

(yo,yi)eS 2 (yo,yi)eS 3 

The contributions from S3 are cancelled out. We have the bijection Si — > S2 given by (2/0, 2/1) 1 — > (2/1, 2/o)- We 
also have X>^' \I/ (yo , ?7i ) = —^V^C 2/i,2/o) f° r (2/0,2/1) G Si and (2/1,2/0) G S2. Therefore, we obtain the following 
equality: 

^(2?) = E ( 295 ) 

By using (295) inductively, we can obtain the formula (285). Then, it is clear that T>J$(y) is independent of the 
choice of T. Applying the hypothesis of the induction to (295) we can easily derive the equality (285). Thus, 
the claim Q(r) is proved, and the proof of Theorem 7.52 is finished. I 
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